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Description of the Problem

Clustered Population (cluster=group)

Schools, Clinics, Hospitals, Cities, Neighborhoods,
Physician Practices, Families, Litters, States, Studies...

Data is available only on some clusters

Observational studies, multi-stage samples, group-
randomized trials

For selected clusters, response is observed on a subset
of units (possibly with response error).

Example: Development of Negative Behaviors in

Schools
Population:
Clusters = Schools in a city (N=11)
Units = All 6" grade students in the schools

(M varies by school)
Response = Score on a set of 9 “bullying” questions.

“During this school year, other kids in school called me
names or swore at me”

1=Not at all
2=0nce

3=2-3 Times

4=4 or More times




Data Available

School Total Students Response Subset Percent
1 180 67 37%
2 99 46 46%
3 122 69 57%
4 67 42 63%
5 328 134 41%
6 223 57 26%
7 114 61 54%
8 319 133 42%
9 202 117 58%
10 241 142 59%
11 63 29 46%

Figure 1. Bullying of 6th and 7th graders
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Change in Bullying Scores By School

; Observtled Change in ||3ullying Scor‘(!) By School |
T School n Diff Std 6th Grade Ave||
F 1 63.00 -0.03 0.58 1.69
; 2 45.00 0.08 0.63 1.69
; 3 65.00 -0.13 0.59 1.62
; 4 42.00 0.07 0.81 1.57
; 5 130.00 -0.19 0.65 1.64
F 6 41.00 0.07 0.65 1.55
F 7 61.00 0.01 0.73 1.55
; 8 112.00 0.10 0.67 1.70
; 9 112.00 0.10 0.65 1.66
; 10 130.00 -0.06 0.69 1.57
; 11 26.00 0.35 0.94 1.58
i
Change in Bullying Scores
Sampling
School Observed BLUP Fraction
1 -0.03 -0.03 37%
2 0.08 0.01 46%
3 -0.13 -0.08 57%
4 0.07 0.01 63%
5 -0.19 -0.13 41%
6 0.07 0.01 26%
7 0.01 -0.01 54%
8 -0.10 -0.07 42%
9 -0.10 -0.07 58%
10 -0.06 -0.05 59%
11 0.35 0.07 46%




Background

Early work -1950’s (Scheffe, Wilk and
Kempthorne)

— “We see that in formulating a model one must
ask for each factor whether one is interested
individually in the particular levels occurring in
the experiment or primarily in a population
from which the levels in the experiment can
be regarded as a sample: the main effects
are accordingly treated as fixed or as
random.” (Scheffe, p254 1956)
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Background

« “... the decision as to whether the main
effects of any factor, say A, are to be
treated as fixed or random obviously
affects the meaning of the main effects of
A...” (Scheffe, p255. 1956)

Basic Models & Ideas
Simple Response Error Model:

School:  s=1,...,.N
Student: =1

.....




We defi Ly d LS
e aerine 4, =—, v, an =
ML H NZ/JS

ﬂs:(/us_lu) gst:(yst_lus)
Then
Vg =M+ P +e,
or Y=o + Wy
:ﬂ+ﬂv +€St+VVstk

Suppose we select a ‘'sample’ of Schools, and a
‘sample’ of students in the selected school.

1 M
Consider 4 =7-2 V.
t=1
New Model for i=1,..,n
define random variables U,

and school in ith position: 2 Usu,
s=1




Similarly, for a student in the jth position, j=1...m
define the RVs: U")
Then in school “s”, > UYy,
t=1

2-Stage sample (in the ith school):

N M
) =22 Uy

s=1 t=1

Combining terms, the Response Error Model:
Ystk = lu+ﬂs +gst +VVstk

becomes
Y,=u+B+E, +W;k

where .
ith school effect B =>U/p

N M
jth student effect  E, =ZZU,3 Ve,

i

N M
kth response error 7, =Y. > UUYW,,




Model Properties
Yijk =/u+Bi+E[j+VV;k

The Latent Value of the School in the ith
postion:

ﬂ+Bi = iUisﬂs
s=1

Breaking Up the Parameter

Let zl =

i Yg an d Ys][ = ! Z Ysj
=

1
m

Then u =Y,+(1-/)Y, where f=%




How should we predict x+8 ?

If there is no response error, use

/'Als :fﬁl +(1_f))7slf

Suppose the sample includes 95% of the
students:

i, =0.957, +0.057,

Models and Approaches
1. Henderson’s Mixed Model
2. Bayesian Models
3. Super-population Models
4. Random permutation Models




Solution (Henderson) Y, =u+B +(E,+W,,)
Y =Xa+ZB+E

var(B)=G var(E)=R

X =var(ZB+E)=ZGZ +R
WLS Equations

(XT'X)a=XZ'Y

Substituting x»'-R'- R'Z(ZR'Z+G" )_l ZR™
XR'X&-XR"'Z [(Z’R‘IZ +G) ZR (Y- X&)J =XR'Y

Suppose we define:
B=(ZR'Z+G") ZR"(Y-X4)

Henderson’s Mixed Model Equations
XR'Xé+XR'ZB=XR"'Y

ZR X4 + (Z'R’IZ +G™! )fs —ZR'Y

Now B=(ZR'Z+G") ZR'(Y-X&)
or equivalently since (Z’R‘1Z+G“ )71 ZR'=GZ'Y"'

B=GZZX " (Y-X&)




Alternative Rational for Mixed Model Equations

Start with: Y =Xa+ZB+E
X =var(ZB+E)=ZGZ +R

Y
Express Joint Distribution of (B]

D) e )

The BLUP of a@+B is B=GzZT'(Y-Xa)

Example: Sample: (n schools, m students/school)

Y=Xa+ZB+E X=1,, Z=1,®1,
G=0o'l, R=0’1

e nm




Bayesian Estimation
Hierarchical Model

Student (1): Y,=u,+E,
School (2): Y, =p +E,
Population (3): Y, =pu+E,

Joint Model:
Level 1: Y, =4,+E, 4 =4+E E~N(0,.R)
Level 2: Y, =4+E, A4=4+B  B~N(0,G)
Level 3: Y =A+E A~ N(a.7*)

Y=X4+Z7ZB+E

Bayesian Estimation Y =X4+ZB+E

Suppose: G=c21, and R=0],
Assume o’ and o’ are constant, and * =x

Then E(B|Y=y)=B
where B=GZ'X ' (Y-Xa)
~ A —_ 62
A+B =5 +k(7,-75) where k=




Super-population Model Predictor

Super-population
(collection of random variables that follow a model)
Y.
g
E(Y,)=u

12 2 _
VaI‘(Yij)—O' +0, cov(Y[j,Yij*)—a

Realization (i.e. Population):

BT L -
PSU Mean: Y,._MZY,.j

Divide PSU mean into:

_ 1 &
Sample: Y, =—21
nj=i
_ 1
i - Y = Y,
Remainder: 1, =—+— J;] i
Z :ﬂ7i,1 +(1_f))7i,11
BLUP: m+(1-1)7,
Yzl[ :):/"'k(J_’z_J:/)
0_2




Random Permutation Model Predictor

Population (Schools and Students): y,

M
(from permutations): Y, =>>UU0y,

t=1

Random Variables N

S

Yy =/‘+Bi+(Ey‘+Wi;)

Predict 4+B, =¥, +(1- /)Y, b

<

m+(1-0)Y,  where ¥, =F+k(3-7)

Random Permutation Model Predictor

f)ji—i—(l_f)?i;[

YAi,*U :J:’""k*()_’i_)")

*2

" o
where k =———5—
o +o,/m

62

and ocl=0g?-==




Figure 1a. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1b. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1c. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1d. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1e. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1f. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1g. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1h. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Figure 1i. Percent Increase in Expected MSE for Mixed Model (—) and
Scott and Smith Model (- - - ) Predictors Relative to the Random
Permutation Model Predictors of the Latent Value of a Realized Sample
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Other Issues

“Improvement” in predictor is based on
lower Average MSE.

Estimates needed of shrinkage constant

Partial solution: Minimize problems by
using other ‘covariates’ to predict PSUs.

What happens when cluster sizes differ?
Are we predicting the right thing?




Unequal Size Clusters

Permutations

]
|
|

|

SRS: Unit versus Random Effect

Uin
Y, inisyS versus Y, = Uﬂ:yz
=1 :
Undx
Different linear combinations define:
The parameter for units: y,
The random variable Y, Y =u+B,

Uncertainty in interpretation- more work needed
Problem too simple - need extensions to other settings (Predictors of ¥, )




Thanks

Summary

Mixed Model

E(Y)=Xu p=e(1,i+k (Y, -1,4))
Var(Y) = ,-Qiél(afZIM +0’J, )

Scott and Smith Model
E.. (Y)=Xu

N

B = Y, +(1- )€l (1,47 +K (Y, -1,4"))

2-Stage Random Permutation Model

Eé]c’z (Y)=X,u f; :fe;?l+(1_f)e;(1n}7+ki(?1_ln7))
var, . (Y)= _(-é(aflM +G*2JM) if
ot =

N




2-Stage Random Permutation Model

Ege, (Y)=Xu
var, . (Y):é:-)l(crflM +0'*2JM) Z":Z

o dy

N

2-Stage Random Permutation Model With Response Error
T, = fel(1,7 +k (Y, -1,7))

B, (Y):Xy
var, . (V)= c%((o +6° )1, +U*2JM) +(1-1)e] (1 Y+k' (Y, -1, Y))
_o2 S
N
Mixed = e (1,2+k (Y, -1,4))
s&s  B=ry, ~1)el (L +k (Y, -1,47))
RP T =ry, - £)el (1,7 +k(Y,-1,7))
RP&E 7 = fe/ (1,7 +k (Y, ~1,7))+(1- f)e/ (1,7 + £ (Y, -1,7))




Between Within

. o o;
Mixed o’ o} k=— wv=0"+—+
v, m;
. 0 . o}
S&S &7 ol k, =— v, =80 +—L
A m,
1 1
*) 2 o
o * 2
RP o oo k= v=0" 4+ o’=0"-
v m M
*2 2 =2
2 2 * * o, +0
O-.s' O-e k = * V* =0 2 + <
v m
2
RP&E o° Response -
— « v
O.SZt o’ k, =— Vv, =vV+—
Y m

Other Issues

“Improvement” in predictor is based on
lower Average MSE.

Estimates needed of shrinkage constant

Partial solution: Minimize problems by
using other ‘covariates’ to predict PSUs.

What happens when cluster sizes differ?
Are we predicting the right thing?




Unequal Size Clusters

Permutations

]
|
|

|

Pop. Values V. =H+ S, +&,

N Mg
UsualRVs ¥, =Y > UUby,
Expanded RVs R}, =U,UYy,

R, :(Ul‘, ®U§”)y where U =(U, U,

st s

t t 2t

U(S) — (UI(S) U(S)

R*=(R*' R, - R, /) where RZ+=(R:

N+




X1 Xl 0 0 ﬂl X1+ 0 0 g
. X 0 X 0 0 X, 0 ¢
R'=| "7 |ut| . 7 . '6.,2+ . . 2 I+E
Xy 0 o0 Xy )\ By 0 0 X, \ey
where X =" and X, =1, ® Ly,
s NMS S+ M NM&
Xl 0 0 /’ll X1+ 0 0
Ef‘(R)_ - o e P > . |e
152 : : : : : : :
0 0 XN /UN 0 0 XN+
var, (R*)_% L e : VY. olvgp [ '@P @J‘L
3153 - s=1 M‘s -1 r:ly" M‘S N M, N—1 Y.y, N M?
1 1 '
y,®P, ® M\] y,®P, ®M—”‘]
1, 1,
o y2®PN®E y2®PN®E
N(V-1)
1 1
Yy ®P, ® Yy ®P, @




Parameters of Interest

N
Cluster Total P’ =) UMy or F=gR

s=1

N r
(. ol )

PRy *

N "
Cluster Mean B =2 U4, or k£ =gR
s=1

” ' N ’ ! 1:1/1
where g; =1, S@ lMx ® ei@M\

Collapsing Random Variables
R =AY +BR’
where P=g A'Y and BR =0

For unbiasedness, it is necessary to have PPS sampling.

Unequal Sampling Fractions, change target parameter.

Predict

P =gY where P =E. (P)

[




How to Do Collapsing?

Collapse to sample/remainder iU,fM?
Cluster totals 2l M

Collapse to scaled ‘Z”:U y
sample/remainder Cluster totals =

Collapse to sample N
mean/remainder mean for YUY,
Clusters -

RP-Balance T :fe;Y,+(1—f)e§<1nI7+k(Y, -1, 7))

Predict Totals (use totals)

Br=e,Y; + =7 €|, LYo\ e Y -1 LY,
f n n

Predict Means (use weighted totals)(with PPS)
({22
f n n

Predict Means (use means)(for non-PPS sampling)

P =cé,Y] +e¢) {(1 -o)l, [IY’j +ck® [Y; -1, [lnY' jﬂ
n n




2 2 2 o’ 2 ‘2 2 _ 2 O-e2
RP o o, O, k=—— v=0 " +—% o =0 —
v m M
2
Totals =2 v =fot v o ol =ol-o’
v T+ e+ T+ T e+
N 2
2(7-7)
T, :MSIuS ol= s=1 i
N-1
* "2 * * * *2 2 *2
Means (PPS) =2 V= fo+ o c’=0"-o,
v 1 N 5
" :72 o;
c TN&EM,
*2 1 N O_Z
. O . _ 2 2 _ ' s
Means (non-PPS) k== v=0,t0 el Nz:‘m

Accounting for a Covariate

Basic Idea: (Wenjun Li’s Dissertation)

Use Seemingly Unrelated Regression Models to represent
the “Usual’ N Random Variables for y and x

Simplest Example:
SRS w/o rep.
Focus on estimating population total
x=0or1

Pop total for x could be known, or unknown




With Known X Totals

Y
Model (XJ (L1, )u+E
Transform X X=P,X+1, 4,

P X= (X - IN/JX)
=X

(;j:(lz ®1N)(‘S"J+E*

Predictor of Total P= nY+(N—n)|:Y—[

N _
_njk(X—yx)}
UYV
G&

where k=

SRS- Further Extensions

Question: Can we use the predictor of a random variable
at a position as an estimator of a unit?

Godambe’s Result: (N -1)" random variables
Royall (1969): N random variables

Expanded RVs: (N_1)2 random variables




Example: N=3, n=2. Use a predictor of a position to
predict unit=1

Permutation

Position (i) Unit (j) Response abc ach bac bca cab cbha
1 1 Y11 1 1 0 0 0 0
2 1 Y21 0 0 1 0 1 0
3 1 Y31 0 0 0 0 0 0
1 2 Y12 0 0 0 0.5 0 0
2 2 Y22 0 0 0 0 0 0.5
3 2 Y32 0 0 0 0 0 0
1 3 Y13 0 0 0 0 0 0.5
2 3 Y23 0 0 0 0.5 0 0
3 3 Y33 0 0 0 0 0 0

Source: c02ed53.xls

Example: N=3, n=2. Use a predictor of a position to
predict unit=1

Permutation

Position (i) Unit (j) Response abc ach bac bca cab cbha
1 1 Y11 1 1 0 0 0 0
2 1 Y21 0 0 1 0 1 0
3 1 Y31 0 0 0 0 0 0
1 2 Y12 0 0 0 0.5 0 0
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Source: c02ed53.xIs

Interpreted as the predictor of a unit, this isn’t a linear combination
of the expanded random variables.




We need to allow for the coefficient for other units to change
depending upon whether or not the unit of interest is in the sample.

Unit (j) not
in Sample

Unit (j) in Position Unit

Sample (0] @) Response (Z) abc acb bac

1

1 1 Vs(1)U(11)y1

Vs(1)U@1)y1

Vs(1)U@1)y1

Vs(1)U(12)y2

Vs(1)U(22)y2

Vs(1)U(32)y2

Vs(1)U(13)y3

Vs(1)U(23)y3

Vs(1)U(33)y3

Vr(1)U(11)y1

Vr(1)U(21)y1

Vr(1)U(31)y1

Vr(1)U(12)y2

Vi(1)U(22)y2

Vi(1)U(32)y2

Vr(1)U(13)y3

alalalalala]la]a]|a]|lo|lo|lo|lo|o]lo|o|o]|o

1
1
1
1
1
1
1
1
0
0
0
0
0
0
0
0
0

Vr(1)U(23)y3

[0 NN IR OV (Ol IS FO IR RN VN Il N N IS I R N
wlwlw|[nv[v[v[a]a|a|le|lew|fw[divn]| 2]
o|lo|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o| =
olo|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|=
o|lo|o|o|o|o|o|o|o|o|o|o|o|o|o|o|=-|e

olo|o|o|o|o|o|o|o|o|o|o|o|o|o|o|=|e

Vr(1)U(33)y3

Partition into a sample and remainder

Collapse random variables similarly to
unequal cluster size problems

Results with N=3 and n=2 lead to a
non-unique solution. ??7?

Maybe larger N and n are needed?

Maybe solutions will always be non-
unique?




Summary of Ideas

If first stage is exchangeable, second stages can not easily retain nesting of
units in the first stage unit. Identifiability of 1st stage unit matters.

By expanding the random variables, units can be tracked. High dimension
singular variance structures result, and the problem needs to be ‘reduced’.

Projections to lower dimensional spaces appear ‘arbitrary’, but seem to
‘work’.

Extending the expanded random variables may enable a unit to be
identified, and estimated. Our hope is that we obtain an estimator that
equals the predictor of a position.

A variety of variance components need to be estimated to implement the
results.




