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Nets, The Axiom of Choice, and the Tychonoff
Theorem

1 A Brief History of the Tychonoff Theorem and The Axiom of Choice

It turns out that the Axiom of Choice has direct implications for point-set topology. This might not be

that interesting at first mention, nor should it be surprising given the intimate role that set theoretical

methods play in proving the many results of point-set topology. Also un-surprising is that the following

form of Axiom of Choice:

Theorem 1.1 (Axiom of Choice). For every family (Xα)α∈J of non-empty sets Xα, the product set∏
α∈J Xα is non-empty.

Can be proven using the Tychonoff Theorem:

Theorem 1.2 (Tychonoff Theorem). Let {Xα}α∈J such that each Xα is compact. Then, X =∏
α∈J Xα is compact in the product topology.

This shouldn’t be surprising because of the relative similarity of the statements - no matter one’s

mathematical background, the similarly of the statements is immediate. What is interesting is the role

played by certain topologically motivated objects called nets in proving that the Axiom of Choice is in

fact equivalent to the Tychonoff Theorem.

The Tychonoff Theorem was stated in full generality in 1930 by Andrey Nikolayevich Tikhonov (Ty-

chonoff), and was proven in 1937 by Eduard Cech. The Axiom of Choice and its equivalent statements

became conjectures around the same time. The history of the AoC takes us back to Cantor, who spent
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much time during his mathematical career considering the following two conjectures, the first of which he

originally thought to be self evident (i.e., that it didn’t need to be proven).

1. Every set can be well-ordered (Well-Ordering Theorem)

2. Every infinite subset of the reals is either countable or has the same cardinality as R. (Continuum

Hypothesis)

Cantor himself eventually argued that the Well-Ordering Principle (WOT) needed proof, but the con-

jecture was made famous when Hilbert formulated these two conjectures, and related them, in his 1900

Paris Lecture.

The problem of well-ordering the reals is, in fact, a problem of ordinals. For instance, begin ordering

the reals via picking elements and indexing. Choosing x1, x2, x3, . . ., one eventually chooses xℵ0 , and then

one would have to continue choosing elements from other countable ordinals. The issue is that, in Zermelo-

Frankel set theory, the ordered set of countable ordinals is very complicated, and has no definite structure

without making further assumptions. This problem was “solved” by Zermelo by assuming a new axiom,

the Axiom of Choice. This was the birth of the Axiom of Choice as we know it.

Controversy followed, as various mathematicians were able to use this new axiom to prove some mildly

disturbing results, including the existence of a non - (Lebesgue) measureable set, and the famous Banach-

Tarski paradox - which is interesting topologically because it is a geometric result that shows no regard

for our intuitive notions of how volume should be conserved. However, without the Axiom of Choice,

weird things still happen. From the negation of the Axiom of Choice, one can prove that there is a vector

space with no basis, and a vector space with multiple bases of different cardinalities [Jech, Thomas (2008)

[1973]. The axiom of choice. Mineola, New York: Dover Publications.], results that would undermine

many foundational results in other areas.

Objections to the new Axiom ranged from more mathematical to more philosophical. Van der Waerden

famously included the Axiom of Choice in his book on Algebra, but later removed it and adjusted the

content of the second edition. However, he was faced with such disatisfaction with this second edition that

he went back to assuming the AoC in the third edition. A milestone in the AoC’s history came in 1938,

when Gödel showed that Zermelo-Frankel set theory could be modeled to include a model of Zermelo-

Frankel-Choice set theory. Gödel also showed that the Axiom of Choice could not be disproven in ZF set

theory. Later on, Paul Cohen showed that the Axiom of Choice, as well as the Continuum Hypothesis, can
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not be proven in ZF set theory, which both earned him the Fields Medal, and showed that these statements

are independent of ZF set theory. These results and demonstrations of its usefulness in mathematics helped

the Axiom of Choice gain support. A slew of equivalences soon followed, along with more wild examples

showing the consequences of assuming/not assuming the Axiom. One of these equivalences stood out as a

more natural, or even more intuitive, result. In fact, its emergence caused many to accept the AoC.

Theorem 1.3 (Zorn’s Lemma). If every chain in a nonempty partially ordered set P has an upper

bound, then P has a maximal element.

2 Topologies and Nets

The relationships between all that has been mentioned above will be explored. First, for completeness,

the basics of Point-set Topology will now be stated. Point-set Topology can be considered as a sort of

augmented set theory, where one considers sets along with certain collections of subsets satisfying the

following definition:

Definition 2.1. A Topology on a set X is a collection of sets T satisfying the following.

1. ∅ and X are in T

2. Arbitrary unions of elements of T are in T

3. Finite intersections of elements of T are in T .

The sets in the collection T are known as the open sets of the space X. A topology on a set X can be

given by what is known as a basis.

Definition 2.2. A basis for a topology on X is a collection of subsets of X B such that

1. X =
⋃
B∈B B and

2. For B1, B2 ∈ B, for each x ∈ B1 ∩B2, there is some B3 ∈ B such that x ∈ B3 ⊆ B1 ∩B2.

Furthermore, a collection of open sets of X can form a basis for the topology of X. That is, topologies

can either be defined by a basis, or can turn out to be given by a basis consisting of a subcollection of
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open sets of the topology. Such a subcollection is a basis if every open set of X can be written as a union

of open sets in the subcollection. Note that, any topology is a basis for itself, and so any topological space

has a basis.

Sets with a Topology can have a wealth of structure, and many of the most important sets in mathemat-

ics have very interesting topologies. Rather strong topologies and topological properties are an essential

tool in analysis, playing irreplaceable roles in the proofs of many classical results.

In particular, when dealing with real numbers, one encounters their cardinality, and so it is natural

that in topology, one runs into the problem of uncountable indexing sets, and uncountable collections of

sets. The Tychonoff Theorem is one such example.

Recall the statement:

Let {Xα}α∈J such that each Xα is compact. Then, X =
∏
α∈J Xα is compact in the product topology.

The Tychonoff Theorem is an example of the details that are not included in some statement being

crucial to the consequence of that statement. Note that J is just some set, of any cardinality. One can prove

that finite products of compact spaces are compact without appealing to the Axiom of Choice. However,

to prove the Tychonoff Theorem, one must use some form of the Axiom Of Choice.

A class of mathematical objects that can be used to prove all of this are nets. Nets are another instance

where cardinalities playing a role in topology, as nets are most simply a generalization of sequences to

indexing sets that are not necessarilly countable.

Definition A net in a topological space X is a function f from a directed set J into X. Note that the set

J need only be directed, it can be any cardinality.

Nets are interesting because while many theorems about sequences of real numbers are not generalize-

able to arbitrary topological spaces, the parallel theorems about nets are true in general. Many of these

results are given below.

Definition We say a net converges to a point x ∈ X, xα → x if for each neighborhood U of x, there exists

α ∈ J such that if β ≥ α, then xβ ∈ U .

The convergence of nets in topological spaces behaves very similarly to the convergence of sequences.

For instance, we have the following result.
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Proposition 2.3. If X is Hausdorff, then a net can converge to at most one point of X.

Proof. For contradiction, suppose that there is a net in X, (xα)α∈J , such that xα → x and xα → y. Since

X is Hausdorff, we can find open sets P and Q such that x ∈ P and y ∈ Q, and P ∩ Q = ∅. From the

definition of convergence and our assumption, there are α1 and α2 in J such that

β ≥ α1 implies that xβ ∈ P, and γ ≥ α2 implies that xγ ∈ Q.

WLOG, we can assume, since J is a directed set, that α1 ≥ α2. However, then it follows that xα1 ∈ Q∩P ,

which is a contradiction with the assumption that X is Hausdorff.

The following result is not ’if and only’ if we replace ”net” with ”sequence” unless the ambient space

X is metrizable.

Theorem 2.4. For A ⊂ X, X a topological space, x ∈ A if and only if there is a net of points of A

converging to x.

Proof. (⇐) Suppose there is a net of points of A converging to x, that is there is (xα)α∈J such that xα → x.

Then, consider the collection all closed sets of X containing A, denoted by C, for then, it must be shown

that

x ∈
⋂
C∈C

C = A.

For contradiction, suppose that this is false, and that there is D ∈ C which does not contain x. Then,

X \D contains x, and is open in X. Therefore, since (xα) converges to x, there is an α′ such that β ≥ α′

implies that xβ ∈ X \ D. But then, there is at least one point of (xα) not contained in A, because D

contains A, and so X \D is disjoint from A. This means that there are points of the net (xα) which are

not contained in A, and this is a contradiction to our initial assumption.

(⇒) For the forward implication, let J = {α} index the set of all neighborhoods of x, partially ordered

by reverse inclusion, i.e., β ≥ α if Uβ ⊂ Uα. Choose, which we can do because we have accepted the axiom

of choice, a net of points of A, (xα), such that xα ∈ Uα ∩ Ā. In fact, each Uα ∩ Ā is nonempty because x is

contained in it for all α, so at the very least we can choose xα = x. As such, given an open neighborhood,
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which is indexed by assumption, Uγ , whenever β ≥ γ, Uβ ⊂ Uγ . Hence, xβ ∈ Uγ for all β in J greater than

or equal to γ because xβ ∈ Uβ ⊂ Uγ . As such, (xα) is a net converging to x.

The above proof is telling as far as what we gain by using nets. Collections of open sets of a topological

space containing some point can be used to give us a directed set, as was the case with all neighborhoods of

x above. In general, these collections need not be finite, or even countable. However, studying a particuar

collection of open/closed sets can reveal a lot about a particular space’s structure, but sequences cannot

be enumerated via the inclusions of an uncountable number of open sets.

Nets serve as a medium in which we can effectively encode information about arbitrary topological

spaces. Without rather strong assumptions (first countability, etc.), sequences do not serve as adequate

carriers of topological characterization. For example, the following Theorem is also not true in the reverse

direction if we consider sequences instead of nets.

Theorem 2.5. Let f : X → Y be a map of topological spaces. Then f is continuous if and only if for

every convergent net (xα) in X, say xα → x, the net (f(xα)) converges to f(x).

Proof. First, let f be continuous. Consider, for a convergent net (xα)α∈J → x in X, the net (f(xα)) in Y .

We wish to show it converges to f(x). Consider a neighborhood of f(x), U(f(x)). U is then an open set in

Y , and so f−1
(
U
)

is open in X by continuity of f . Furthermore, x ∈ f−1
(
U
)
, so there is α ∈ J such that

if β ≥ α, xβ ∈ f−1
(
U
)
. But then, f(xβ) ∈ U for all β ≥ α, and since this neighborhood was arbitrary,

there is such an α for any neighborhood of f(x). That is, f(xα) converges to f(x).

For the reverse, assume that whenever (xα) → x, f(xα) → f(x). We utilize one fo the equivalent

conditions to continuity given in the continuity chapter of Munkres. That is, we show that for a subset

A of X f(Ā) ⊂ f(A). Since f(A) ⊂ f(A), it suffices to show that the image of a limit point of A will be

contained in the closure of f(A). If x is a limit point of A, then x ∈ Ā. Thus, by Theorem X.2, there is a

convergent net of points of A, (xα) which converges to x. By assumption, f(xα) → f(x), and f(xα) is a

net of points of f(A). Again by Theorem X.2, f(x) ∈ f(A) because there is a net of points of f(A) which

converges to f(x). Therefore, f(Ā) ⊂ f(A), and so f is continuous.

Definition For a net (xα)α∈J of points of a space X. We say that x is an accumulation point of (xα) if
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for each neighborhood U of x, the set of α for which xα ∈ U is cofinal in J . That is, for each α ∈ J , there

is β such that xβ ∈ U and α ≤ β.

The following equivalence to compactness is 1) another instance of nets behaving the way we want

them to in a situation where sequences may not, and 2) important for the proof of the Tychonoff Theorem

given later.

Theorem 2.6. X is compact if and only if every net in X has a convergent subnet.

Proof. (⇒) Let (xα)α∈J be a net. Consider the collection of sets Bα = {xβ
∣∣α ≤ β}. Then, for any finite

subcollection {Bαj}j∈I of Bα ’s, there is a greatest index γ ∈ I. But then, xβ ∈ ∩Ij=1Bαj for all β ≥ γ,

and so this collection has the finite intersection property. Furthermore, these are closed sets because they

consist only of points of the net (xα) greater than some β. Hence, the only possible limit point of Bα is the

limit of the set of points of (xα) which are contained in Bα, if one exists. Since X is compact, X satisfies

the finite intersection property, so the total intersection ∩α∈JBα is non-empty. Let x be a point in this

intersection. But then, this forms a directed set of points in X, and for any open neighborhood U of x,

there exists some xαk ∈ U , , and if l ≥ k, then xαl ∈ U as well since the open neighborhood of x contianing

xαl is contained in U . Hence, (xαl)l∈L is a subnet which converges to x.

(⇐) Now, we must show that X is compact given that any net in X has a convergent subnet. We will

show that X has the finite intersection property. Consider some collection of closed sets of X, A = {Aα}α∈R

such that any finite subcollection of A has nonempty intersection. It is enough to show that the total

intersection is nonempty. To simplify the problem, let O be the collection of all finite non-empty subsets

J ⊂ R. Then, let AJ = ∩α∈JAα, and note that each AJ , being an intersection of closed sets, is closed in

X. We must now show that ∩J∈OAJ is nonempty. (Using Axiom of Choice) Pick xJ ∈ AJ for each J ∈ O,

which we can do because each AJ is nonempty. This gives us a net (xJ)J∈O of points of X, and so we can

find a convergent subnet of it (xJl)l∈K → x. Since x /∈ AJ if and only if there is an open neighborhood

of x which does not intersect AJ , we must show all neighborhoods of x intersect AJ for all J . Fix some

neighborhood of x, U , and there will be some L ∈ K such that l ≥ L implies that xJl ∈ U . Furthermore,

if I ⊃ J , then AI ⊂ AJ . J has a maximal element, say t, because it is finite. Hence, there is some i ∈ K

such that i ≥ t meaning i ≥ j for all j ∈ J , and so if I = J ∪ {y
∣∣t < y ≤ i}, I ∈ O because R is a directed

set, and so Al ⊆ AJ . Hence, if we choose l′ = max{i, t}, then xJl′ ∈ AJ ∩U because xJl′ ∈ AI ⊂ AJ where
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I = J ∪ {y
∣∣t < y ≤ l′} . As such, any neighborhood of x intersects some arbitrary AJ . As such, x ∈ AJ

for all J , so x ∈ ∩J∈OAJ = ∩α∈RAα.

Let us now return to the main purpose for studying nets, and give a proof of the Tychonoff Theorem.

Theorem 2.7. Let {Xα}α∈J such that each Xα is compact. Then, X =
∏
α∈J Xα is compact in the

product topology.

One can prove the Tychonoff Theorem in, perhaps, a more natural way using nets in conjunction with

Zorn’s Lemma. It may be considered more natural because compactness is shown using a limit point

property with respect to nets, which would not be possible if one considered sequences instead. Based on

these two examples, it appears that the Axiom of Choice plays a crucial role in Topology because it allows

one to deal with certain uncountable objects. Later on, a second proof of the Tychonoff Theorem will be

given without utilizing nets, for completeness and contrast.

3 Proving the Tychonoff Theorem

Knowing a plethora of set theoretical results (listed below with proofs), and some properties of nets, we

will be in a position to prove this Theorem in an intuitive way. The Tychonoff Theorem deals with an

uncountable product of compact spaces, and states that this product is itself compact. With nets, we can

give a proof that is more akin to our intuition of what compactness means. The proof of equivalence with

the well-ordering principle motivates the use of nets, and in part to show how topology and set-theory are

closely related subjects. The proof using nets will be a bit more topological, although it will utilize Zorn’s

Lemma.

The Axiom of Choice, to reiterate, boils down to the following statement.

Theorem 3.1. For every family (Xα)α∈J of non-empty sets Xα, the product set
∏
α∈J Xα is non-

empty.

This formulation gives a very lucid picture of what is going on, but it is not for free. The Axiom of

Choice, in its raw form, says that there is always a function f : P (A)→ A where P (A) is the power set of
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A with f(S) ∈ S for each nonempty subset S of A. Here, f is a choice function. The first task to undertake

is thus to show the above formulation, which indeed is slightly more useful in general and definitely more

relevant to our purposes, is equivalent to this version.

Lemma 3.2. The Axiom of Choice holds if and only if the cartesian product
∏
i∈I Xi of nonempty

sets is itself nonempty.

Proof. First assume the axiom of choice. Every element of the product
∏
i∈I Xi is of the form (xi)i∈I =

x1 × x2 × · · · × xk × · · · where xj ∈ Xj . These elements are really functions from I to
∏
i∈I Xi where

f(i) = xi. Define φ : I → P (A) by φ(i) = Xi. Then, let h : P (A) →
∏
i∈I Xi be a choice function, then

the composite function g where g = h ◦ φ : I →
∏
i∈I Xi satisfies f(i) = h(φ(i)) = h(Xi) ∈ Xi. Since Xi is

nonempty, h being a choice function ideed caries Xi into itself. But then
∏
i∈I Xi is nonempty.

Conversely, take some nonempty set A. Let I = P (A), and consider
∏
S⊂I S. This product is nonempty

by hypothesis. Hence, it contains an element, f such that f(S) ∈ S, for all S ∈ P (A) by definition of

elements of a product (think (xS)S⊂I). This f is a choice function for A, and so the axiom of choice

holds.

It turns out that this axiom is equivalent to Zorn’s Lemma, see above. In many cases, it is useful to

have both these formulations available as tools.

A partially ordered set P is a set with a relation ≤ which is reflexive (a ≤ a), transitive (a ≤ b and

b ≤ c means a ≤ c), and antisymmetric (a ≤ b and b ≤ a means a = b). A subset C of a partially ordered

set P is a chain if for all a and b in C, either a ≤ b or b ≤ a. Note that it does not need to happen that

every element of P is comparable under the relation ≤, so we look at each chain instead. The picture in

ones mind of a chain should be the natural one, where every element is part of the overall ordered list of

elements making up the chain. We say that m is a maximal element of a partially ordered set P if there

is no a ∈ P such that a ≥ m and a 6= m, or rather, no a such that a > m.

Again, the statement of Zorn’s Lemma is given.

Theorem 3.3. (Zorn’s Lemma) If every chain in a nonempty partially ordered set P has an upper

bound, then P has a maximal element.
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Theorem 3.4. The Axiom of Choice and Zorn’s Lemma are equivalent.

Proof. Assume the Axiom of Choice. For all α ∈ P , let Eα = {β ∈ P
∣∣α < β}. We can assume these are

all nonempty, for if Eγ is empty, then γ is a maximal element of P and we’re done. Hence, since they are

nonempty, the Axiom of Choice gives us a choice function f from P to
⋃
α∈P Eα with f(α) ∈ Eα. Hence,

by definition of Eα, f(α) > α for every α. This gives us a chain α < f(α) < f(f(α)) < · · · , which has an

upper bound since every chain in P has an upper bound, β. But then, f(β) > β, and f(f(β)) > f(β) > β,

so we have extended the ”α chain” to α < f(α) < f(f(α)) < · · · < β < f(β) < f(f(β)) < · · · . For

this chain, we get an upper bound as well, γ, and so we can, similarly, extend the chain to α < f(α) <

f(f(α)) < · · · < β < f(β) < f(f(β)) < · · · < γ < f(γ) < · · · . Since there was no upper bound for P , we

can continue transfinitely and eventually will run out of elements of P . Hence, some Eµ must be empty

and so P must have upper bound µ.

Now assume Zorn’s Lemma and take an indexed collection of nonempty sets {Xα}α∈J . We define a

partial choice function f : I →
⋃
α∈I Xα where I ⊆ J . Consider the set of all such partial choice functions

P , partially ordered by extension (i.e., if I ⊆ K ⊆ J and fI
∣∣
I

= fK
∣∣
I
, then fI ≤ fK). If C is a chain of

functions in P , then the union, which makes sense because each pair of functions in the chain agrees on the

overlap in their domains, of all the functions in the chain is an upper bound for this chain. Hence, every

chain of functions has an upper bound, so Zorn’s Lemma implies that there is a maximal element for P .

However, since there is a function in P for every subset of J , for this element to be maximal, it must be a

choice function on all of J . Hence, the Axiom of Choice holds.

There are several proofs of the Tychonoff Theorem, and while they are all quite different in approach,

they all rely on some form of the Axiom of Choice. The fact that the Tychonoff Theorem requires more

machinery than the corresponding result for finite products of compact spaces can be understood as a

consequence of the non-trivial nature of infinite products which makes the Axiom of Choice so important.

Now, the Tychonoff Theorem concerns topological spaces, particularly certain ’product spaces’, with

the property of being ’compact’. For completeness, these terms are defined.
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Definition 3.5. A covering of a topological space X is a set of subsets of X A = {A
∣∣A ⊆ X} such

that X =
⋃
A∈A A. An open covering of X is then a covering of X by open subsets of X.

Definition 3.6. A topological space X is compact if for every open covering of X A , there exists a

finite subcover {Ai
∣∣1 ≤ i ≤ K,K ∈ N, Ai ∈ A } of A which covers X.

A finite subcover of an open cover is just a finite subcollection of the original open cover, which is why

in the definition we were able to index it from 1 to K for some natural number K.

Product spaces are topological spaces on sets of the form X × Y × Z × · · · where X,Y, Z, · · · are

topological spaces themselves, and × is the usual cartesian product. An important motivating example is

Rn = R×R× · · · ×R n times. We can also consider infinite products. There are a few topologies one can

put on a product space, and when one considers infinite products, it becomes important which topology

one works in. Hence, the topology this paper will assume will be established now.

Definition 3.7. When we refer to a product space, particularly one over arbirarily many spaces

{Xα}α∈J for some set J , it will be assumed it is a topological space with what is known as the product

topology. The product topology is the topology given by the basis B consisting of the following sets.

B =

{∏
α∈J

Uα

}
such that Uα = Xα except for finitely many α ∈ J, and Uα is open in Xα for all α.

It turns out that the collection of all products of open sets in each Xα is also a basis for a topology on

the product space, but it preserves fewer properties of the component spaces. Thus, the product topology

turns out to be more useful.

Now that we know what the statement of the Theorem means, it can be proven. In the Appendix, a

proof of the Tychonoff Theorem that relies on the Well-Ordering theorem is given ( adapted from Munkres’s

Topology, page 236-237 ex. 5.) - the proof is lengthy and requires some new ideas. The proof using nets,

however, will be given now using what has already be recorded.
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A Quick note on technique. When a choice function f in some product set is discussed, what is meant

is analogous to an element of a product set in the usual sense, where the function has domain the index

set of the product space. For instance, the element −1×−2 ∈ Z2 is a choice function from {1, 2} 7→ Z2.

Proof. The proof proceeds similarly as to a particular proof of equivalence of AC and Zorn’s Lemma (see

downloads section for a full transcript of a paper that includes proofs of all these results). Consider a

net {fd}d∈D of points of X. Define the partial choice functions f for each I ⊆ J as the choice function

mapping f : I →
∏
α∈I Xα. Call f a partial cluster point if it is a cluster point of {fd

∣∣
I
} (the net in∏

α∈I Xα generated by restricting each fd to I ⊆ J).

Let P be the set of partial cluster points ordered by inclusion, so that if I ⊆ T ⊆ J , then fI ≤ fT ≤ fJ .

Then, P is nonempty. Let α ∈ J , and I = {α}. Then, {fd(α)} is a net in Xα, a compact space, and

so there is a cluster point p of {fd(α)} contained in Xα. Hence, f : I → X defined by f(α) = p is a

partial cluster point of this net. Consider a chain of elements in P , then this is a chain of partial cluster

points ordered by inclusions of subsets of J . Take the union of these partial cluster points p,
⋃
{p} = C.

Each is the cluster point of a net of functions restricted to a subset of J , {fd(x)
∣∣
Tp
} for some Tp ⊆ J .

Consider further T = ∪Tp. T is a subset of J , each p is a cluster point of {fd(x)
∣∣
Tp
} in

∏
α∈Tp Xα. Thus,⋃

p{fd(x)
∣∣
Tp
} is a net of points in the product space

∏
α∈T Xα, and C is a cluster point of this net in this

space. As such, C is a partial cluster point, and since all Tp ⊆ T , C is an upper bound for our original

chain. Thus, P satisfies the conditions to apply Zorn’s Lemma, so find a maximal element of P , g.

Suppose the domain I of g does not equal J . Then, there is an index β ∈ J \ I, and {fd(β)} will be a

net in the compact space Xβ. Thus, it will have cluster point b, and h defined as

h(α) =

g(α) α ∈ I

b α = β

is a partial cluster point with domain I∪{α}, and so g was not maximal in the first place. This contradiction

shows that g was indeed maximal with domain I = J . Hence, we have found a cluster point of the

untrestricted net {fd}d∈D contained in the product space, so every net has a cluster point, and so X is

compact.

The power of establishing the results about nets stated previously is now clear. The above proof using
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nets is more familiar with our intuition of what compactness means. To complete the circle, it will now be

shown that the Tychonoff Theorem implies the Axiom of Choice.

Proof. Consider a collection of nonempty sets {Xα}α∈J . Let Yα be the sets Xα∪{∞α}. We can topologize

Yα by letting TYα = {∅, {∞α}, Xα, Yα}. Since Yα has a finite number of open sets, it is a compact space.

Hence, by the Tychonoff Theorem, Y =
∏
α∈J Yα is compact.

Let Uβ be the open set of Y defined by
∏
α 6=β Xα×{∞β}. This is a basis open set of Y in the product

topology, and the set of {Uβ}β∈J s an open cover for J . But then, suppose that {Uβ1 , · · · , Uβn} is a finite

subcover. Define the partial function f̄ ∈
∏n
i=1Xβi , which is possible without the axiom of choice because

this is a finite product. Then, extend this function to Y by letting f(α) = ∞α for all α /∈ β1 · · ·βn. This

is possible because we have not made any choices. However, f is not in
⋃n
i=1 Uβi because for α /∈ {βi},

∞α is not in
⋃n
i=1 Uβi . This contradiction shows that the {Uβ}β∈J cannot cover Y . Hence, there is some

f ∈ Y which is not in the union of all Uβ. This means that there is a choice function f in Y such that

f(α) 6=∞α for all α, and so f(α) ∈ Xα and this is our desired choice function.

4 Appendix: The Tychonoff Theorem from Well-Ordering Principle

Depending on context, mathematicians frequently use either Zorn’s Lemma or the Well Ordering principle

in place of the original statement of the Axiom of Choice. Proving they are equivalent can be done in

three steps if one introduces a plethora of set-theoretic machinery. For our purposes, since we have proven

the equivalence of the Axiom of Choice and Zorn’s Lemma, we will prove that Zorns Lemma implies the

Well Ordering Principle and that the Well Ordering Principle implies the Axiom of Choice to complete the

circle. To do so, there are still some set-theoretic definitions and results that will be needed.

Definition 4.1. If X is a well-ordered set and c ∈ X, then the open segment Seg(c) is the subset

Seg(c) = {x ∈ X : x < c} = {x < c}.

If X is a well-ordered set and c ∈ X, then the closed segment Seg(c) is the subset

Seg(c) = {x ∈ X : x ≤ c} = {x ≤ c}.
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Definition 4.2. If X is a partially ordered set, with order <, then a chain in X is a subset Y of X

such that for all t, u ∈ Y , either t < u or u < t.

Lemma 4.3. A chain X is well -orderd if and only if every open segment of X is well-ordered.

Proof. X being well ordered implies the condition immediately because open segments are subsets of X.

For the converse, suppose that X is not well-ordered. Then, it contains an infinite descending sequence

x1 � x2 � · · · , meaning the open segment Seg(x1) is not well-ordered. Contradiction.

If B and C are subsets of a partially ordered set X then let B � C if B = C or B is an open segment

of C.

Lemma 4.4. Let (X,<) be a partially ordered set, with {Si : i ∈ I} a family of well-ordered subsets of

X indexed by I. If for each i, j, either Si � Sj or Sj � Si, then
⋃
i∈I Si. is a well ordered subset of X.

Proof. Let U =
⋃
i∈I Si. By the the above, it suffices to show that any open segment Seg(c) is well-ordered.

c ∈ Si for some i, and since Si is well-ordered, so are its subsets. Hence, it sufices to show that Sed(c) ⊆ Si.

Let u ≺ c. u ∈ S − j for some j. If Sj � Si, then u ∈ Si and we are done. If Si � Sj , then Si ⊆ Sj

and so c ∈ Sj . Furthermore, since Si would then be an open segment of Sj , u ≺ c implies that u ∈ Si as

desired.

Theorem 4.5. Every set can be well-ordered.

Proof. Assume Zorn’s Lemma. Let A be any set, and assume it is nonempty because the empty set is

well-ordered. Let P be the set of all pairs (S,≺) where S is a subset of A and ≺ is some well-ordering of

S. Importantly, note that if S has no well-ordering, since at this point we don’t know whether it does or

not, it is not in P . Partially order P by saying (S,≺) < (S′,≺′) if

(i)S = S′ and ≺=≺′ or

(ii) S ⊂ S′, a, b ∈ S implies a ≺ b if and only if a ≺′ b, and S is an open segment of S′ (S = {x < c} for

some c ∈ S′).
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Now, P 6= ∅ for any one point subset of X is well-ordered by definition. Take a chain C = {(Si,≺i) :

i ∈ I} in P , meaning for any (Si,≺i), (Sj ,≺j) ∈ C, either (Si,≺i) < (Sj ,≺j) or (Si,≺i) > (Sj ,≺j). Let

U =
⋃
i Si and define a partial order on U :

If u, v ∈ U , with u ∈ Si and v ∈ Sj . Assume WLOG that (Si,≺i) < (Sj ,≺j) meaning u, v ∈ Sj . Then,

u� v if u ≺j v. We claim that (U,�) is well-ordered. In fact, this follows from the above lemma, and so

(U,�) ∈ P . Furthermore, (Si,≺i) is closed in (U,�). Let u� si, si ∈ Si and u ∈ U . u ∈ Sj for some j, if

(Sj ,≺j) < (Si,≺i), then u ∈ Si as dsired. if (Si,≺i) < (Sj ,≺j), then Si is closed in Sj , so u ∈ Si. Hence,

(Si,≺i) < (U,�) for all I, so it is an upper bound for C.

Thus, by Zorn’s lemma, P has a maximal element (M,≤). If M contains all of X, then X can be well

ordered. Otherwise, find x ∈ X,x /∈ M . Then M ∪ {x} is an extension of M with ordering <′ by saying

m <′ x for all m ∈M . M = seg(x), so (M,≤) ≺ (M ∪ {x}, <′), contradiction with maximality of (M,≤)

and therefore X can be well-ordered.

Theorem 4.6. If every set can be well-ordered, then the Axiom of Choice holds.

Proof. Let A be a nonempty set, with some well-ordering of its elements. Then, every subset of A is

well-ordered. Define a choice function f : P (A) → A by defining, for each nonempty subset of S of A,

f(S) to be the smallest element of S. This is a choice function in the sense of the ’raw form’ of the axiom

of choice.

We now give another proof of the Tychonoff Theorem using the Well-Ordering Principle. The proof

makes us of the principle of transfinite induction. Simply put, transfinite induction extends the usual

mathematical induction to any well-ordered set, which could be the set of ordinal numbers, or the real

numbers. It is often the case transfinite induction is used in the following way: The Well-Ordering Theorem

is used to create a well-ordered collection of sets with some property under examination, and then transfinite

induction is invoked to prove the limit case. The details of transfinite induction are that one first proves

a zero case P (0), a successor case much like in regular induction, and a limit case which looks like P (α)

follows from P (β) being true for all β < λ.
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Theorem 4.7. An arbitrary product of compact spaces is compact.

Lemma 4.8. Let A is a collection of basis elements for the topology of the product space X×Y , such

that no finite subcollection of A covers X × Y . If X is compact, there is a point x ∈ X such that no

finite subcollection of A covers {x} × Y .

Proof. Suppose that for all x ∈ X, there is a finite subcollection Ax of A which covers {x} × Y . Then,

A = ∪x∈XAx is an open cover for X × Y by collections of basis elements of the form Ax = {Ux × Vxk
∣∣1 ≤

k ≤ T} for Ux open in X and Vxk open in Y and T finite. That is, Ax consists of a finite collection of

U ×V basis open sets which covers Y , so we can find the finitely many V which cover Y , index them with

k ∈ T , and pick some Ux which contains x and then assume Ax is the set of products Ux × Vxk for all

k ∈ T . Now, there is a finite subcover of the collection {Ux}x∈X , say {Uxi}ni=1 which covers X because X

is compact. But then, {Uxi × Vxk
∣∣1 ≤ i ≤ n, 1 ≤ k ≤ T} is a finite collection of A which covers X × Y ,

which is a contradiction. Hence, the result holds.

Proof of Main Result. Let {Xα}α∈J be a collection of compact spaces and consider their product X =∏
α∈J Xα. Denote by πα : X → Xα be the projection map. Well order J , such that J has a maximal and

minimal element. This can be done by choosing some element, say α ∈ J , and well-ordering J \ {α} in the

usual way such that it has a smallest element. Now, append α to obtain J again and set α to be greater

than all elements in J \ {α}. Then, J is well-ordered such that it has a minimal element. Now, take some

β ∈ J . Suppose we are given points pi ∈ Xi for all i < β. For α < β, let Yα denote the subspace of X

defined by

Yα = {x
∣∣πi(x) = pi for i ≤ α}.

Then, if α < α′, Yα′ ⊂ Yα. To see this, let x ∈ Yα′ , and then πi(x) = pi for all i < α′, and α′ < α, so

x ∈ Yα since then all i < α′ are less than α. Take a finite collection of basis elements A for X in the

product topology which covers the space

Zβ =
⋂
α<β

Yα = {x
∣∣πi(x) = pi for i < β}.
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Then, A covers some Yα, α < β. To see this, first, note that because α < α′ implies that Yα′ ⊂ Yα, if

α1 < α2 < α3 < · · · < β, then Yα1 ⊃ ∩2i=1Yαi ⊃ ∩3i=1Yαi ⊃ · · · . Hence, if β has an immediate predecessor

α such that there is no γ ∈ (α, β), then Yα is covered by A since for any γ < α we will have Yγ ⊃ Yα,

and in particular A covers Yγ ∩ Yα ⊃ Yα. If β has no immediate predecessor, then for each A ∈ A , let

JA denote the set of indices i < β for which π(A) 6= Xi. The union of all the JA is a finite collection since

A are basis elements for the product space, so π(A) 6= Xi for only finitely many i in J , and A is a finite

collection, so this is a finite union of finite spaces. Let α be the largest element of this union, which exists

because this is a subset of a well-ordered set J . Then, if x ∈ Yα, then πi(x) = pi for i <≤ α, and any i < β

must also be less than α because of how we found α, so x ∈ Zβ which is covered by A .

Now, take A to be a covering of X by basis open sets of X such that no finite subcollection of A

covers X. Choose, for all i, points pi ∈ Xi such that Yα cannot be finitely covered by A . To do so, we

use transfinite induction. If α is the smallest element of J , then use the above lemma to choose pα = x

as in the Lemma. Hence, if pi is defined for all i < β, then utilize the first conclusion of the proof of

main result, which shows that Zβ cannot be finitely covered, for if some finite collection of A covered Zβ,

then it would cover some Yα for α < β which we assumed to be false. However, then apply the lemma

again to find pβ, showing that we can do this for all i. Now, if α is the maximal element of J , then

Yα = {x
∣∣πi(x) = pi, i ∈ J} = (pi)i∈J because this is the only point which maps to pi at every coordinate

under the projection maps. However, this is just a single point, so it must be compact. Hence, we have a

contradiction, which shows that there must have been some finite covering of A which covers X.

Example 4.9 (Example of well-ordering J so it has a minimal element). Let J = Z with

ordering 0 < −1 < 1 < −2 < 2 < · · · . Then Take Z \ {0}, and we have Z \ {0} = −1 < 1 < −2 < 2 <

· · · , and set 0 to be the maximal element of Z other than itself, such that 0 > z for all z ∈ Z \ {0}.

This is the desired ordering, as Z is still well-ordered, and it has a maximal element 0 and minimal

element −1.

The above proof of the Tychonoff Theorem is a particularly dense proof in general, but it is verbose

even with respect to proofs of the Tychonff Theorem in general! There are even simpler proofs that use

the well-ordering principle, but which use heavier machinery ( such as results on perfect limit points). In

some sense, this is a very ’bare bones’ proof of the Tychonoff Theorem, as it proves compactness from the
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definition, and doesn’t rely on much beyond simple results about well-orderings and product spaces.
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