1

SPRITE: A Data-Driven Response Model
For Multiple Choice Questions
Andrew E. Waters, Andrew S. Lan, Ryan Ning, Christoph Studer, and Richard G. Baraniuk
Abstract—Item response theory (IRT) models, in their most basic, dichotomous form, model a set of binary-valued (correct/incorrect)
responses from individuals to items/questions. These models are ubiquitous in computer-based learning analytics and assessment
applications, because they enable the inference of latent student abilities/respondent traits. Since the option a student selects on a
multiple-choice question (either the correct response or one of the incorrect, distractor responses) contains more information regarding
the student’s ability than a simple binary-valued grade, polytomous IRT models have been developed to cover the cases of unordered
(i.e., categorical) options and strictly ordered (i.e., ordinal) options. However, in many real-world educational scenarios, the various
distractor options in a multiple-choice question are neither categorical, since they are incorrect to varying degrees, nor ordinal, since they
are not strictly ordered. Moreover, this (partial) ordering information might not be known a priori, inhibiting the application of existing
polytomous IRT models to practical scenarios. In this work, we propose the SPRITE (short for stochastic polytomous response item)
model, a novel IRT extension for multiple-choice questions with unknown, partially ordered options. SPRITE improves substantially over
existing IRT models in that it (i) learns the (partial) ordering of the options directly from student response data, (ii) produces interpretable
model parameters, and (iii) outperforms existing approaches on predicting unobserved student responses on multiple real-world
educational datasets.
Index Terms—Item response theory, learning analytics, categorical data, ordinal data
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I NTRODUCTION

Recent advances in machine learning and big data enable the
delivery of personalized learning experiences tailored to each
individual student at a massive scale by analyzing the rich data
generated by students and using the results to close the learning
feedback loop [7], [18], [34].

1.1

Item response theory

The first step to building a personalized learning system (PLS) is
to create a statistical model that enables the analysis of student
responses to questions—a ubiquitous source of data in any learning
environment. The purpose of such a model is to evaluate how well
the students have mastered some set of concepts/skills/knowledge
components [2], [10], [18]. The simplest approach to evaluate the
students’ performance is to simply count the number of questions
they answer correctly, referred to as the classical test theory (CTT)
[3]. However, CTT ignores the detailed response patterns of each
student, which can provide additional insights on the students’
knowledge states. For example, two students can have the same
number of correct responses yet have completely different areas
of mastery. Such information that cannot be modeled by a simple
aggregate score.
Item response theory (IRT) addresses this issue using a
probabilistic model to characterize the response from each student
•
•
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to each question1 in order to extract the ability of each student
and the difficulty of each question [22]. The most basic form
of IRT explicitly models the binary-valued (correct/incorrect)
student responses to questions by characterizing the probability
that a student will answer a question correctly as a function of
the student’s ability and the question’s difficulty. IRT is widely
considered to be superior than CTT, since it achieves higher
precision in estimating a student’s ability with a smaller number
of questions compared to CTT [22]. Since its creation, IRT has
seen wide-spread adoption in analyzing surveys, questionnaires,
and standardized tests, including the Graduate Record Examination
(GRE) and the Graduate Management Admission Test (GMAT)
[36].
A student’s response to a multiple-choice question, the most
common type of question in educational assessments today, carries
potentially more information into their ability than a binary-valued
grade [31]. The reason is that as the specific mulitple-choice
options (especially the incorrect options, which are often known
as distractors) can be designed to not only indicate insufficient
knowledge but also to reveal specific areas of deficiency and
specific types of misconception [29]. As a result, there have
been numerous extensions to the basic IRT model that model
the probability of a student selecting each particular option in a
multiple-choice question. These extensions can be classified into
the following two types.
The first type of model treats the options as completely
unordered, often referred to as categorical options. An example of
a question with categorical options is the first question shown in
Table 1. The use of such categorical models, notably the nominal
1. The term “item” in IRT can correspond to any item that requires
respondents to respond to. In the education and testing domains, the term
“item” corresponds to assessment questions in quizzes, homework assignments,
or exams.
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TABLE 1
Three examples of multiple-choice questions with categorical (unordered) options, ordinal (strictly ordered) options, and partially ordered options.

Option
A
B
C
D

Categorical

Ordinal

Partially ordered

What is your favorite animal?

How many hours do you sleep per day?

What is the capital of Brazil?

Elephant
Eagle
Dolphin
Platypus

<6
6−7
8−9
>9

São Paulo
Rio de Janeiro
Beijing
Brasilia

response model (NRM) [6], produce student parameters that are
not necessarily correlated with their abilities [30], which is critical
to many applications where student ability estimates are needed to
provide feedback on their strengths and weaknesses.
The second type of model treats the options as strictly ordered,
often referred to as ordinal options, and assume that the ordering
is known a priori. An example question with ordinal options is
the second question in Table 1. Examples of these models include
the generalized partial credit model (GPCM) [21], and the ordinal
(ORD) model which relies on the assumption of a discrete set of
ordered bins which, when combined with a latent ability variable,
induce a probability distribution over the set of ordered options.
The strict and known ordering assumptions in both of the above
ordinal models are often too restrictive in practice, since many
questions do not have strictly ordered options. The third question
in Table 1 provides an example of a question with partially ordered
options. For this question, Option D is the correct answer; Options
A and B are not correct but, since both are large cities in Brazil,
can be considered to be equally incorrect; Option C would be
considered the most incorrect option, since Beijing is not even in
South America. Thus, for this question, a strict ordering of the
options does not exist. We discuss the details of the NRM, GPCM,
and ORD models in Section 2.
1.2

Limitations of existing models

As discussed above, most IRT models assume that the multiplechoice options are either categorical or ordinal with the ordering
assumed to be known a priori. For most real-world educational
scenarios, these assumptions are unrealistic. As we showed in the
above example (the third question in Table 1) there might not be a
strict ordering among the options, since there might be a correct
option and multiple distractor options that are equally incorrect.
Furthermore, the (partial) ordering of the options is often not known
a priori unless a domain expert provides this information. This
manual-labeling approach is labor-intensive and does not scale
to large-scale educational scenarios with millions of students and
thousands of questions.
In summary, there is a need for a new polytomous IRT model
for multiple-choice questions that can deal with options that are
partially ordered or have unknown ordering.
1.3

Contributions

We propose a novel IRT model for multiple-choice questions with
unknown, and potentially partially ordered, options that we dub
SPRITE (short for stochastic polytomous response item) model.
Under these modeling assumptions, we provide an algorithm for
SPRITE that automatically learns a (possibly partial) ordering
among the options of each question solely from data. In addition,

SPRITE provides a high level of interpretability and is able to
provide statistics on the informativeness of questions and options.
Furthermore, SPRITE provides (often significantly) better
prediction performance on unobserved student responses than
existing IRT models. Table 2 demonstrates the superiority of
SPRITE for a collection of real-world datasets in terms of the
performance on predicting unobserved student responses (i.e., the
options each student selects on each question in a held-out dataset).
The details about the individual datasets are summarized in Table 3.
For this experiment we train each model on 80% of the student
responses in each dataset and use the estimated modeled parameters
to predict the 20% holdout responses. We compute the prediction
error rate as the ratio of the number of incorrect predictions over
the total number of predictions and see that SPRITE outperforms
the competing models on every dataset.
1.4

Paper outline

This paper is organized as follows. In Section 2, we review existing
IRT models. In Section 3, we introduce the SPRITE model. In
Section 4, we develop a Markov Chain Monte-Carlo (MCMC)
sampling method for parameter inference under the SPRITE model.
In Section 5, we present experimental results on both synthetic and
real-world datasets. We conclude in Section 6.

2

E XISTING S TATISTICAL M ODELS F OR IRT

We start by describing our notation and basic IRT models. We then
discuss existing categorical and ordinal polytomous IRT models.
2.1

IRT notation and modeling assumptions

Assume that we have a dataset consisting of the responses from N
students (or respondents, test takers) to Q questions (e.g., multiplechoice questions in an educational scenario). The observed data
matrix Y consists of all the options each student selects on each
question, with Yij denoting the option the ith student selects on the
j th question. We assume that the responses are polytomous (i.e., we
have more than two options per question), i.e., Yij ∈ {1, . . . , Mj },
where Mj > 2 denotes the number of options for question j .
Note that the most basic form of the IRT model [19], [25]
is dichotomous, modeling binary-valued (i.e., graded as correct/incorrect) responses, which can be seen as a special case of
the general polytomous model with Mj = 2. We allow the number
of options Mj to vary across different questions. In many practical
scenarios, not every response Yij is observed. Consequently, let
Ωobs denote the index set of observed entries in the data matrix Y.
We assume that a predictor variable Zij induces a probability
distribution over the set of Mj options for student i to select
on question j . There are many models available for defining
the predictor Zij , including linear regression [5], [13], low-rank
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TABLE 2
Mean and standard deviation of the prediction error rate of SPRITE, (L)ORD [16], NRM [6], and GPCM [21] on various datasets
over 50 random splits of the data set. SPRITE achieves the best prediction performance on every dataset.
Dataset description
Algebra test
Computer engineering course
Probability course
Signals and systems course
Comprehensive university exam

SPRITE
0.25
0.17
0.41
0.29
0.53

(0.01)
(0.01)
(0.01)
(0.01)
(0.01)

models [18], [26], [37], and cluster-based models [8]. Without
loss of generality, we will restrict ourselves to the IRT models
with uni-dimensional student ability parameters and no guessing
parameters, i.e., the 1-PL and 2-PL IRT models. We will also
not consider multi-dimensional IRT (MIRT) models with multidimensional student ability parameters, e.g., [11], [27]. Concretely,
the dichotomous 1PL IRT model defines a latent parameter θi ∈ R
for each student i = 1, . . . , N , as well as a latent parameter
αj ∈ R for each question j = 1, . . . , Q2 . The predictor variable
Zij is then given by Zij = θi − αj . In an educational context,
θi corresponds to ith student’s ability and αj corresponds to j th
question’s intrinsic difficulty. 2PL IRT models further introduce a
discrimination parameter βj for each question that characterizes
the ability question j can separate students with high abilities from
students with low abilities. The predictor variable Zij is then given
by Zij = βj (θi − αj ).
2.2

Existing categorical IRT models

There exist a number of extensions to the basic IRT model that are
suitable for questions with categorical options, e.g., the nominal
response model (NRM) [6] based on the softmax function [15].
The NRM uses independent exponential functions to model each
categorical option. For the NRM, the probability that student i will
select option y for question j is defined as

exp βjy (θi − αjy )
P (Yij = y|θi , βj , αj ) = PMj
,
k=1 exp βjk (θi − αjk )
T

where θi is the latent trait of student i, βj = [βj1 , . . . , βjMj ] is
a vector of discrimination factors that characterizes the capability
of the options in the j th question in discriminating students with
different latent traits, and αj = [αj1 , . . . , αjMj ]T is a vector of
offset parameters for the options in the j th question. The NRM
does not explicitly model the order of the options nor does it take
into account which option is the correct option in each question to
constrain its item parameters. As a result, its latent trait parameter
does not necessarily correlate with student abilities. Therefore, the
NRM is more suited to psychological tests rather than educational
scenarios, where it is crucial to estimate student abilities from data.
2.3

Existing ordinal IRT models

We now detail existing ordinal IRT models, including the generalized partial credit model (GPCM) [21] and the ordinal response
model (ORD) [16], [17] that are suitable for ordinal options.
2. Most IRT models assume that the ability parameters are randomly drawn
from a given distribution and therefore only estimate the question parameters
and not the student parameters.

(L)ORD

NRM

GPCM

0.29 (0.02)
0.31 (0.02)
0.68 (0.03)
0.48 (0.02)
0.71 (0.01)

0.31 (0.01)
0.33 (0.01)
0.57 (0.01)
0.41 (0.01)
0.63 (0.01)

0.26 (0.01)
0.21 (0.01)
0.62 (0.01)
0.56 (0.01)
0.62 (0.01)

2.3.1 GPCM
The GPCM [21] is a generalized version of the strictly ordinal
partial credit model [20] that attempts to allow partial ordering of
the options. It is closely related to the graded response model [28],
both widely adapted in real-world testing applications. The GPCM
is constructed from successive dichotomization of adjacent options.
Under the GPCM, the probability that student i will select option
y for question j is defined as

Py
exp
v=1 βj (θi − αjv )
P (Yij = y|θi , βj , αj ) = PMj
 , (1)
Pk
v=1 βj (θi − αjv )
k=1 exp

where βj is a single, non-negative discrimination factor for the
j th question and the vector αj = [αj1 , . . . , αjMj ]T represents
threshold values where adjacent options have equal probability of
being chosen. We refer the reader to [21] for the derivation of (1).
Intuitively, the GPCM says that the probability of selecting option y
is proportional to the probability of successively comparing a set
of adjacent pairs of options (i.e., for a student to select Option C,
they have to first select Option B over Option A, and then select
Option C over Option B, and finally select Option C over Option D).
Intuitively, this construction of successive dichotomous decisions
among the options of a question in the GPCM model still tries
to enforce ordinal options, although its option parameters are not
necessarily strictly ordered. Technically, the GPCM still requires a
known ordering of options as input, and is best applicable to test
the validity of a given ordering rather than to learn a partial order
directly from observed data.
2.3.2 ORD
The standard ordinal response (ORD) model [16], [17], [38] is the
most commonly used model for ordinal data in machine learning
literature, assuming a known and fixed ordering of the options.
0
The ORD model posits a latent ability variable Zij
, ∀(i, j) ∈ Ωobs ,
defined as
0
Zij
= Zij + εij = θi − αj + εij ,

(2)

where εij is a standard normal random variable. The model further
imposes a set of ordered bin positions on the j th question denoted
M
by −∞ = γj0 < γj1 < · · · < γj j = ∞, which map the latent
0
predictor variable Zij into one of the Mj options as follows
0
Yij = y if γjy−1 < Zij
≤ γjy ,

y ∈ {1, . . . , Mj }.

A common constraint imposed on the bin positions is γj1 = 0,
which avoids identifiability problems where the bin positions
could be shifted and scaled without changing the likelihood of
the observed data [16].
0
Using the definition of the variable Zij
in (2), the probability
of selecting option y ∈ {1, . . . , Mj } is given by

P (Yij = y|Zij ) = Φ(γjy −Zij )−Φ(γjy−1− Zij ).
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(a) A set of three Gaussian option (b) The probabilistic model underlyfunctions or so-called “sprites.”
ing SPRITE.

0.6
0.4
0.2
0

A B C

(c) The probabilities of selecting each (d) Probabilities of selecting each opoption under the SPRITE model.
tion for latent ability Z 0 in (a).

Fig. 1. Illustration of the SPRITE model for a multiple-choice question with one correct option and two incorrect options (a total of M = 3 options) that
are incorrect to different degrees; The flexibility of SPRITE enables us to model strictly ordered as well as partially ordered options. The location of
the latent ability variable Z and the Gaussian option functions (referred to as “sprites”) induce a probability mass function determining the probability
of the option y (out of A, B, and C) a student will select. (a) The sprites associated with each option. We set the mean and variance parameters of the
correct option (in this case, C) to µk = 0 and ν k = 1. The other incorrect options have µk ≤ 0. (b) The SPRITE probability model. (c) The resulting
choice probabilities as a function of Z (known as item category response functions (ICRFs) in IRT literature). (d) The probabilities of selecting each
option for a particular latent-predictor value of Z 0 , indicated by the vertical line in (a) and (c).

Here, Φ(x) denotes the cumulative distribution function of
the standard normal distribution, which is defined as Φ(x) =
Rx
t2
√1
−∞ 2π exp(− 2 )dt. The ORD model is only applicable when a
strict option ordering is given a priori.
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T HE SPRITE M ODEL

We now introduce the SPRITE model. The ORD model discussed
in Section 2.3.2 combines the latent predictor Zij with the bin
positions contained in γ j in order to generate the observed
response Yij . The SPRITE model, by contrast, does not rely on a
set of bins, but rather on a set of distributions over the latent space
of student ability that each option corresponds to (see Figure 1 for
an illustration of this principle). For each question j , each option
k ∈ {1, . . . , Mj } specifies a Gaussian function with mean µkj and
variance νjk . We call each option’s Gaussian function a sprite. We
model the probability that student i will select option y of question
j given the value of the latent predictor variable Zij as follows

N (Zij |µyj , νjy )
P (Yij = y|Zij ) = PMj
,
k
k
k=1 N (Zij |µj , νj )
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where N (Z|µ, ν) denotes a Gaussian distribution with mean µ
and variance ν . As described in Section 2.1, Zij = θi − αj .
Since one can arbitrarily shift the values of the question difficulty
parameter αj and also shift the values of the option mean
parameters µkj accordingly without changing the option selection
likelihood, we will omit the αj parameters and only keep the
option mean parameters µkj . Thus, the latent predictor variable Zij
is simply given by Zij = Zi . We therefore re-write the likelihood
equation associated with SPRITE using only the student latent
ability parameters Zi as follows:

N (Zi |µyj , νjy )
P (Yij = y|Zi ) = PMj
.
k
k
k=1 N (Zi |µj , νj )

Like all polytomous IRT models, the SPRITE model parameters
can be susceptible to identifiability issues. For example, one can
negate all the learned option means µkj and at the same time negate
the inferred student latent ability parameters Zi without affecting
the model likelihood. To prevent such identifiability issues, we fix
the mean of the sprite that corresponds to the correct option to
zero and its variance to one. We further constrain the sprites that
correspond to the incorrect options to have non-positive means.
These restrictions enable us to interpret the latent ability parameters
of each student, as larger values of Zi means that a student is more
likely to select the correct option. Moreover, the option mean
parameters are also interpretable as smaller values of µkj of an
option indicate a higher degree of incorrectness, in the sense that
this option is more likely to be selected by students having low
latent ability.
We note that in applications where there is no information on
which option is correct for a given question, we can simply fix the
sprite of an arbitrary option to have zero mean and unit variance.

(3)

Figure 1 (a) shows the item option density functions or “sprites”
of each of the three options induced over the space of the latent
student ability parameter Z . Figure 1 (c) shows the item category
response functions (ICRFs) that characterizes the probability of
selecting each option as a function of Z . We emphasize that the
model setup of SPRITE enables the flexibility of partially ordered
options since the sprites of each option can overlap.

PARAMETER I NFERENCE FOR SPRITE

We now detail our inference algorithm for the SPRITE model. We
first note that, under the Bayesian setting, there exist a number of
methods for fitting SPRITE to data. We will rely on Markov Chain
Monte-Carlo sampling methods [13], which are easy to deploy for
our model. Unlike expectation maximization (EM) [5], [12], which
produces point estimates, an MCMC-based approach provides full
posterior distributions on each parameter of interest.
4.1

MCMC sampler for SPRITE

The prior distributions on each of the latent parameter of interest
are assumed to be

µkj ∼ N − (µµ , νµ ), Zi ∼ N (µz , νz ), νjk ∼ IG(αν , βν ), (4)
where IG(α, β) denotes the inverse gamma distribution with shape
parameter α and scale parameter β , and N − (µ, ν) denotes the
truncated normal distribution on the region (−∞, 0] with mean µ
and variance ν . µµ , νµ , αν , βν , µz , νz are hyperparameters for
the prior distributions of the latent option mean, option variance,
and student latent ability parameters.
We present a Metropolis-within-Gibbs sampler [14] for
SPRITE. The SPRITE latent variables Z, µj , and ν j for
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i = 1, . . . , N and j = 1, . . . , Q are sampled via a Metropolis–
Hastings step at each MCMC iteration. Here, we introduce the
M
M
vector notation µj = [µ1j , . . . , µj j ]T , ν j = [νj1 , . . . , νj j ]T ,
and Z = [Z1 , . . . , ZN ]T . Furthermore, we treat the missing
observations in Y as latent variables and sample them using Gibbs
sampling. A summary of the steps used by our MCMC sampler
is as follows. We use the notation [·]t to represent the state of a
parameter at iteration t, for t = 1, . . . , T where T denotes the
total number of MCMC iterations.
1)
2)

3)
4)

5)

Propose new latent abilities using
a normal random walk,

i.e., [Zi ]t ∼ N [Zi ]t−1 , σz2 for i = 1, . . . , N .
Propose new option means using atruncated normal

t
t−1
random walk, i.e., [µkj ] ∼ N − [µkj ] , σµ2 for
j = 1, . . . , Q and k = 1, . . . , Mj .
Propose new option variances using a log-normal random
walk, i.e., log[νjk ]t ∼ N (log[νjk ]t−1 , σν2 ).
Calculate a Metropolis-Hastings acceptance/rejection probability based on the likelihood ratio r between proposed
parameters and the parameters from the previous MCMC
iteration and the proposal transition probabilities. The
t
proposed latent variables [Zi ]t , [µkj ] , and [νjk ]t for
i = 1, . . . , N , j = 1, . . . , Q and k = 1, . . . , Mj are
then jointly accepted or rejected.
Propose new prediction values for the missing responses
[Yij ]t , (i, j) ∈
/ Ωobs by sampling the probabilities induced
t
by (3) using [Zi ]t , [µkj ] , and [νjk ]t .

In the above, σz2 , σµ2 , and σν2 are user-defined tuning parameters that
control the variance of the random walk proposal distributions. The
likelihood ratio r for the Metropolis-Hastings acceptance/rejection
step is given by
Y
i,j

p([Yi,j ]t−1 |[Zi ]t , [µj ]t , [ν j ]t )
p([Yi,j ]t−1 |[Zi ]t−1 , [µj ]t−1 , [ν j ]t−1 )

Y p([Zi ]t |µz , νz ) Y p([µj ]t |µµ , νµ )p([ν j ]t |αν , βν )
×
p([Zi ]t−1 |µz , νz ) j p([µj ]t−1 |µµ , νµ )p([ν j ]t−1 |αν , βν )
i
t−1

×

Y N ([µkj ]

i,j,k

t

|[µkj ] , σµ2 )Φ(−

t−1

[µk
j]
2
σµ

[µk ]
t
t−1
N ([µkj ] |[µkj ] , σµ2 )Φ(− σj2
µ

)
,

t

)

5.1

Synthetic data experiments

We first generate the ground truth SPRITE model parameters Zi ,
µj , and ν j for i = 1, . . . , N and j = 1, . . . , Q. For simplicity of
exposition, we fix the number of options per question to Mj =
M = 5, ∀j . We also set the number of questions to equal the
number of students, i.e., Q = N ∈ {50, 100, 150}. We generate
the latent parameters via (4) and the options each student select on
each question Y via (3). In this experiment, the response matrix Y
is fully observed. The hyperparameters are as follows: µz = 0,
νz = 1, νµ = 1, αν = 1, and βν = 1.
We deploy SPRITE as described in Section 4.1 by initializing
all parameters of interest with random values. We use 90,000
iterations in the burn-in phase of our MCMC sampler and compute
the posterior means for all parameters as described in Section 4.2
over an additional 10,000 iterations. We compare the estimated
SPRITE model parameters to their known ground truth values
using the following three error metrics

Ez =

kµ̂ − µk22
kν̂ − νk22
kẐ − Zk22
, Eµ =
, Eν =
,
2
2
kZk2
kµk2
kνk22

(5)

where µ = [µT1 , . . . , µTQ ]T , ν = [ν T1 , . . . , ν TQ ]T , and k · k2
denotes the `2 -norm. The quantities Ẑ, µ̂, and ν̂ represent model
estimated values computed as described in Section 4.1 and Z, µ,
and ν represent the known ground-truth values.
Figure 2 shows box-whisker plots for the three error metrics
in (5) for various problem sizes. The low error rates and the
convergence of the parameter estimates to their ground truth values
demonstrate that the MCMC sampling algorithm is capable of
estimating the SPRITE model parameters accurately. Furthermore,
all error metrics decrease as the problem size increases, which
implies model consistency.
5.2

Real-world data experiments

In this section, we demonstrate the superiority of SPRITE over
other polytomous IRT models using a variety of real-world datasets.
We first demonstrate that SPRITE outperforms other models in
terms of prediction accuracy on unobserved student responses, and
then showcase the interpretability of the SPRITE model parameters.

5.2.1 Predictive performance
where the data likelihood terms are given by (3) and the prior We now compare the predictive performance of SPRITE on
likelihood terms are given by (4). The last term corresponds to the unobserved student responses against the NRM, GPCM, and the
asymmetric proposal transition probabilities for the option means. ORD model (described in Section 2). In order to test the ORD
model on datasets with unknown question option orderings, we
slightly modify the MCMC parameter inference algorithm of the
4.2 Posterior inference
ORD model proposed in [16]. This is done by additionally sampling
After a suitable burn-in period, the MCMC sampler from Seca permutation of option orderings at each step of the MCMC. For
tion 4.1 produces samples that approximate the true posterior
M options, there are M ! such permutations. We simply propose a
distribution of all model parameters. We will make use of
new option ordering sampled uniformly from the set of all possible
the posterior means of the parameters Zi , µkj , and νjk when
permutations and incorporate this additional proposal step into the
performing experiments in which we compare the estimated model
final Metropolis-Hastings rejection ratio. We refer to this modified
parameters to a known ground truth. For real data experiments, we
algorithm as the learned ordinal (LORD) algorithm.
predict unobserved option selections using the posterior mode of
We study five educational datasets consisting of students’
Yij , (i, j) ∈
/ Ωobs .
responses to multiple-choice questions. A brief description of
the datasets can be found in Table 3. The “algebra test” dataset
5 E XPERIMENTS
is from a secondary level algebra test administered on Amazon’s
We first evaluate SPRITE using synthetic data to demonstrate model Mechanical Turk [18]. The datasets “computer engineering course,”
convergence, identifiability, and consistency. We then compare the “probability course,” and “signals and systems course” are from
predictive performance of SPRITE to other IRT models detailed in college level courses administered on OpenStax Tutor [23]. Each of
Section 2 using real-world educational datasets.
these datasets contain a number of missing entires—corresponding
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Fig. 2. Synthetic experiment over various problem sizes (number of students N and number of questions Q) where N = Q, and Mj = M = 5 options.
(a) The error of the latent ability Ez ; (b) The error of the option means Eµ ; (c) The error of option variance Eν . All three error metrics decrease as the
problem size (the number of students and questions) grows.

to the case where students did not answer every question. Finally,
the “comprehensive university exam” dataset contains responses
on a university level comprehensive exam [35]. The number of
options Mj of each question varies for every dataset except the
comprehensive university exam dataset, where each question has
Mj = 4 options.
The NRM analyzes every dataset as if the options in each
question are categorical. For the algebra test dataset, a domain
expert has provided an ordering to the options as a reference
(according to the incorrectness of each option). In this case, we use
this expert ordering as the input to both the GPCM and the ORD
model. We fix the sprite for the correct option to have zero mean
and unit variance on each question for the SPRITE model. On the
other datasets, we do not have any information on the ordering of
the options in each question or which option is correct. In this case,
for the GPCM, we use an arbitrary ordering of the options as input.
We further use the LORD variant of the standard ORD model for
these datasets to provide the best possible comparison. We set the
sprite for an arbitrary option to have zero mean and unit variance,
and remove the non-positive constraint on the means of the sprites
of other options for the SPRITE model.
We compare the predictive performance of the algorithms
by first puncturing the full dataset, i.e., removing a portion of
the entries in the observed student response matrix Y uniformly
at random and use these values as a test set. We set the rate
of puncturing to be 20%. We then train each model using the
remaining observed data and make predictions on the test set as
discussed in Section 4.2. The error metric is simply the ratio of the
number of incorrect predictions over the total number of predictions
made. All experiments were repeated over 50 random puncturing
patterns of the dataset. We use 90,000 MCMC sampling iterations
for the burn-in period and compute posterior statistics over an
additional 10,000 iterations. The hyperparameters are set as follows:
µz = −1, νz = 1, νµ = 1, αν = 1, and βν = 1. The random
walk variance parameters are set as σz2 = σµ2 = σν2 = 0.01. In our
experiments, we have found that the performance of the MCMC
sampling algorithm is robust against the values of these parameters.
The predictive performance results are summarized in Table 2.
SPRITE outperforms all other models on all datasets, sometimes
by a significant margin. This performance gain is likely due to the
fact that the SPRITE model learns an ordering directly from data
(unlike the GPCM), and the fact that it allows the options to be
partially ordered (unlike the NRM and the ORD model).

TABLE 4
An example question and its options from the algebra test dataset.
Option
A
B
C
D
E

5.2.2

If

5x
3

+ 1 = −9, then x =?
−6
50
3

− 24
5
− 50
3
30
5

Interpreting the SPRITE model parameters

One major advantage of the SPRITE model lies in the interpretability of its model parameters. In addition, our model allows the
options to be partially ordered, and we can learn this ordering
solely from data without any effort from human experts. We now
examine the option orderings estimated by the SPRITE model
on the algebra test dataset, and compare it against the ordering
provided by the human expert. An example question in this dataset
is listed in Table 4.
The estimated parameters for each option is listed in Table 5.
Option A is the correct option, while Option C is the least incorrect
option, as students who selected it have mastered the key concept
of fraction manipulations, but made an error of not negating the +1
on the left hand side of the equation when moving it to the right
hand side. Options D and B are estimated to be the almost equally
incorrect and more incorrect than other options, as students who
selected them have not mastered fraction manipulations. Option E
lies between Option C and Options D and B, but with its huge
estimated variance, it overlaps with every other option. This option
ordering learned from data matches the expert ordering except for
Option E, which is specified to be equally incorrect as Option C. It
is interesting to see the large variance estimated for Option E as
it can be considered as an “outlier” option (it is the only option
that is not fully reduced). Therefore, it can be identified as a very
uninformative option as it does not provide much information
towards the latent abilities of students that select it (its SPRITE
density has little variation across a large range of Zi values).
Therefore, Option E can possibly be removed from this question in
favor of other more informative distractor options.
This illustrative example shows that SPRITE is capable of
learning a (partial) ordering of the options automatically from
student response data. Moreover, these findings can often provide
interesting insights into each option, and potentially, coupled with
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TABLE 3
Description of datasets. Unobserved data listed in the table refers to actual missing responses in the respective datasets;
Q denotes the number of questions in each dataset and N denotes the number of students.

Algebra test
Computer engineering course
Probability course
Signals and systems course
Comprehensive university exam

34 × 99
203 × 82
86 × 49
143 × 44
60 × 1567

Maximum no. options

Known ordering

Observed data

5
12
7
11
4

Yes
No
No
No
No

100%
97%
67%
64%
71%

TABLE 5
Estimated SPRITE parameters for each option for the question
from the algebra test dataset shown in Table 4.
Option
Mean
Variance

A
0.00
1.00

B
−0.43
0.41

C
−0.21
0.55

D
−0.44
0.40

E
−0.30
3.64

0.8

0.8
D

0.6

SPRITE Density

Size (Q × N )

SPRITE Density

Description

A B
C

0.4
0.2

-1.5

0

1.5

Latent Ability Z

5.2.3 A notion of question informativeness
As demonstrated above, the parameters µj and ν j of the SPRITE
model provide an intuitive ordering of the options in a question and
information on the informativeness of each option. We now extend
this observation to a notion of the informativeness of each question,
which is crucial in educational scenarios as the role of assessment
questions is to use the students’ responses to estimate the latent
abilities of the students Zi . This notion of the informativeness of a
question on the latent ability of a student will help us to compare
the quality of individual questions.
Using the SPRITE model, one direct notion of question informativeness is the mutual information (MI), denoted by I(Z; Yj )
and measured in bits, between a students’ latent ability Zi ∈ R
and the options they select Yi,j ∈ {1, . . . , Mj } on a question. A
question with large MI is more informative than a question with
low MI. The MI is formally defined as

I(Z; Yj ) =

Mj Z
X

y=1

=

Mj Z
X

y=1

P (Y = y, Z)
P (Y = y, Z) log2
dZ
P (Z)P (Y = y)
P (Y = y|Z)P(Z) log2

P (Y = y|Z)
dZ. (6)
P (Y = y)

Here, P (Y = y|Z) is the SPRITE model likelihood given by (3),
P (Z) = N (Z|µz , νz ) is the Gaussian
prior on latent abilities
R
given by (4), and P(Y = y) = P (Y = y|Z)P (Z)dZ is the
marginal distribution of selecting each option. The integral in (6) is
difficult to evaluate in closed-form. However, using student ability
estimates Ẑi , ∀i and option mean and variance estimates µ̂j , ν̂ j
it can be easily approximated numerically for each question.
Figure 3 shows one informative and one uninformative question in the algebra test dataset. The informative question (MI =
0.38 bits) illustrated in Figure 3(a) reveals that the sprite that
corresponds to the correct option dominates in the region Z > 0,
meaning that it is likely to be selected for students with high
latent ability. The other options are more likely to be selected by
students with low latent abilities. This means that on this question,
which option a student selects is very informative about their latent
ability. By contrast, the less informative question (MI = 0.03 bits)

C

0.4

D
B

0.2
A

0
-3

expert knowledge, improve the quality of the questions.

0.6

3

0
-3

-1.5

0

1.5

3

Latent Ability Z

(a) An informative question with (b) An uninformative question with
MI of 0.38 bits
MI of 0.03 bits
Fig. 3. Estimated informativeness of two questions from the algebra test
dataset. The curves represent Gaussian option functions, or sprites.

illustrated in Figure 3(b) reveals multiple overlapping options that
show little discriminative power. In other words, which option a
student selects on this question does not provide much information
about their latent ability.
We emphasize that this notion of question informativeness is
particularly useful in computerized adaptive testing (CAT) [32],
[33], [35], where one wants to select questions that are the most
informative in estimating a student’s ability out of a large collection
of questions.
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C ONCLUSION

In this paper, we have developed the SPRITE (stochastic polytomous response item) model to analyze students’ responses to
multiple-choice questions, which is capable of automatically learning a (partial) ordering among the options of each question solely
from data. SPRITE outperforms existing, state-of-the-art polytomous IRT models in terms of predicting unobserved student
responses on five real-world educational datasets. Additionally, we
have demonstrated that the estimated SPRITE model parameters
provide interesting insights regarding the ordering of the options
on each question that can be used to improve the quality of the
questions. Moreover, our results have shown that SPRITE also
provides a natural notion of informativeness of each question that
can be used to select the most informative questions out of a large
collection of questions in adaptive testing applications.
Several future directions look promising. First, improvements
to the MCMC sampler could potentially improve the computational
efficiency of the SPRITE parameter inference algorithm. Methods
such as variational Bayes [1], expectation maximization [5], and
Metropolis–Hastings Robbins–Monro [9] may sacrifice little in
terms of data fitting performance while providing significant savings in computation time. Additionally, alternative models for the
predictor variable Z , such as MIRT [4] and linear regression models
with either fixed or learned covariates [18], [24], could provide
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additional improvements in terms of prediction performance and
interpretability.
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