Regression Correlation vs. regression
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* Predicts Y from X

 Linear regression assumes that the
relationship between X and Y can be

described by a line

r=1; Y=3+0.8X r=06; Y=3+0.8X r=06; Y=3+2X

-
Different correlation; Same correlation;
same slope different slope

The parameters of linear

Regression assumes... .
regression

* Random sample

* Yis normally distributed with equal Y=0a +p X
variance for all values of X
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Residual:

Estimating a regression line

Y=a+bX

Finding the "least squares”
regression line

n

Minimize:  SSiesidua = E(Y,- - Yi)z

i=1



Best estimate of the slope

n

S(x,-7)r.-7)

e

(= "Sum of cross products"
over "Sum of squares of X")

Finding a

Y = a+bX

Remember the shortcuts:

2X2Y,

XY,

Example: Predicting age
based on radioactivity in teeth

1995 H

Many above ground 1920

nuclear bomb tests in the
‘50s and ‘60s may have

left a radioactive signal in
developing teeth. 1970 4

1985 —

1980 +

Date of Birth

1975

1965 —

Is it possible to predict a 1960
person’s age based on 0 100 200 300 400 500 600 700
dental C4? A'c

Data from 1965 to present from Spalding et al. 2005. Forensics: age written in teeth by nuclear tests. Nature 437: 333—-334.



Teeth data:

Date of Date of
AC Birth AkC Birth

89 1985.5 622 1963.5
109 1983.5 262 1971.7
91 1990.5 471 1963.7
127 1987.5 112 1990.5
99 1990.5 285 1975
110 1984.5 439 1970.2
123 1983.5 363 1972.6
105 1989.5 391 1971.8

n E Xi E YI

X-X)Y-Y)=| Y XY |-
S - -7) (S -2
3798)(31674
=7495223 - M =-23393
2
—\2 5
2X-x) =3 (%) -—
i=1
3798)°
=1340776 - u = 439226
16
-23393
b= =-0.053

439226

Teeth data:

Let X be the estimated age, and Y be the actual age.

EX = 3798, EY =31674

Y X*=1340776, Y (XY)=7495223

Eyz = 62704042

n=16

X =237.375 Y =1979.63

Calculating a

a=Y -bX

=1979.63 - (—0 .053) 237.375=1992.2



Y =1992.2-0.053X

1995

1990 —

1985 —

1980

1975

Date of Birth

1970 —

1965 —

1960
0

r’ pre

T T T T T 1 T
100 200 300 400 500 600 700
AlC

dicts the amount of

variance in Y explained by the
regression line

2 is the “coefficient of determination: it is
the square of the correlation coefficient r

Predicting Y from X

If a cadaver has a tooth with A'*C content equal
to 200, what does the regression line predict its

year of birth to be?

Y =19922-0.053X
=1992.2 -0.053(200)
—1981.6

r’=0.25

X



Caution: It is unwise to

A extrapolate beyond the range of

Number of species

the data.

Number of species
of fish as predicted
by the area of a
desert pool

If we were to extrapolate
to ask how many species
might be in a pool of

T T T T T T T T T
0 1000 3000 5000 7000 9000

50000m?, we would
Area of pool guess about 20.

Log transformed data:

(%1
1

N
]

Number of species
N w
| |

=
|

05 1 15 2 25 3 35 4 45 5
Logl0 area

More data on fish in desert
pools
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Testing hypotheses about
regression

Ho: =0

Hy: B#0



Sums of squares for regression

(e
27)

n

SSpua = 2, Y =

SS egression = bz (Xi - X)(Yi - Y)

SS .. +SS =SS,

residual regression

With n - 2 degrees of freedom for the residual

Teeth: Sums of squares

SSresidual = SSTotal - SS”egre“io”
=1339.75-1239.8
=999

df;’esidual = 16 - 2 = 14

Radioactive teeth: Sums of squares

5]

n

(31674)°

SSTatal = EYzz -

= 62704042 - =1339.75

SSregression = bE(Xl - X)(Y‘ B Y)

= (—O .053)(—23393) =1239.8

Calculating residual mean squares

MS = SSresidual / d r

residual esidual

MS 99.9 _

residual —
14

7.1



Standard error of a slope

S Eb — M Sresidual

>(x-X)

Example: 95% confidence
interval for slope with teeth
example

b= Loy arSEy = b %1y 0512)145E},
=-0.053=+ 2.14(0.004)
=-0.053+0.0018

b has a t distribution

Confidence interval for a slope: b+ ta[z],deEb

Hypothesis tests can use . =

Confidence bands: confidence
intervals for predictions of

Date of Birth

1995 -

mean Y

1990 4 N\

1085 e
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Prediction intervals:
confidence intervals for
predictions of individual Y

1995
1990
19854
1980

1975

Date of Birth
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1960 T T T T T ! T
0 100 200 300 400 500 600 700

A

Non-linear relationships

Transformations
Quadratic regression

Splines

Hypothesis tests on slopes

b -
Ho: =0 1= SEﬁO
Hyp#0 ’
= 20093204355
0.004

to.0001(2),14= £5.36

So we can reject H;, P<0.0001

Transformations

If Y =aX’ then InY =Ilna+bInX.

If Y = ab” then InY =lna+ XInb.

If Y=a+§then set X’=%,andcalculateY=a+bX’.

All of the equations on the right have the form Y=a+bX.



Non-linear relationship: Number
of fish species vs. Size of desert pool

log mortality rate
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Transformed data

Logs:

Residual plot
1.0 :
0.5 “
K _1';.
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Iog growsh rate

Number of species

Residual plots help assess
assumptions

Original:

Residual plot

Polynomial regression

254
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Number of species

254

0
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Number of species = 0.046 + 0.185 Biomass - 0.00044 Biomass?



Do not fit a polynomial with
too many terms (the sample
size should be at least 7 times
the number of terms)

0 T T T T T T T
0 50 100 150 200 250 300 350 400
Biomass

Hypotheses
Ho: Bm = Br-

Ha: Bum = Bi-

Comparing two slopes

Example: Comparing species-area curves
for islands to those of mainland
populations

[Log10(Number of species) By Log 10(Area of "“island") ]

The error in the difference of
two slopes is normally
distributed.

(bl B bz) B (/31 - /32)

SEy -,

[ =



) _ (SSerror)1+(SSerror)2
error ) p (DF )1+(DF )2

error error

(MS

MS MS
SEbl_bZ - ( errt)r)p ( err()r)p

S(x-X)| | 2x-%)

1

Logistic regression

Tests for relationship between a numerical variable (as
the explanatory variable) and a binary variable (as the

response).

e.g.: Does the dose of a toxin affect probability of
survival?

Does the length of a peacock's tail affect its probability

of getting a mate?

Analysis of covariance (ANCOVA)

Compares many slopes

Ho: B1 = B2 = B3= Bs= PBs.--

H,: At least one of the slopes is
different from another.



