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Lecture 13. Formal Phonology: 
Features and their structure. 
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1. Introduction: the source and the goals. 
1.1. Keenan’s text: mathematical structures in language. 

This lecture is not about some new mathematical notions and structures. It is about 
mathematics in linguistics. We would not say that it is about applications mathematics to 
linguistics, we don’t apply mathematics to language. Really mathematics plays some role 
in linguistics only when while working with language we manage to find in it some 
mathematical structures or some structures which may become mathematical when 
mathematicians work them out.  

We consider here just one example. This lecture is based on chapter 4 of Keenan’s 
textbook “Mathematical structures in languages”. Chapter 4 deals with phonology. We are 
not phonologists. We understand that there exist many approaches to mathematical 
descriptions of basic phonological structures. But we like this text. It is a wonderful 
example of methodology and pedagogy: how mathematics can be used in the description of 
some structures of “real life” and how to write about that. 

1.2. Goals. 
“Thoughts, and expressions of thoughts, are discrete. We can count them. But when 

you tell me your daughter won a scholarship to the Naval Academy, what impinges in my 
ears is a continuously varying sound wave. Somehow, perhaps in a successions of steps, I 
convert your emissions to a discrete (= digital) form, something we represent in written 
English by a sequence of letters (including space). And letters and sequences of letters are 
countable. The fundamental cognitive issue in phonology is to account for this conversion 
of the continuous to the discrete. This is where the magic begins”.1 

                                                 
1 This is a citation from Keenan’s textbook, p. 109. Below we will sometimes cite him just by putting his 
words in quotation-marks.  



Ling 726: Mathematical Linguistics, Lecture 12. Phonology. 
V. Borschev and B. Partee, November 6, 2001   p. 2 

 
Note that such a discretization seems to be a basic cognitive mechanism. When we 

look on some picture or situation and try to describe it in words the first thing we do 
(mostly subconsciously) is schematize this continuous picture into some discrete elements: 
things, their properties, relations, etc. And this is also magic. 

But let’s return to phonology. We manage to distinguish in speech words and 
sounds. We will deal with sounds here. But what’s a sound? On one hand different people 
or even the same person pronounce the same sound in different ways. On the other hand 
we understand in some way that it is the same sound.  

But how to formalize this?  
“Phonologists distinguish sounds according as their properties differ. They refer to such 

properties as features. Consider for example the initial sounds in pig and big, represented 
here by the letters p and b. These two sounds are similar in many ways. Both block the air 
stream from exiting the mouth and the nose. By contrast the initial f and v in fat and vat let 
sound exit through the mouth (but not the nose)… The m and n sounds in might and night let 
air exit through the nose but not the mouth. Equally p and b are similar in that both block the 
air stream by compressing the upper and lower lips together (as does the production of an 
m)… 

Where p’s and b’s differ is with regard to voicing. When b is produced the vocal folds in 
the larynx open just enough to make them vibrate, creating the “voiced” sound in b which is 
absent in p. Phonologists say that b is voiced, or equivalently, +voice, and p is  voiceless, or 
–voice. The voicing feature similarly distinguishes many other pairs of English sounds, such 
as t and d, and f and v noted above. Further such pairs are k and g sounds in cot and got and 
the final sounds in bath and bathe as well as those in bath and badge.  

Another feature we have mentioned is nasality. The m sound in mig is similar to p and b 
in that all block air from escaping through the oral cavity. And m is similar to b in that both 
are +voice. But m is differs from b and p in that producing m allows air to escape through the 
nasal cavity. So m is +nasal and p and b are –nasal.”  

So let us formulate, maybe in a fuzzy way, some presuppositions which we have 
prior to the process of formalization. [This is ours. –VB] 

(1) The stream of speech can be “sliced” into speech intervals called sounds.  
(2) Sounds are pronounced with a great diversity but we can say, at any rate in 

principle, comparing two utterances, ”that is the same sound” or “these are 
different sounds”.  

(3) We can formalize differences between sounds (or their sameness) with the help 
of some set of features.  

(4) Features are considered as (total) functions defined on sounds (i.e. not as partial 
ones, which are defined on some sounds but may be undefined on some other 
sounds.) 

In the rest of the text we will follow Keenan in the realization of this formalization. 
[Some caveats of the following kind: maybe this formalization is too rough, maybe 
“in reality” there are many difficulties. We (Keenan) describe a rough picture and 
think that it is useful]. 
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2. Features and their structures. 
2.1. The set of features and the equivalence relation defined by this set. 

From a mathematical point of view features are properties of objects. “We have 
already seen that in general a property P of objects X can be represented by a function X  
→ {T,F}2. If P maps some b ∈  X to T we say that b has property  P. If P maps it to F we 
say that b lacks P. In phonological literature the notation {+,–} is used rather than {T,F}. + 
corresponds to T and – (read “minus” ) to F. We shall use the phonologically familiar 
notation (having already acquired some habits in switching notations).”  

“But if features are modeled as functions with codomain {+,–}, what precisely is 
the domain of these functions? We have referred to the elements of their domain as 
“sounds” but for concreteness let us be a liitle more precise…” Keenan proposes to 
represent sounds as 50 millisecond intervals of recorded speech. He calls such an interval a 
token and the set of these tokens TOKEN. It is a helpful point of view although is not very 
precise. You should choose intervals which contain just “one sound’ but not parts of two 
bordering ones. In a way we can consider TOKEN as an open class of all possible sounds 
and it the task of phonologists to set criteria for what to include to this class3.  

Given the class TOKEN, we can consider features as functions of the kind 
(1.)  F: TOKEN → {+,–} 

Keenan considers the class PF all functions of this kind and calls them possible 
features. But this class is something rather big and fuzzy. Its definition depends on the 
class TOKEN. For different languages we will have different class of tokens. It is also not 
clear how to understand  “all functions”. Phonologists are interested in sets of functions 
which differentiate the sounds (tokens) they want to differentiate in a given language and 
don’t differentiate different tokens they consider variants of “the same sound”. 

To select such features is the phonologists’ task. Keenan writes: “…Those that are 
(selected) are called distinctive features (for English). A sufficient reason to say that 
voicing is distinctive for English is that we can find distinct expressions, like pig and big 
above, whose pronunciation differs just by this feature.” 

Mathematics cannot help in this selection. But mathematics can help to describe the 
results.  

Every set F of possible features defines the equivalence relation ≡F on the set 
TOKEN of tokens: 

 
(2.) Def    A token t is F-equivalent to token t’, noted t ≡F t’, iff for all F ∈  F, F(t) = 
F(t’). 

                                                 
2 Of course, T and F are familiar to us Boolean values, truth and false or 1 and 0. 
3 We, and of course Keenan, are certainly aware that it is an oversimplification to assume that all of the 
relevant properties of a phonological unit can be found within the borders of an isolated segment; consonants 
are identified in part by formant transitions of a preceding vowel, and in general the “boundaries” between 
“segments” are by no means simple. But let us accept this fiction as an idealization, presumably no more 
pernicious than studying the semantic properties of an extensional fragment of a language while being aware 
of the pervasiveness of intensionality. 
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So tokens are equivalent relative to set F iff they assign the same value for each feature in 
F. 

The equivalence class [t] of a token t is called the segment generated by t. In the 
terminology we used in the Lectures 1-3, the set of all segments is the quotient set of the 
set TOKEN by the equivalence ≡F .  

(On pp. 111-113 Keenan uses this material to introduce the notions of equivalence 
relation, equivalence class, and partition, and draws some straightforward 
consequences in his Theorem 4: 
 a.  The segments generated by phonologically equivalent tokens are the 
same. That is, for all tokens t, t’, if t ≡F t’, then [t] = [t’]. 
 b.  The segments generated by tokens that differ in some feature are 
different.  That is, for all tokens t, t’, if ¬  t ≡ t’, then [t] ≠ [t’]. 
 c.  Each token t is a member of exactly one segment, [t]. 
 d.  For all segments s, s’, if s ≠ s’ then s ∩ s’ = ∅ . That is, distinct segments 
have no tokens in common. ) 

 
Features are defined in a natural way on segments: 

(3.)   Def  For a segment s and a possible feature F ∈  F we set F(s) = + iff F(t) 
= + for some token t ∈  s. 

3. Features for English. Boolean operations on features. 
3.1. Initial features for English. 

Keenan presents the list of features which “phonologists actually use to 
characterize English segments”. He cites Giegerich and other phonologists. The list IF 
includes 14 initial features,  
(4.) IF = {CONS, SON, VOICE, NASAL, CONT, ANT, COR, STRID, RND, HIGH, 
LOW, BACK, LAT, TENSE}.  
[See the operational definitions of these features in Chapter 4 of Keenan’s textbook].  

Note that this list and the definitions of features are not a result of some 
mathematical work, they are not based on mathematics. They are the result of empirical 
work of phonologists.  

Also note that that presupposition (4) from Section 1.2. holds in the choice of IF. 
For example, all features of IF are defined both for vowels and consonants. This is a 
choice of phonologists, not mathematicians. It is possible to imagine phonology with 
partial features. But in that case we would need a slightly different set of mathematical 
notions.  

The set IF contains 14 different features. So in principle it can distinguish 214 
different tokens (or segments): to be different, tokens should have different values for at 
any least one feature and there exists 214 different possible combinations of these values. 
But the number of really different segments (relative to IF) is much less. Giegerich 



Ling 726: Mathematical Linguistics, Lecture 12. Phonology. 
V. Borschev and B. Partee, November 6, 2001   p. 5 

 
distinguishes only 34. So, why does this gap exists and why is it so big? The answer is that 
the features in IF are not independent.  

 
(5.) Definition. The set F of features is independent if the value of any one of the 
features on a token (segment) is not predictable from knowing the values of the other 
features on that token (segment).  
 
Some possible paraphrases [group exercise in class: check these and complete the last two] 

So F is not independent if for some token t we cannot find a token t’ such that for 
some feature F ∈  F, F(t) ≠ F(t’), but G(t) = G(t’) for any other feature G  ∈  F.  

I.e. F is independent if for every feature F ∈  F and for every token t we can find a 
token t’ such that F(t) ≠ F(t’), but G(t) = G(t’) for any other feature G ∈  F.  

A feature F1 is independent if: ___.  
A feature F1 is not independent if: ___. 
 
Keenan demonstrates for example that the set K = {ANT, TENSE, STRID, COR} 

of features from IF is not independent although the features of this set are pairwise 
independent (Keenan, Ch. 4, pp. 123, 124).  

The reasons for such a lack of independence could be empirical or logical. Keenan 
gives some examples of empirical dependence: “A token that is +LAT (lateral) should be 
+CONT (continuant)”. I.e. if LAT(t) = + for some t then CONT(t) = +.  

Logical dependencies are discussed below. 

3.2. Boolean operations on features. 
The set {+,–} in the definition of features is the set of Boolean values, i.e. the two-

element Boolean algebra T with familiar Boolean operations, i.e. Boolean algebra in the 
signature ΩBA =  (See Lecture 4.2, and operation tables on last page of this handout).  

We defined the set PF of possible features as the set of functions of the kind F: 
TOKEN → {+,–}. The algebra T induces Boolean operations from ΩBA on the set PF: 

1 and 0 “mark” constant features 1 and 0 from PF which map all the tokens from 
TOKEN to + and – respectively. 

Other operations are defined in a natural way (to form a homomorphism): 
(¬F)(t) = ¬F(t) for every F ∈  PF and every t ∈  TOKEN. 
(F ∨  G)(t) = F(T) ∨  G(T) for every F,G ∈  PF and every t ∈  TOKEN. 
(F ∧ G)(t) = F(T) ∧  G(T) for every F,G ∈  PF and every t ∈  TOKEN.  
Such a definition of operations on functions with the help of operations on their 

values is called pointwise definition. There is a general theorem that properties of 
operations on values are inherited by operations on functions. But you can easily verify 
[exercise] that properties (B1) –(B5) (see Lecture 4, Section 2) hold for operations of the 
signature ΩBA = {0, 1, ¬ , ∨ , ∧ }on features from PF. So PF is a Boolean algebra.  
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3.3. Redundancy rules on features. 

Phonologists consider some specific dependencies between features: an order 
relation which Keenan denotes as ⇒  and defines as follows: 
(6.) For all possible features F,G 
 F ⇒  G iff for all t ∈  TOKEN, if F(t) = + then G(t) = +. 

It is easy to see that the relation ⇒  on features is a weak order: it is reflexive, 
antisymmetric and transitive. This relation is different for different languages. Keenan 
writes that  
(7.) SON ⇒  VOICE and  
(8.) RND ⇒  BACK  
hold in English but (8) does not hold in French. 

It is not difficult to see that we have F ⇒  G iff (F → G)(t) = + for every t ∈  
TOKEN, i.e. iff (¬ F ∨  G)(t) = + for every t ∈  TOKEN. So F ⇒  G iff we have (F → G) = 
(¬F ∨  G) = 1 in the Boolean algebra PF.  

3.4. Boolean algebra generated by IF.  
Let A be an algebra and B ⊂  A. The least subalgebra C of the algebra A such that B 

⊂  C is called the subalgebra generated by B. 
If some set IF of initial features is chosen we will be interested in the subalgebra of 

the Boolean algebra PF generated by IF. Let us denote this subalgebra by Bool(IF). It 
seems to us that it is the subalgebra which Keenan denotes by JMCF (p. 126) (Exercise).  

Note that in the algebra Bool(IF) hold not only axioms (B1) – (B5) of Boolean 
algebras but also some empirical properties of a given language, for example (7) and (8) 
for English.  

Let K = {F1,…Fn} is some set of possible features. A product over K is a feature of 
the form (J1  ∧  … ∧   Jn ), where for each i, n ≥ i ≥ 1, Ji = Fi or Ji = ¬Fi. 

We will consider products over the set IF = {F1,…Fn}. These products have 
important properties given by empirical choice of the set IF for a given language (for 
example, for English). For every such product we have either (J1  ∧  … ∧   Jn ) = 0 or if  
 (J1  ∧  … ∧   Jn ) ≠ 0, this product holds of exactly one segment.  

We call the feature F of the Boolean algebra Bool(IF) atomic if F ≠ 0 and for all G 
in Bool(IF), if  G ⇒  F then either G = 0 or G = F.  

Products over IF which are non-0 features are atoms of the Boolean algebra 
Bool(IF). 

[Also mention some of Keenan’s discussion of “natural classes” of features.] 

Homework 13. 
1. Verify that properties (B1) –(B5) (see Lecture 4, Section 2) hold for operations of the 
signature ΩBA = {0, 1, ¬ , ∨ , ∧ }on features from PF, as they were defined by the pointwise 
definition in section 3.2. above, and that therefore PF is a Boolean algebra.  
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2. Check the claim in Section 3.4 above that Bool(IF) is the same thing as the subalgebra 
which Keenan denotes by JMCF (p. 126). 
 
3. Keenan’s exercise 4, p. 128: Say informally why the following claim is true: 
 Segments differ by some feature iff they differ by an initial feature. (The part that 
needs work is the left-to-right direction: if they differ by any feature, they must differ by an 
initial feature.) 
 
4. Comment briefly on Keenan’s chapter and/or our version of it. (The following questions 
are sample topics for commenting, not obligatory choices.) Do the phonological 
assumptions seem a reasonable idealization? (Bear in mind that almost any real-life 
domain has to be regimented a bit, sometimes artificially, in order to apply mathematical 
tools to it.) Is the mathematics illuminating? Does it suggest any interesting research 
questions that one might explore? Are there changes you would suggest making to the 
assumptions? Can you foresee any of their consequences?  
 
 
Addendum.  The operation table of the familiar 2-element Boolean algebra, unfamiliar 
only in that the carrier of the algebra is now {+,-}, and we have to be able to see “+” and  
“-“ as elements of the carrier rather than as operation symbols.  
 
 

∨  + - 
+ + + 
- + - 

 
 
       

∧  + - 
+ + - 
- - - 

 
 
       

¬   
+ - 
- + 

 
 

If we were to write out these operations linearly they would look even stranger: we 
would have, for instance, ¬  + = – , and ¬  – = + . 
 


