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Direct numerical simulations with up to 4096 × 4096 × 2048 grid points are used to
study the dynamics of kinetic energy in forced, homogeneous, and axisymmetric stably
stratified flow with unit Prandtl number. No mean shear or internal waves are introduced
into the flows, forcing represents persistent large horizontal motions with a small amount
of noise, and turbulence develops in response. Three different stratification levels result
in buoyancy Reynolds numbers ranging from 11 to 230, and multiple cross-checks
for consistency in various dimensionless ratios show that the flows are consistent with
theory for strong stratification. The balance equations for the horizontal and vertical
contributions to kinetic energy are examined in terms of two-dimensional spectra.
Downscale cascades of horizontal energy are evident at both the horizontal and the
vertical, as is upscale transfer of energy at large horizontal scales but small vertical
scales. Vertical energy also cascades down scale in both directions, so the dissipation
rate of vertical energy relative to that of horizontal energy is the same as for unstratified
isotropic turbulence. The horizontal and vertical length scales responsible for dissipation
rate and the relative importance of dissipation rate compared with the energy transfer rate
depend on the strength of the stratification. Both three-dimensional turbulence at scales
smaller than the Ozmidov length scale and stratified turbulence at scales between the
−5/3
Ozmidov and the buoyancy scale produce power law scaling of κ1 in one-dimensional
spectra. A sharper power law is observed at scales larger than the buoyancy scale. The
second-order longitudinal structure functions, while exhibiting power law over the same
scaling range, do not corroborate the Kolmogorov–Obukhov–Corrsin scaling.
Keywords: stratified flow; turbulence; direct numerical simulation

1.

Introduction

When a high Reynolds number flow subject to a stabilizing density gradient becomes
unstable due to vertical shearing, the resulting turbulence is thought to be fully threedimensional, but with the vertical length scale constrained by buoyancy forces. Further, it
is thought that the turbulence develops a cascade with net transfer of energy down scale.
These generalizations are based on laboratory experiments, numerical simulations, and
theoretical studies [e.g., 1–7]. The flow regime is termed stratified turbulence by Lilly [8],
Riley and Lelong [9] provide a review, and Riley and Lindborg [10] discuss its possible
relevance to geophysical flows.
While there is some agreement in the literature on the basic features of stratified
turbulence, a detailed picture of the energetics is not clear. One of the difficulties is that the
∗
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flow does not abruptly transition globally from laminar to turbulent, but rather forms patches
of turbulence. It has been hypothesized that the flow must have the buoyancy Reynolds
number, Reb , above a threshold value of about 30 in order for turbulence to be significant
[11–14], and Hebert and de Bruyn Kops [15] show that the strain rate tensor is strongly
dependent on Reb for low values of that parameter. It seems likely that the energetics of
stratified turbulence may also depend on Reb .
In this paper, we report analyses of all of the terms in the balance equations for the
horizontal and vertical contributions of kinetic energy. The data are from direct numerical
simulations (DNS) of stratified flow with a range of Reb . There is no mean shear and no
internal waves are intentionally introduced, so the turbulence in the flows results primarily
from instabilities in horizontal layers that spontaneously form. A very simple flow configuration is considered for this research. Specifically, persistent numerical forcing at large
scales in the horizontal is used to represent a two-dimensional outer flow. This force induces
homogeneous and axisymmetric turbulence at smaller scales. A range of Froude numbers
is considered to understand how the turbulence responds to the outer flow as a function of
stratification strength. Importantly, the Froude numbers are of order unity or smaller and
are chosen to span the threshold value of Reb = 30. The Prandtl number is unity, close to
that in the atmosphere but not that in the ocean; de Stadler et al. [16] report on a recent
investigation on the effect of Prandtl number in simulations of stratified turbulence.
The flow configuration is motivated by the simulations of Lindborg [7] but with several
important differences. First, in the current simulations, the forcing is highly correlated with
itself in time to represent a slowly evolving outer flow. Second, the simulations are DNS,
not large-eddy simulations, so flows with Reb typical of laboratory experiments, as well
as those with Reb above 30, can be compared. The simulations are also motivated by the
long history of research in unstratified isotropic homogeneous turbulence, which forms
the foundation for much of turbulence theory. Homogeneous and axisymmetric flow is the
analogous “simplest-but-no-simpler” configuration for stratified turbulence.
The paper is organized as follows. In the next section, the literature on stratified turbulence is reviewed in conjunction with defining the governing equations and the principal
statistical quantities used to describe the flows. In particular, relationships between various quantities theorized for the limit of very strong stratification are presented in order to
provide a qualitative understanding, later in the paper, of where the simulated flows lie in
the Reynolds–Froude number parameter space. An overview of the simulations is given in
Sections 3 and 4, followed by analyses of the kinetic energy budget in Section 5. Some
conclusions are drawn in Section 6.

2. Background
The effects of a stabilizing density gradient on turbulence depend on the relative importance
of the buoyancy force compared with other forces in the flow. The scope of this paper is
limited to flows in which the stratification is “strong,” by which it is meant that the buoyancy
force is at least as important as the inertial force. The strongly stratified regime provides a
foundation for understanding more general flows influenced by buoyancy. One reason for
this is that a decaying stratified flow will eventually become strongly stratified regardless
of the initial Froude number [4, 17].
When a laboratory flow is strongly stratified, the dynamics are dramatically different
from those of flows subjected to weaker stratification. For instance, horizontal eddies form
and decouple in the vertical [1, 18–28], and the flows evolve much more slowly in time
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[19, 20]. A number of experiments have been designed to isolate and study the structure of
stratified flows [e.g., 29–34].
Numerical simulations have also been used to understand the stratified regime. Several of the early numerical studies involved hypothetical flows [35–38]. Even as computers have become more capable, simple flow configurations that are not readily realized in physical experiments have proven valuable for understanding certain aspects of
stratified turbulence [e.g., 7, 15, 39–43]. Other simulations have addressed laboratory
flows such as wakes, mixing layers, and shear layers [e.g., 44–48]. Recently, Diamessis
et al. [49] have used large-eddy simulations to extend the wake experiments of Spedding
et al. [19, 20].
In many instances, simulation results are consistent with laboratory studies, particularly
when the Reynolds and Froude numbers in the simulations and laboratory studies are very
close. In other instances, differences in numerical and laboratory results require consideration. For instance, vertical shear between the horizontal layers that form in stratified
flows is an important feature of many of the laboratory experiments cited in the preceding paragraphs. Using simulation data, however, Hebert and de Bruyn Kops [50] show
that the importance of vertical shear, compared with the other components of the strain
rate tensor, decreases rapidly as the buoyancy Reynolds number rises toward the threshold
value of 30 cited in Section 1. Several theoretical analyses lead to the conclusion that the
behavior of stratified flow depends on the product of the Froude number squared and the
Reynolds number [39, 51], which is linearly related to the buoyancy Reynolds number,
at least for some ranges of the parameters [15]. Zhi et al. [52] report on the parameters
required for large-eddy simulations to exhibit characteristics of turbulence in geophysical
flows.
Apparent differences between various simulations and laboratory experiments suggest
that careful consideration must be paid to the location in the Reynolds–Froude number
parameter space of an experiment or simulation. Simply reporting Reynolds and Froude
numbers may not be sufficient, particularly if the dynamically relevant length and velocity
scales are among the quantities being investigated. There is an analogous need to accurately
identify the Reynolds number regime in studies of unstratified turbulence. In that case, a
well-developed theory for the dynamics of turbulence at high Reynolds numbers exists
against which to verify experimental or simulation data. For stratified turbulence, the
theory is not as advanced, but a number of studies provide expected characteristics for
flows in the limit of strong stratification. For instance, Riley et al. [35] present a scaling
analysis that separates the flow into internal waves and vortical modes. Theoretical analyses
of self-similar scaling [53] and the “zigzag” instability [2, 3, 40, 54] provide frameworks for
characterizing a flow. Lindborg [7] reviews a number of theoretical relationships expected
to hold for a strongly stratified flow at high Reynolds numbers.
2.1.

Governing equations

The simulated flows considered in this research are solutions to the Navier–Stokes equations
in a nonrotating reference frame subject to the Boussinesq approximation. Our interest is in
turbulence that results from forcing at large horizontal length scales, and so, we parametrize
the flow in terms of a velocity scale Û and a length scale L̂ that are characteristic of the
forcing. The relationship between these characteristic scales and specific lengths and velocities that develop in the simulations is deferred until the simulations are introduced in
Section 3. The remaining quantities used in the parametrization are the acceleration due to
gravity, ĝ, the ambient density, ρ̂(ẑ), the molecular viscosity, µ̂, and the thermal diffusivity,
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α̂. The notation (ˆ) denotes dimensional quantities that combine to form the nominal Froude,
Prandtl, and Reynolds numbers
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F=

2π Û
N̂ L̂

, Pr =

Û L̂
µ̂/ρ̂0
, and Re =
,
α̂
µ̂/ρˆ0

with N̂ 2 = −(ĝ/ ρ̂)(d ρ̂/d ẑ) being the square of the buoyancy frequency and ρ̂0 the
reference density. Note that the factor of 2π in the Froude number is often omitted; we find
it is advantageous to retain it in light of the limited range of length and time scales that
exist in our simulations and discuss the point further in conjunction with Table 1.
With the scaling just defined, the dimensionless governing equations are
∇ · u = 0,

(1a)

 2
2π
∂ u
1 2
 and
ρ ez − ∇p +
+ u · ∇ u = −
∇ u + b,
∂t
F
Re

(1b)

∂ρ
1
+ u · ∇ρ − w =
∇ 2ρ .
∂t
Re Pr

(1c)

Here, u = (u, v, w) is the velocity vector, and ρ and p are the deviations of density and
 is explained in Section 3.1.
pressure, respectively, from their ambient values. The force, b,
Also, ez is the unit vector in the vertical direction. The pressure is scaled by the dynamic
pressure, ρ̂0 Û 2 , and the density using the ambient density gradient, that is, it is scaled by
L̂|d ρ̂/d ẑ|.
2.2.

Energy budgets

Of particular interest in the current research is the budget for kinetic energy. We consider
the kinetic energy due to horizontal motions separately from that due to vertical motions.
The transport equations are
∂Eh
+ σh + fh and
= −Th − P
∂t
∂Ev
= −Tv + P − B + σv + fv ,
∂t

(2)
(3)

where Th and Tv are the nonlinear transfer rates, P is pressure work, B is the buoyancy
flux, σh and σv are the viscous terms, and fh and fv represent the horizontal and vertical
components of the force work, respectively. More detailed descriptions of each term are
given in Appendix A. Eh and Ev are referred to by the shorthand terminology “horizontal
kinetic energy” and “vertical kinetic energy.”
2.3.

Spectra

In this paper, we use one- and two-dimensional spectra to evaluate characteristics of the
kinetic energy budget. The one-dimensional spectra are as defined in Pope [55], and
our notation for them is defined where it is used in Section 5.5. To define the twodimensional spectra, let ũi (κ1 , κ2 , κ3 ) be the ith component of velocity Fourier transformed
in three directions, and ũ∗i be its complex conjugate. The spectral kinetic energy is then
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ũi (κ1 , κ2 , κ3 )ũ∗i (κ1 , κ2 , κ3 )/2. To take advantage of the axisymmetric configuration of the
current simulations, define a horizontal wavenumber as κh = (κ12 + κ22 )1/2 and a vertical
wavenumber as κz = κ3 . The spectral energy is integrated over circles of radius κh to form
a spectrum in terms of horizontal and vertical wavenumber. In terms of spectra computed
in this fashion, the balance equations for horizontal kinetic and vertical kinetic energies
are, respectively,
∂Eh (κh , κz )
= −Th (κh , κz ) − P (κh , κz ) + σh (κh , κz ) + fh (κh , κz ) and
(4a)
∂t
∂Ev (κh , κz )
= −Tv (κh , κz ) + P (κh , κz ) − B(κh , κz ) + σv (κh , κz ) + fv (κh , κz ) . (4b)
∂t
The terms in these equations are the spectra of the corresponding terms in (2) and (3);
in our notation, the spectra and the local quantities are distinguished by their functional
dependence, which is shown explicitly for the spectra.

2.4. Time averaging
The variations in kinetic energy in time are interesting but add complexity that we would
like to avoid for now. Our interest is in the energetics of a stationary turbulent flow by
which we mean a flow for which the time derivatives of spatially averaged quantities are
small compared with any terms in the corresponding balance equation. Numerical forcing,
however, does not yield a simulated flow that meets this criterion (cf. [7, 56, 57]), unless
perhaps if the domain is very large. In this paper, therefore, time-averaged quantities
are considered. The averaging period is about unity in dimensionless time, that is, one
large-eddy turnover time. The data are sampled during this period at uniform intervals
of t ≈ 1/60. So, all data reported in this paper, both spatial averages and spectra, are
averages over the entire spatial domain for about 60 samples in time. The space–time
averages are indicated by the notation  .
2.5.

Theoretical relationships

Many length and time scales are used to describe stratified turbulence, and the theoretical
relationships between them have been developed in the limit of low Froude numbers
[4, 7, 53, 58]. In simulations, due to the limited dynamic range, these relationship can
be difficult to discern, particularly when there are multiple ways to compute a theoretical
quantity. Waite [59] provides a recent analysis of the importance of careful attention to
length scales in numerical simulations. In Section 4, we present numerous cross-checks of
the current data set to verify that the flows are consistent with strong stratification. Doing
so entails the comparison of several length scales and dimensionless quantities, which we
define below. Some readers may wish to proceed directly to Section 3.

2.5.1. Length scales
The outer horizontal scale of stratified turbulence can be estimated by dimensional reasoning
as [60]
LEh ≡ Eh 3/2 / h  .
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Calculation of this length scale in stratified flows is complicated due to the existence of
regions that are in approximately solid-body motion with high energy but low dissipation
rate. Hebert and de Bruyn Kops [15] have found that in simulations, even with significant
turbulence, LEh can be larger than the size of the simulation domain. The integral, or
correlation, scale is more readily interpreted as the size of the horizontal motions in the
flow. The horizontal integral length scale Lhh is defined as the integral of the autocorrelation
of uh in the horizontal direction.
The vertical length analogous to Lhh for unstratified flow is Lvv , the integral of the
longitudinal autocorrelation of u3 . Strongly stratified flow dynamics, however, are thought
to be dominated by the horizontal velocity, and of principal interest in stratified flows
is the characteristic thickness of the horizontal layers that form. Therefore, the integral
scale Lhv based on the vertical autocorrelation of the horizontal velocity is expected to be
relevant in the case of strong stratification. Applying order-of-magnitude estimates to the
continuity equation leads to Lhh uz /uh as an estimate for the dynamically important vertical
scale. Here, uh and uz are the root-mean-square (RMS) horizontal and vertical velocities,
respectively.
The buoyancy time scale is related to the buoyancy frequency by Tb ≡ 2π/N , from
which the buoyancy length scale is defined as
Lb ≡ 2π uh /N.
As is done in the definition of the Froude number, we retain the factor of 2π in the conversion
between time and frequency because omission of order 1 constants can make it difficult
to interpret DNS data, given the limited range of length and time scales in the simulated
flows. The buoyancy scale is an important length scale in the generation of turbulence by
overturning of internal gravity waves [61, 62] and the zigzag instability in columnar vortices
[30]. Of significance in the current study is that it is expected to characterize the thickness
of the shear layers in stratified turbulence [8, 53, 63], and so, should be comparable to Lhv .
Several smaller length scales are defined in terms of the total dissipation rate of kinetic
energy, k ≡ h + v . The outer scale of three-dimensional turbulence in a stratified flow is
the Ozmidov scale [64–66],
LO ≡ (k  /N 3 )1/2 ,
which is based on dimensional reasoning, as is the smallest scale of turbulence, the
Kolmogorov length scale
LK ≡ (ν 3 / k )1/4 .
If the factor of 2π is included in the conversion of frequency to time, then the Ozmidov
scale is
L∗O ≡ [k  /(N/2π )3 ]1/2 .
This is not a standard definition, but is consistent with including the factor of 2π in the
horizontal Froude number defined next.
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Dimensionless relationships

Several definitions of Reynolds and Froude numbers can be written in terms of the foregoing
length scales. Five definitions of horizontal Froude numbers are
Fh = 2π uh /NLhh ,
Fh1 = Lhv /Lhh ,
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Fh2 = (LO /Lhv )2 .
2

Fh3 = L∗O /Lhv ,
and
1/3

2/3

Fh4 = h /N LEh .
The last of these is included for comparison of the current simulations with some in the
literature. By the analysis of Billant and Chomaz [53], the vertical length scale will adjust
to the stratification, so the vertical Froude number is
Fv = 2π uh /NLhv ∼ 1.
Horizontal Reynolds numbers are
Reh = uh Lhh /ν
and
Reh1 = (Lhh /LK )4/3 ,
and the buoyancy Reynolds number is
Reb = (LO /LK )4/3 .
Riley and de Bruyn Kops [4] postulate that Reh F2h , rather than the either the Reynolds or the
Froude numbers by themselves, is the important parameter for predicting the occurrence of
stratified turbulence. Hebert and de Bruyn Kops [15] report that Reh F2h and Reb are linearly
related in their simulations.
3. Numerical simulations
The governing equations (2.1) are solved numerically using the pseudo-spectral technique
described in Riley and de Bruyn Kops [4]. Spatial derivatives are computed in Fourier space,
the nonlinear terms are computed in real space, and the solution is advanced in time in
Fourier space with the variable-step, third-order Adams–Bashforth algorithm with pressure
projection. The nonlinear term in the momentum equation is computed in rotational form,
and the nonlinear term in the internal energy equation is computed in conservation and
advective forms at alternate time steps. These techniques are standard to eliminate most
aliasing errors, but the simulations reported in this paper are fully dealiased in accordance
with the 2/3 rule via a spectral cutoff filter.
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3.1.

Forcing
The force b in (2.1) is implemented by the deterministic forcing schema, denoted Rf in
[57]. The objective is to force all of the simulations to have the same spectra Eh (κh , κz ),
with κh < κf and κz = 0. The highest wavenumber forced is κf = 16π/Lh , with Lh being
the horizontal dimension of the numerical domain. Deterministic forcing requires choosing
a target spectrum Ef (κh < κf , 0). Unlike for turbulence that is isotropic and homogeneous
in three dimensions, there are no theoretical model spectra for Ef (cf. [56]). Therefore, run
2 from Lindborg [7] was rerun using a stochastic forcing schema similar to that used by
Lindborg, and denoted schema Qg in [57]. The spectrum for Eh (κh < κf , 0) was computed
from this simulation and used as the target for the simulations reported in the current paper.
In addition to forcing the large horizontal scales, 1% of the forcing energy is applied
stochastically to wavenumber modes with κh = 0 and κz = 2πj/Lv , j = 2, 3, 4. Here, Lv
is the vertical dimension of the numerical domain. This random forcing induces some
vertical shear [7].

3.2.

Numerical grid

The extent of the domain in the horizontal and vertical directions are Lh and Lv , respectively,
with Lh /Lv being chosen to accommodate the vertical motions that develop in the flow. The
simulation parameters are given in the top row of Table 1. While the simulation domains
are not cubes and the vertical extent of the domain varies with the Froude number, the
grid spacing  is the same in all directions. It is assumed for the purpose of choosing the
resolution of the numerical grid that the flows are approximately isotropic at the smallest
length scales in the simulation. Therefore, a three-dimensional grid with spacing  in all
directions is used and any small-scale anisotropy in the flows can be attributed to flow
physics rather than to numerical artifacts of an anisotropic grid (cf. Waite [59]).

4.

Overview and verification of simulated flows

Three simulations are considered, all having the same forcing spectrum, Prandtl number,
and nominal Reynolds number but different values of the Froude number. They are denoted
F1, F2, and F3 in order of descending Froude numbers. The simulations were run until
the energy was statistically stationary and then run for an additional dimensionless time
of about 1 to collect statistics (cf. Section 2.4). Overview data from the simulations are
provided in three formats. First, domain-averaged data are tabulated in Table 1. Second,
contour plots of velocity are presented in Figures 1 and 2. Third, all the terms in the spectral
energy balances are plotted in Figures B1–B8 in Appendix B. The three formats taken
together enable a detailed understanding of the flows that is difficult to attain by analyzing
each format sequentially.
Before considering the data, it is worthwhile to review some choices made in choosing
the simulation parameters. On the one hand, we are interested in the strongly stratified regime
with the buoyancy Reynolds number spanning 30. So, it is desirable to have one case with
the Froude number near the upper limit expected to be consistent with strong stratification.
On the other hand, one can hypothesize a lower limit of the Froude number at which, for
a given Reynolds number, the stratification is so strong that two-dimensional turbulence
will be pronounced even if three-dimensional stratified turbulence is present. If this occurs,
then upscale transfer of energy at large length scales will preclude a numerically stable and
statistically stationary solution without revamping the simulations. For the current paper,
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Table 1. Simulation parameters and results. Where shown, the ranges are the RMS values of the
temporal fluctuations. Parameters from the literature are provided for reference. Run3 is the largeeddy simulation denoted “Run 3” in Lindborg [7]. D9.6 is the DNS denoted D9.6 in Brethouwer et al.
[51].
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Case

F1

F2

F3

Run3

D9.6

F
Re
Pr
Lh /Lv
Lh /
Lv /

1.048
9216
1
2
4096
2048

0.5239
9216
1
4
4096
1024

0.2615
9216
1
8
4096
512

256
32

1024
320

Fh = 2π uh /NLhh
Fh1 = Lhv /Lhh
Fh2 = (LO /Lhv )2
Fh3 = (L∗O /Lhv )2
1/3
2/3
Fh4 = h /NLEh
Fv = 2π uh /NLhv
uz Lhh /uh Lhv
uz Lhh /uh Lvv

1.47
0.739
0.0093
2.30
0.0615
1.98
0.685
1.63

0.584
0.325
0.0028
0.699
0.0231
1.79
1.21
1.78

0.258
0.194
0.0007
0.170
0.0105
1.33
1.40
2.65

0.0154

0.016

Reh = uh Lhh /ν
Reh1 = (Lhh /LK )4/3
Reh F2h
Reb

10,300
7550
22,100
222.6

12,800
9120
4330
40.62

16,300
11700
1080
10.19

n/a

9.6

LEh /Lh
Lhh /Lh
Lb /Lv
Lb /Lhv
Lhv /Lv
Lvv /Lv
LO /
Lk /

0.540
0.142
0.42
1.99
0.21
0.088
41.4
0.718

0.711
0.177
0.41
1.80
0.23
0.156
12.5
0.777

0.831
0.213
0.44
1.33
0.33
0.174
4.42
0.775

n/a

0.18

1.56 ± 0.008
0.20 ± 0.003
0.27 ± 0.006
0.58 ± 0.091
0.29 ± 0.047
0.50 ± 0.051

1.54 ± 0.004
0.12 ± 0.003
0.29 ± 0.007
0.43 ± 0.103
0.21 ± 0.052
0.48 ± 0.072

1.74 ± 0.013
0.06 ± 0.005
0.22 ± 0.010
0.44 ± 0.036
0.20 ± 0.019
0.36 ± 0.041

Eh 
Ev 
Ep 
h 
v 
p 

a simulation more strongly stratified than those reported was run but abandoned when the
energy at the largest length scales rose so high as to cause numerical difficulties. This
simulation is mentioned because it suggests that the simulations that are reported here fairly
bracket the range of strong stratification that can be studied with the current methodology
until computers become sufficiently powerful to simulate flows at higher Reynolds numbers.

4.1.

Contour plots of velocity

A horizontal slice of vertical velocity for case F3 is plotted in Figure 1 at four magnifications.
The lowest magnification, panel (A) of the figure, reveals large horizontal structures with
linear dimension about one quarter of the simulation domain. This suggests Lhh /Lh ≈ 1/5,

Downloaded by [Massachusetts Institute of Technology] at 09:13 07 August 2012

10

S. Almalkie and S.M. de Bruyn Kops

Figure 1. A horizontal slice of vertical velocity normalized by its RMS value for case F3. The color
scale goes from −3 (black) to +3 (white). Each panel shows the region in the black square on the
preceding panel. The number of grid points in each direction are (A) 4096, (B) 1024, (C) 256, and
(D) 64.

Figure 2. A vertical slice of horizontal velocity normalized by its RMS value for case F3. Each
panel shows the region in the black square on the preceding panel. The number of grid points are (A)
4096 × 512, (B) 2048 × 256, and (C) 1024 × 128.
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which is close to the value of 0.213 given in Table 1. Also evident are the patches of strong
vertical velocity interspersed with regions of near-zero vertical velocity. These are consistent
with figure 4 in Hebert and de Bruyn Kops [15]. In the other panels of the figure, the region
of high vertical motion in the lower-left corner of panel (A) is magnified to reveal some of
its structure. From panel (D), which shows a region of 64 × 64 grid points, it appears that
the flow is well resolved spatially.
A vertical slice of the u-velocity for case F3 is shown in Figure 2. At the lowest
magnification, it appears that there are four horizontal layers in much of the image, which
leads us to expect that the vertical length scale of the horizontal motions is about 0.25
Lv . The visual estimate of the length scale is a little smaller than the numerical values
of Lhv /Lv and Lb /Lv given in Table 1. Note that the ratio Lhv /Lv is increasing with
stratification strength, while Lb /Lv stays almost constant for all three cases. This suggests
that the buoyancy length scale is decreasing linearly with the Froude number and is the
appropriate characteristic vertical length scale of the horizontal motion. By magnifying the
image to produce panels (B) and (C) of the figure, Kelvin–Helmholtz billows are evident,
which is consistent with the observations of Riley and de Bruyn Kops [4].
From the agreement between the visual and the calculated vertical length scales, it is
concluded that the flow is forming layers with the expected thickness [8, 53, 63]. It is also
concluded that the calculations of the thickness of these layers, in particular, the inclusion
of the factor of 2π in the definition of Lb , are correct. This is important groundwork for
the discussion of Froude numbers that follows.
4.2.

Stratification strength

The Froude numbers are tabulated in the second section of Table 1 below the nominal
values and grid parameters. The horizontal Froude numbers Fh and Fh1 agree very well
with the nominal values for all cases, while Fh3 is in reasonable agreement. Fh2 , while
a valid quantity, is misleadingly low because of the treatment of the factor of 2π . Fh4 is
included for comparison with several simulation reported in the literature.
Next in the table are the vertical Froude numbers. The theory of Billant and Chomaz
[53] suggests Fv should be of order 1 if the flows are strongly stratified, and the data are
consistent with this. In all cases, though, Fv is distinctly greater than unity. Recall the
relative values of Fh and Fh1 for each case. A possible explanation for Fh > Fh1 and Fv > 1
is that characteristic vertical scale for the flows is larger than Lhv , which is the conclusion
arrived at in the discussion of Figure 2. The continuity scaling shown just below the Froude
numbers in the table is also consistent with this explanation, except for case F1. Also recall
from the discussion in Section 2 that the suitability of Lhv as the characteristic vertical
length scale depends on the stratification being strong.
Taking all of the Froude numbers together, plus the continuity scaling, it is concluded
that all of the simulated flows are strongly stratified. Horizontal Froude numbers in the
range 0.25–1 well describe the flows. Froude numbers of order 0.01, as suggested by Fh2
and Fh4 , are probably misleadingly low.

4.3. Reynolds numbers
The horizontal Reynolds numbers are listed in the next section of the table. One might expect
the Reynolds numbers to be about the same for all the cases since the large horizontal scales
are forced to the same spectrum. Energy added to the large scales cascades to smaller scales
in both the horizontal and the vertical directions, as is evident from Figures B1 and B3.

Downloaded by [Massachusetts Institute of Technology] at 09:13 07 August 2012

12

S. Almalkie and S.M. de Bruyn Kops

Significantly more energy resides at large scales in the case F3 than in cases F1 and F2,
though. This can be discerned from the figures, but is more readily apparent from the
tabulated values for energy in the bottom row of Table 1. The energy cascade will be
discussed further in Section 5, but for now, it is simply noted that differences in energies
between the various cases results in Reh spanning almost a factor of 2.
The variation in Reh1 among the three cases is even more pronounced. This is not
particularly surprising since this definition of the Reynolds number is based on the theory
for isotropic homogeneous turbulence. It is interesting that this Reynolds number tracks
Reh as well as it does. If one were to assume that the simulation parameters, except for
N , are the same for all the simulations, then one would expect Reb to decrease by a factor
of 4 from one simulation to the next. The data in Table 1 are broadly consistent with this
expectation.
4.4.

Length scales

In the next section of Table 1, the length scales defined in Section 2 are tabulated. As has
been found by Hebert and de Bruyn Kops [15], the turbulence length scale, LEh , is larger
than half of the simulation domain size, which is the largest length that can exist in the
flow. As noted in conjunction with Figure 1, Lhh is consistent with a visual estimate for the
horizontal length scale for case F3. Lhh increases with decreasing Froude number, but it is
important to note that since the domain size is comparable to Lhh , there are not that many
large structures in the simulation domain, and so, there is considerable uncertainty in Lhh .
The buoyancy length is proportional to the Froude number, as is expected, while the
vertical integral length trends with the Froude number. In all three cases, the buoyancy
length scale is larger than the Ozmidov scale. This scale separation allows stratified turbulence to develop. The Ozmidov scale is also significantly larger than the grid spacing,
so the simulations have the dynamic range to allow turbulence at scales smaller than LO .
Recall from the discussion of Fh2 versus Fh3 , however, that L∗O , which includes the factor
of 2π in the conversion from frequency to time, is likely a better representative of the outer
scale of the three-dimensional turbulence. Since L∗O /LO ≈ 15.7, the dynamic range in all
the simulations is more than sufficient to allow three-dimensional turbulence to develop.
Similarly, the relationship between the Kolmogorov length scale and the grid spacing indicates that the simulations are very well resolved, at least on average. Internal intermittency
reduces the spatial resolution locally, though.
5.

Analysis

5.1. Cascades of horizontal energy
As discussed in Section 3.1, all but 1% of the energy in the flows is input as horizontal
kinetic energy at small horizontal wavenumber and zero vertical wavenumber. The average
power added to modes with κz = 0 is plotted in Figure 3. Some caution is called for before
deducing too much from the shape of the curves. Recall that the simulations are forced
with a deterministic, constant-energy schema, and that the target spectrum for the forcing
was determined using a stochastic, constant-power schema patterned after Lindborg’s. The
stochastic simulation was forced with power distributed as a Gaussian function of κh . So,
the roughly Gaussian shape of the curves in Figure 3 is an artifact of the forcing technique.
Figure 3 highlights a result already shown in Table 1, namely that the total dissipation
rate of kinetic and potential energies, which is equal to the input power, is a function
of the stratification. Since the forcing schema maintains constant energy at particular
wavenumbers rather than inputing constant power, the forcing follows the dissipation rate
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Figure 3. Average input power at modes with κz = 0.

and not the other way around. For the given target spectrum Ef (κh < κf , 0), about 30%
more energy cascades down scale and is dissipated in the case F1 than in the case F3. At
the same time, the Reynolds number, computed as either Reh or Reh1 , is higher for case
F3 than for case F1. This result seems paradoxical; by inhibiting the turbulence cascade,
stronger stratification results in a higher Reynolds number. This suggests that common
interpretations of the Reynolds number based on the theory of unstratified turbulence may
need to be considered carefully.
Details of the energy cascades can be discerned from Figure B1. Since forcing is applied
only to modes with κh = 0 or κz = 0, which cannot be represented in the contour plots at the
top of the figure, all of the energy shown on those plots underwent net downscale transfer.
Previous studies have shown evidence of a downscale cascade in the horizontal, whereas
the two-dimensional spectra reveal cascades in both horizontal and vertical wavenumbers.
In fact, the cascade in the vertical is sufficiently strong that there is more energy at higher
values of κz than lower values of κz for some values of κh , as evidenced by the green lines
crossing above the blue lines in the bottom set of panels in the figure.
Further information about the cascades can be inferred from Figure B5, in which the
transfer rate spectra are shown. In all three simulations, there are two regions where transfers
occur. The largest transfers occur in the vicinity of κh = 4, where the majority of the energy
is input. This must be the case in these simulations because the forcing schema ensures that
input power responds to energy transfer out of the forced wavenumbers. Another region of
significant transfer rate occurs at lower horizontal wavenumber and is most pronounced for
case F3. There is a distinct ridge in the transfer spectra running diagonally toward higher κz
and lower κh , suggesting net transfer down scale in the vertical but upscale in the horizontal.
Consider again Figure 3 in the vicinity of κh = 2. The more strongly stratified the flow, the
more power is added at this wavenumber to maintain the target spectrum. It appears that
other transfer mechanisms, in addition to the dominant downscale cascade, occur in the
flows. To what extent they are artifacts of the simulation technique is unknown, but they
may explain the upscale cascade observed in laboratory experiments [5, 36, 67] and in the
fourth simulation, which was computed for this research but is not reported in detail in this
paper (cf. introduction to Section 4).
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Horizontal energy budget

From Table 1, it is apparent that about 40% of the energy put into the simulations is
dissipated as horizontal kinetic energy and the remainder is dissipated as vertical kinetic
energy or potential energy. So, the fraction of the energy that is dissipated as horizontal
energy is not sensitive to the Froude number. The wavenumbers at which it dissipates,
however, are.
Consider Figure B2. In the case F1, much of the dissipation occurs when the values of
κh and κz are comparable, as evidenced by the diagonal ridge running from lower κh and κz
to higher κh and κz in the contour plot. Except for the lowest values of κz , where the energy
and, thus, the dissipation rate are high, dissipation rate increases with increasing κh .
As the stratification is increased, dissipation occurs predominantly when κz is large but
κh is small. Note, for instance, the energy densities for κh = 0 in the second row of panels.
An explanation is that horizontal layers with strong vertical shear continually develop in
the flow. The stronger the stratification, the thinner the layers and the stronger the shear, so
more energy is dissipated by vertical shear at large horizontal length scales. Additionally,
Deloncle et al. [40] show how the zigzag instability directly transfers energy from large
horizontal scales to small dissipative vertical scales. This explanation is consistent with
some of the energy transfers observed in the current simulations. The horizontal scales, at
which transfer to small vertical scales is pronounced, are larger than the scales at which
pressure-work transfers energy to vertical kinetic energy. As a result, it is the dissipation rate
at small horizontal scales, not pressure work, that is affected by increasing the stratification,
at least with this forcing mechanism designed to represent persistent large horizontal
motions.
The pressure work spectra are plotted in Figure B5. Since the nonlinear transfer rate and
pressure work are much larger than the viscous effects at large scales, P (κh , κz ) is roughly
the negative of Th (κh , κz ). Pressure work removes energy from the horizontal motions
predominantly at fairly low values of κh and κz . So, the source of vertical kinetic energy is
mostly at large scales.
5.3.

Scale separation

For unstratified isotropic homogeneous turbulence at high Reynolds numbers, there exist a
range of length scales at which viscous effects are negligible. This scale separation provides
the theoretical basis for the Kolmogorov–Obukhov–Corrsin [68–71] scaling, which is often
identified by particular power law behavior of spectra and structure functions. Riley and
Lindborg [10] note, however, that the assumptions that lead to power law scaling are not
satisfied for stratified turbulence. Therefore, we attempt here to quantify the importance of
viscosity as a function of wavenumber without referencing power law scaling. We do this
by comparing the viscous term with the transfer rate term using two ratios:
σh (κh , κz )
and
Th (κh , κz )
 κz  κh
σh (κh , κz ) dκh dκz
R2 (κh , κz ) = 0κz 0κh
.
0
0 Th (κh , κz ) dκh dκz
R1 (κh , κz ) =

These are plotted in Figures B7 and B8.
The first ratio, R1 , would not be very interesting for unstratified turbulence since it would
be unity at all but low wavenumbers. Figure B7 suggests, though, that viscous effects are
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important in stratified turbulence at all horizontal wavenumbers because of the formation of
thin horizontal layers that result in dissipation through vertical shear. The second ratio, R2 ,
provides another perspective on the dynamics. For isotropic turbulence, R2 would be small
for low κh and κz and rise toward unity at high wavenumbers. It is evident from Figure B8
that this is not the case in the simulations. There is a distinct range of scales with low κh
and high κz where R2 is significant. The value of R2 drops for moderate κh , suggesting the
range of scales for which viscous effects are negligible.
The relative importance of the dissipation rate compared with the transfer rate is a
function of stratification. One interpretation of R1 and R2 is that stratification restricts
downscale transfer and causes energy to accumulate at large scales until the dissipation
rate at these scales rises large enough to reach equilibrium. An alternate interpretation is
suggested by the title to Ref. [40]; the zigzag instability provides a shortcut to dissipation at
low values of κh . If this is the case, then stratification has no effect on downscale transfer in
κh , but rather, the transfer rate is lower for stronger stratification simply because the energy
transfers rapidly down scale in κz instead.
5.4.

Vertical energy

The spectra of vertical kinetic energy is plotted in Figure B3. Since the energy is transferred
from horizontal kinetic energy at large scales, the energy evident at smaller scales in the
figure indicates downscale cascades of vertical kinetic energy in both horizontal and vertical
wavenumbers. While Tv (κh , κz ) shown in Figure B6 is small compared with Th (κh , κz ), the
net transfer of energy from smaller to larger wavenumbers in both directions is apparent.
Much of the energy transferred from horizontal to vertical kinetic energy, however, passes
directly to potential energy without change in length scale. This can be seen from the plots
of B(κh , κz ) in Figure B6 that are quite similar to those of P (κh , κz ) and, therefore, resemble
the negative of Th (κh , κz ). So, the length scales at which energy transfers to potential energy
is dominated by the scale at which it is input by the forcing schema and the dynamics of
the horizontal energy; the dynamics of the vertical energy are secondary. This conclusion
is typically assumed, but we are unaware of data that quantify the effects of the cascade of
vertical energy.
Next consider the dissipation rate of kinetic energy due to vertical motion. Hebert
and de Bruyn Kops [50] show that, in their simulations, the relative magnitudes of the
components of the strain rate tensor approach those of isotropic homogeneous turbulence
quite rapidly as the buoyancy Reynolds number is increased toward 30. So, it is expected
that v / h will be about 1/2, and likely somewhat less, in the simulations, which is
consistent with the data in Table 1.
The spectra of the vertical dissipation rate are shown in Figure B4. More precisely, the
figures show σv (κh , κz ), which includes the very small effects of diffusion of vertical energy
and viscous transfer from horizontal to vertical kinetic energy. Remarkably, the spectra are
broad-banded and distinctly different from those of σh (κh , κz ).
5.5. One-dimensional spectra and structure functions
The longitudinal, transverse, and vertical spectra of horizontal velocity are denoted E11 (κ1 ),
E22 (κ1 ), and E22 (κ3 ), respectively. These are computed taking advantage of the axisymmetric configuration of the flow, that is, E11 (κ1 ) is the average of the longitudinal spectra
of u1 and u2 , and similarly for the transverse spectra. The vertical spectra are related to
the vertical autocorrelations of u1 and u2 , not the autocorrelation of u3 . As is usual with
simulation data, all the spectra are averaged over the computational domain.
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Figure 4. Longitudinal, transverse, and vertical spectra. The longitudinal spectra is plotted true, the
transverse spectra are offset by one decade, and the vertical spectra are offset by two decades. The
length scales L∗O , Lb , and Lk are shown below the spectra.

The one-dimensional spectra are shown in Figure 4. The longitudinal spectra are plotted
true, while the transverse and vertical spectra are offset by one and two decades, respectively.
To make judging the slope of the curves easier, some of the expected power laws are also
plotted. To identify the “scaling range” in terms of theoretical length scales, wavenumbers
corresponding to L∗O , Lb , and LK are indicated by tick marks near the bottom of the figure.
Recall from the discussion in Table 1 that L∗O , not LO , seems to be consistent with the outer
length scale of three-dimensional turbulence postulated by Ozmidov.
For the longitudinal and transverse spectra, it is expected that three regions with power
law scaling might be evident: a region between the forcing length scale and Lb , a second
between Lb and L∗O , and a third for scales smaller than L∗O . For case F3, all three regions
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are observed. In the small range between the forcing length and Lb , the spectra scale with
−5/3
scaling is observed, which is consistent with the literature
κ1−3 . Between Lb and L∗O , κ1
−5/3
scaling is also observed, as is
[e.g., 6, 7, 10, 72–74]. At scales smaller than L∗O , κ1
expected based on the theory of isotropic homogeneous turbulence. For cases F1 and F2,
−5/3
is apparent over
there is little scale separation between Lb and L∗O , but scaling with κ1
an extended range of wavenumbers.
Scaling of the vertical spectra with κ3−3 satisfies self-similarity under the assumption
of strong stratification [53], and is also discussed in, for example, the references cited in
the previous paragraph. For case F3, this scaling is apparent between Lb and L∗O . It is not
apparent in the other cases, but it is not clear if this result is significant or if it is just an
artifact of the limited scale separation and the inherent aliasing in one-dimensional spectra.
It is tempting to conclude that both three-dimensional turbulence and stratified turbu−5/3
scaling in one-dimensional spectra. This would explain why the range
lence produce κ1
of wavenumbers over which this power law scaling is observed is significantly greater than
is expected based on simulations of unstratified turbulence at comparable Reynolds numbers [e.g., 75]. To provide more information about the power law scaling range, we consider
the second-order longitudinal structure functions of velocity D11 (r1 ), averaged for u1 and
u2 , plotted in Figure 5.
Structure functions and spectra contain the same information and one can be computed
from the other. In unstratified turbulence with large-scale separation, the power law scaling
−5/3
scaling corresponds
of D11 (r1 ) can be deduced from that of E11 (κ1 ); Obukhov’s κ1
2/3
to Kolmogorov’s r1 scaling. This relationship is observed in simulations of unstratified
turbulence [e.g., 75]. It is not observed in the present simulations, though. In Figure 5,
−5/3
the structure functions scale with roughly r11 at length scales corresponding to the κ1
region of the spectra. This suggests that the flows do not exhibit the Kolmogorov–Obukhov–
Corrsin scaling, which is in agreement with the hypotheses of Riley and Lindborg [10].
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Figure 6. Ratio of the transverse to the longitudinal spectra. The black line is provided as an aide for
reading the logarithmic scale and not to suggest that the theoretical relationship based on Kolmogorov
[69] should apply.

Note that much finer spatial resolution is required for simulations to exhibit r12 scaling for
small r1 (cf. [75]), and so, this relationship cannot be checked for the current simulations.
Next consider the ratio of the transverse to longitudinal spectra plotted in Figure 6.
The theoretical value for the ratio for unstratified isotropic homogeneous turbulence at
infinite Reynolds number is 4/3 [76], and DNS show this value almost exactly for flows
with Reynolds numbers comparable with those in the current simulations [e.g., 75]. While
the ratios in Figure 6 are close to 4/3, there is a clear trend away from that theoretical value
as the Froude number decreases.

6.

Conclusions

Direct numerical simulations of forced, homogeneous, and axisymmetric flow with a range
of density gradients in the vertical direction were computed to understand aspects of turbulence in stratified flows. There is no mean shear and no internal waves were intentionally
introduced into the simulations, so the turbulence in the flows results primarily from instabilities in horizontal layers that spontaneously form. Numerical forcing was used to
represent persistent motions at large horizontal length scales, and numerical grids with
O(1010 ) grid points provide more than three decades of scale separation between the length
scale of the forcing and the smallest length scales in the flows. The small scales are well
resolved, both in terms of the ratio of the grid spacing to the average Kolmogorov length
scale (the relevance of which in stratified turbulence is an open question) and in terms
of visualizations of the velocity fields in patches of intense turbulence characteristic of
stratified flows.
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Cross-checks of multiple definitions of dimensionless quantities and relationships between length scales, summarized in Table 1, show that the flows are consistent with theoretical characteristics of strongly stratified turbulence at high Reynolds numbers. In particular,
the data set includes buoyancy Reynolds numbers well above the often-accepted threshold
value of 30 necessary for the flows to be strongly turbulent [11–14]. At the same time,
the horizontal Froude numbers are O(1) or smaller. It is concluded that the data set well
represents a canonical flow configuration for studying stratified turbulence.
The scope of this paper is limited to the dynamics of kinetic energy. Qualitative analyses
of these dynamics are made using two-dimensional spectra of the terms in the energy
balance equations. It is evident that there is a net downscale cascade of horizontal energy
in horizontal wavenumber, which is consistent with published results [e.g., 4, 7]. There is
also a strong cascade in vertical wavenumbers. In the case with the strongest stratification,
it appears that some energy moves down scale in the vertical and upscale in the horizontal
to produce “pancakes” with horizontal length scales larger than that at which most of the
energy is input into the simulation. This upscale cascade is consistent with laboratory data
[5, 36, 67]. It may also be related to the upscale transfer observed in the simulations of
Smith and Waleffe [77], although the flow in those simulations was rotating. There is,
however, a subtle difference between our observations and those that can be made from
one-dimensional spectrum, namely that upscale transfer in the horizontal occurs primarily
at smaller vertical scales. This suggests that the cascade in the vertical is an important
characteristic in these simulations and may provide a pathway for the flow to develop that
is not explained by simple theories for either two- or three-dimensional turbulence. Also,
while we use the term “cascade” here, we cannot distinguish a true cascade from transfer
of energy down scale in a single step. The zigzag instability, for instance, is a mechanism
for transferring energy directly from large horizontal to small vertical scales [40].
Net downscale transfer of vertical kinetic energy is also observed in the flows. Energy
transfers from horizontal to vertical motions at large scales, but the dissipation rate of
vertical kinetic energy is broad-banded. Additionally, about one-third of the total kinetic
energy dissipated comes from vertical kinetic energy, which is the same as for isotropic
flow. This suggests that while the dynamics of horizontal energy are more important than
those of vertical energy in determining the overall behavior of stratified turbulence, the
dynamics of vertical energy are not inconsequential.
The power law scaling of the one-dimensional spectra of these simulations suggest a
much broader scaling range compared with the DNS of unstratified isotropic homogeneous
turbulence with similar dynamic range, perhaps due to the multiple mechanisms resulting
−5/3
extends over two wavenumber bands:
in the same power law scaling. Scaling with κ1
the range of scales smaller than the Ozmidov length scale (which corresponds to the threedimensional turbulence) and the range between the Ozmidov and the buoyancy scale (which
corresponds to the stratified turbulence). The second-order longitudinal structure functions,
while exhibiting power law scaling over the same range of length scales, do not corroborate
the Kolmogorov–Obukhov–Corrsin scaling.
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[36] J.R. Herring and O. Métais, Numerical experiments in forced stably stratified turbulence, J.
Fluid Mech. 202 (1989), p. 97.
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Appendix A. Energy budgets
In order to define the various terms in the energy budget clearly, the kinetic energy transport
equation
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∂(ui τj i )
∂Ek
∂p
∂Ek
+ uj
= −ui
+
− B − k + ui bi
∂t
∂xj
∂xi
∂xj

(A1)

is reviewed and split into equations for the horizontal and vertical contributions to energy.
Here, Ek ≡ ui ui /2 is the kinetic energy per unit mass and τj i is the stress tensor for a
Newtonian fluid. The third term on the right-hand side is the negative of the buoyancy flux
B ≡ (2π/F)2 ρu3 . The dissipation rate is k ≡ 2sij sij /Re, where sij is the symmetric part of
∂ui /∂xj . The term ui bi represents the force work. The horizontal and vertical contributions
to Ek and k are, respectively,

1
ui ui ; i = 1, 2
2

1
Ev = ui ui ; i = 3,
2

Eh =

(A2a)
(A2b)

and

2
i = 1, 2
h =
sij sij ;
Re
j = 1...3

2
i=3
sij sij ;
v =
Re
j = 1...3

(A3a)

.

(A3b)

We use the shorthand terminology “horizontal kinetic energy,” “vertical kinetic energy,”
etc., to refer to these quantities.
The transport equations for the horizontal and vertical kinetic energies are, respectively,
∂Eh
= −Th − P
+ σh + fh
∂t
∂Ev
= −Tv + P − B + σv + fv ,
∂t

(A4a)
(A4b)

where Th = −uj ∂Eh /∂xj , P = ui ∂p/∂xj , and σh = ui ∂τj i /∂xj , with i = 1, 2 and j =
1, . . . , 3, and similarly for Tv and σv , with i = 3 and j = 1, . . . , 3. The viscous terms σh
and σv can be decomposed into diffusion, dissipation, and transfer effects:
σh = Dh − h + φ ,
σv = Dv − v − φ .
Here, Dh = ∂(ui τj i )/∂xj for i = 1, 2 and j = 1, . . . , 3, and similarly for Dv . The term
representing viscous transfer from horizontal to vertical kinetic energy is
φ≡

2
(s13 r13 + s23 r23 ) ,
Re
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where rij is the antisymmetric part of ∂ui /∂xj . It is very small but is included for completeness.
The irreversible conversion of available potential energy to background potential energy
is denoted p and is included for completeness in Section 4. For statistically stationary flows,
it is equal to B. Molemaker and McWilliams [78] discuss the subtleties in directly computing
available potential energy in simulations. The terms fh = ui bi for i = 1, 2 and fv = ui bi
for i = 3 represent the horizontal and vertical components of force work, respectively.
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Appendix B. Spectral energy balance
Figures B1–B8 present the terms in the spectral energy balance discussed in the paper.

Figure B1. Spectra of Eh : the figures, from left to right, are for cases F1, F2, and F3. For the lower two sets of panels, each curve represents a single wavenumber
identified by symbols: blue circle = 0, green cross = 8, red plus = 32, and cyan square = 128.
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Figure B2. Spectra of σh : the figures, from left to right, are for cases F1, F2, and F3. Curves are identified as in Figure B1.
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Figure B3. Spectra of Ev : the figures, from left to right, are for cases F1, F2, and F3. Curves are identified as in Figure B1.
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Figure B4. Spectra of σv : the figures, from left to right, are for cases F1, F2, and F3. Curves are identified as in Figure B1.
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Figure B5. Terms in the balance equation for horizontal kinetic energy: the figures, from left to right, are for cases F1, F2, and F3.
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Figure B6. Terms in the balance equation for vertical kinetic energy: the figures, from left to right, are for cases F1, F2, and F3.
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Figure B7. The magnitude of R1 (κh , κz ): the contour plots show log10 of this quantity. Note that the view angle of the top panels is rotated 90◦ with regard to
Figure B1. The figures, from left to right, are for cases F1, F2, and F3. Lines of constant κz and κh are shown in the middle and bottom panels, respectively, with
the constant wavenumbers denoted by symbols: blue circle = 0, green cross = 8, red plus = 16, cyan square = 24, and black diamond = 32.
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Figure B8. The magnitude of R2 (κh , κz ): the contour plots show log10 of this quantity. Note that the view angle of the top panels is rotated 90◦ from Figure B1.
The figures, from left to right, are for cases F1, F2, and F3. Curves are identified as in Figure B7.
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