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1. General Definitions

1. Valuations

(D) Le L beaforma language with sentences/formulas S. Then avaluation on L is, by
definition, any function from S into { T,F}. Itis(of course!) assumed that T* F.

2. Theorems about Valuations

Axiom O: TF

vtl:  $x[x=v(@)] ® al S domain(v) = S

vtz al S® v(a)l {T,F} co-domain(v) ={T,F}

vt3:  al S®.v(a)=T xor v(a)=F vt2+Axiom O
3. Semantic Characterization of Logic

In the following, we presuppose a given class V of vauations, with respect to which & is

defined.
v<a =g v(@)=T [v verifiesa]
V<G =4 "x{x G® v<x} [v verifiesG
Fa =g "v[v<a] [a issemantically valid]
G=a =¢ " VWv<G® v<a} [Gsemantically entails a]
G= =g ~$v[v< (g [Gissemantically inconsistent; Gis unverifiable]
Gt =g $v[v<(g [Gissemantically consistent; Gis verifiable]
4. Proofs and Derivations

In the following, we presuppose a given axiom system A with respect to which all deductive
notions are defined.

s isaproof =4 S isafinite sequence of formulas every item of
which follows by arule of A

S provesa =df

s isaproof of a =¢ S isaproof, andlast(s)=a

s derivesfrom G =4t

s isaderivation from G =¢ S isafinite sequence of formulas every item of
which follows by arule of A, orisan element of G

s derivesa from G =4t

s isaderivationof afromG =g s derivesfrom G and last(s)=a

a isanaxiom =¢ a isoutput by azero-placerule
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5. Theoremhood, Deductive Entailment, and Deductive Consistency
Fa =qf $p[pisaproof of a] [a isatheorem/thesis]
G-a = $d[d derivesa from G [Gdeductively entailsa]
G- =4 " a[G-a] [Gisdeductively inconsistent]
Gt = ~[G-] [Gis deductively consistent]
6. Maximal Consistent Sets
MC[ =4 G+&"D{A D® D-} [Gis maximal consistent]
GdD = G D& ~[Di G [proper inclusion]
7. Weak Soundness, Completeness, and Mutual Consistency

In the following, A is an axiom system, with respect to which  is defined, and V is a class of
valuations, with respect to which = is defined.

A issound for V wrt formulas = " a{ra ® Fa}
A iscomplete for ¥V wrt formulas = " a{kFa ® Fa}
A and V¥ are mutualy consistent wrt formulas = "a{Fa « ka}
8. Strong Soundness, Completeness, and Mutual Consistency
A is sound for V wrt arguments = "G a{G-a ® G=a}
A is complete for V wrt arguments = "G a{G=a ® G-a}

A and V are mutuadly consistent wrt arguments =g " G' a{G-a & G=a}

9. The Underlying Formal Language

The underlying formal language, L, is a zero-order language written in algebraic format, in
which the only connectivesare * ~’ (one-place) and ‘® ’ (two-place).

10. The Class of Valuations — V(CSL)

A valuation v on L counts as admissible for CSL if and only if it satisfies the following

forala,bl L.
v(~a) = ~v(a)
v@@a®b) = v(a)® v(b)

Here, the functions on the right refer to the usual truth-functions.
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11.

Note:

GO:

The Axiom System — AS1

ASl isadeductive system based on language L above. It hasfour rules, thefirst three of which

are zero-place rules.

Rl: Y a® (b®a)

R2: > [a® (b® g]® [(a® b)® (a® g)]
R3: < (~a® ~b)® (b® a)

R4: a®b,a->b

Any formula output by one of the zero-place rules, R1-R3, isreferred to asan axiomof AS1. R4
isreferred to as MP (modus ponens). Thus, for example, in aproof in ASL, every lineis either

an axiom of AS1 or follows from previous lines by MP.

General Theorems about Deduction

General Theorems about +

alG® Gra
(1) sHow:al G® G-a
2) al G

(©)) SHOW: G-a

(4) SHOW: $d[d derives a from G
5) SHOW: &afiderivesa from G
(6) aSHOW: lastéafi= a

(7) b:sHew: " di &t dl Gor dfollowshby arule...

(8) d &
9) sHew: di Gor dfollowsby arule. ...
(20 d=a
(1) d G
corollary: {a} I+ a
{a,b} - a
{a,b,g - a
etc.

G1:

GiD® . G-a ® Dra

(1) sHew:d D® .G-a ® Dra
(2) G D

(©)) G-a

(4 SHOW: Dra

(5) SHowW: $d[d derives a from D]
(6) $d[d derivesa from G

@) D derivesa from G

(8 SHOW: D derives a from D

9 aSHoewW: last(D)=a

(10) | b:sHew: " di D: di Dor dfollowsby arule...

(11) | " di D:di Gordfollowsbyarule...
(12) | "x{xi G® xi D}

CD

As

Def -
50L
Def derives[&D]
ST

UCD

As
10,11,SL
8,ST
2,11,1L

CCD

As

As

Def -

8,0L

3, Def +

6,50

9,10,Def derives
7, Def derives|[a]
11,12,QL

7, Def derives[b]
2, Def |
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corollary:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

G2:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

G3:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

G4:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

GiD®.G- ® D-

sHow: G D® . - ® D~
G D
G_
SHOW: D
SHOW: " a[Dra]
SHOW: Do
" a[G-a]
G-

ra ® Gra

sHow: -a ® G-a

Ha

SHOW: G—a

SHOW: $d[d derives a from G
$p[p provesa]
P proves a

P derivesa from G

Fa €« Ata

SHOW: -a & A-a
SHowW: Fa ® /B-a
sHow: /B-a ® +a
A-a

SHOW: -a

SHOW: $p[p proves a]
$d[d derives a from A
D derives a from A&
SHEW: D provesa

a SHOW: last(D)=a

SHEW: d follows by arule ...
~$x[xl A

Fa €« " GGra]j
SHOW: Fa « " JG-a]
sHovw: ®

Fa

SHEW: " §G-a]
SHOW: G—a

SHOW: —

" gG-a]

SHOW: -a

| AB-a

last(P)=a & " di P:dfollowsby arule...
last(P)=a & " dl P.dl Gordfollowshy arule...

b: sHew: " dI D: dfollowsby arule ...

" di D:dl Z£ordfollowsbyarule...

CCD

As

As

Def G-
ubD
2,8,G1
3,Def G+
7,QL

CD

As

Def G-a
9,QL

2, Def a
5%$0

6, Def proves
7.0L

8,Def derives

« D

G2

CD

As

Def -a

QL

4, Def AH-a
9,$0

10,11,Def proves
8, Def derives|[al
ubD

13,14,QL

8, Def derives[b]
ST

« D
CD
As
ubD
3,G2
CD
As
9,G3
7,QL
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G5:

G6:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)

Ax[a] ® ra
sHew: Ax[a] ® Fa
Ax[a]
SHOW: a
SHOW: $p[p provesa]
SHOW: &afiproves a
aSHOW: lastéafi=a
b:sHew: " di &ft dfollowsby arule....
di &
SHEW: d follows by arule ...
a follows by a zero-placerule
d=a
d follows by a zero-place rule

G-a & GE{a}-b .® G-b

SHOW: G-a & GE{a}+b .® G-b
G-a
GE{a}rb
SHEW: G-b
SHOW: $d[d derives b from G
$d[d derives a from G
$d[d derives b from GE{a}]
D, derivesa from G
D, derives b from GE{ a}
$d{d = D,[Ds/a]}
D;= Dz[D]_/a]
SHOW: D; derives b from G
aSHOW: last(Ds) = b
| lest(D) =b
b:sHow: " dl Ds: dl Gor dfollowsby arule ...
dl D
sHew: di Gor dfollowsby arule ...
dl D,[Di/a]
{d1 Dy} or{di D,& dta}
cl:di D;
" dl D,{dl Gordfollowsby arule}
dl Gor dfollowsby arule ...
c2:dl D& d'a
" dl DA{d GE{a} or dfollowsby arule}
di GE{a} or dfollowsby arule
cl; di GE{a}
d G
dl Gor dfollowsby arule...
c2;. dfollowsby arule ...
| df Gor dfollowsby arule....

CD

As

Def
50L
6,7,Def proves
ST

UCD

As

12,QL

2, Def Ax
8, Def afi
10,11,IL

&CD

As

As

Def

12,QL

2, Def -

3, Def -

6,$0

7,$0

ST

10,$0
13,15,Def derives
14,Def D3, ST

9, Def derives|[al
uUCD

As
19-30,SC/SC
11,16,IL

18, Def s[p/e]
As

8,Def derives[b]
20,21,QL

As

9,Def derives|[b]
23,24,QL

As

23b,26,ST
27,SL

As

29,SL
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G7:

G8:

G9:

G10:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

(1)
(2)
(3)
(4)
(5)
(6)
(7)

General Theorems about Maximal Consistency

(1)
(2)
(3)
(4)
(5)
(6)

G-a & GE{a}- .® G-
SHOW: G-a & GE{a}- .® G-
G-a
CE{a}+
SHOW: G-
SHOW: " b[G-D]
SHOW: G—b
" b[GE{a}l—b]
GE{a}I—b

"d{diD® G-d}&D-b.® Grb

show: " &{dl D® G-d} & Db .® G-b
"H{di D® G-d}
Db
SHOW: G-b
SHOW: $d[d derives b from G
$d[d derives b from D]
Do, derives b from D
$d{ d= Do[ Dk/dk :Adk’[ D]}
D= Do[Dk/dk . dk I D]}
SHOW: D derives b from G
unfinished

G-a & arb .® Grb

SHOW: G-a & a+b .® G-b
G-a

arb

SHOW: G—b

{a}+b

{a} | GE{a}

GE{a}+b

MC[G] & ai G.® GE{a}r
SHeW: MC[G & al G.® GE{a}+
MC[G
al G
SHOW: GE{a}+
d CGe{a}
"D{G D® D+}

&CD
As

As

Def +—
ubD
2,8,G6
3, Def
7,QL

&CD
As

As

Def +
10,QL
3, Def
6,50

8,$0

&CD
As

As
2,7,G8
3, Def

5,6,G1

&CD
As

As

5,6,QL

3,ST

2, Def MC [b]
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G11:

Glz2:

G13:

G14:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

MC[G] & G-a .® al G

SHOW: MC[G & G-a .® al G &CD
MC[G As
G-a As
SHew: al G 1D
a G As
SHOW: X 8,11,SL
Gl GE{a} 5,ST
Gt 2, Def MC[4]
"D{G D® Dr} 2, Def MC [b]
CE{a}+ 7,9,QL
G- 3,10,G7

General Theorems about Derivations

(1)
(2)
(3)
(4)
()

(1)
(2)
(3)
(4)
(5)
(6)

(1)

(2)
(3)
(4)
(5)
(6)
(7)

" d$n[len(d)=n]

SHOW: " d$n[len(d)=n] ubD
SHOW: $n[len(6)=n] DD
o isaderivation sortal assumption
o isafinite sequence 3, Def derivation
$n[len(6)=n| 4, Def finite sequence
"n" d(len(d)=n ® F[d]) ® " dF[d]
sHow: " n' d(len(d)=n® [F[d]) ® " dF[d] CD
" n" d(len(d)=n® [[d]) As
SHow: " dF[d] uD
SHeW: F[9] 2,6,QL
$n[len(6)=n] G12,QL
len(6)=[] 5%$0

"n" d" vi...vi(F[d,v;i...vi] & len(d)=n .® P)
® " dvy...v(F[d,v;...v|® P)
SHOW: " n" d" vy...vi(F[dvi...vi] & len(d)=n.® P)

® " d" vp...vi(F[dv1...v]® P) CD
"t d" v v(F[dvr..v] & len(d)=n . B) P) As
SHOW: " d" vi...v(F[d,v1...v(]® P) ucb
[F[6,Cy...C As
SHOW: P 4,6,7,QL
$n[len(6)=n] G12,QL
len(6)="1 6,$0

Here, [F and P are formulas, v,,...,v¢ are variables, and c;,...,c, are constants
appropriately substituted for vy,...,Vi.
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S1:

Ordinary Mathematical Induction

SHOW: " nlF[n] M

| SHew: F[O]

[

| sHew: " n{ F[n] ® F[n']} UCD

| | Fn] As

} } ‘SHOW: F[n']

]

Strong Mathematical Induction

SHOW: " nfF[n] SMI

sHowW: " n{" k{k<n® [F[k]} ® F[n]} UCD

| " k{k<n® F[K]} As

| sHew: F[n]

N

[

Lemmas Used to Prove the Soundness Theorem
Ax[a] ® Gka

(1) sHow: Ax[d] ® G=d

(2 AX[d]

3 SHOW: G=d

(4 sHew: " v{v<G® v<d}

5) SHOW: " v[v <d]

(6) SHEW: v <d

@) SHOW: v(d)=T

(8) disoutput of azero-placerule

(9 R1, R2, R3 are the zero-place rules of AS1

(20) R1[d] or R2[d] or R3[d]

(11) cl: R1[d]

(12 $adb[d=a® (b® a)]

(13) "v'a" b{v[a® (b® a)] =T}

(14) v(d)=T

(15) c2: R2[d]

(16) $asbsgd=[a® (b® g]® [(a® b)® (a® 9]}

a7 "v'a" b" glv([a® (b® g]® [(a® b)® (a® g)]) =T}

(18) v(d)=T

(29) c3: R3[d]

(20) $asb[d=(~a® ~b)® (b® a)]

(21) “v'a" b{v[(~a® ~b)® (b® a)] =T}

(22 v(d)=T

[Base Case]

[Inductive Case; optional]
[Inductive Hypothesig]
[Inductive Step]

[Inductive Case; optional]
[Inductive Hypothesi 5|
[Inductive Step]

CD

AS

Def =
50L

ub

Def <

DD

2,Def Ax
Def ASL
8,9,IL

As
11,Def R1
Sl1.1
12,13,IL
AS
15,Def R2
S1.2
16,17,IL
As
19,Def R3
S1.3
20,21,I1L
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Sub-Lemmas:
S1.1: "v"a" b{v[a® (b® a)] =T}

(1) sHew:" v" a" b{v[a® (b® a)] =T} u3D

(2) SHowW:v[a® (b®a)]=T ID

(©)) vfa® (b®a)]* T As

4 SHOW: X 12,Axiom O
(5) v[a® (b® a)] = F 3vt3

(6) v[a® (b® a)] =v(a)® [v(b)® v(a)] 6,Def CSL val (" 2)
@) v(@)® [v(b)®v(a)] = F 5,6,IL

(8 v(@)=T 7,Def ®

9 v(b)y® v(a) =F 7,Def ®
(20) v(b)=T 9,Def ®
(11) v(@)=F 9,Def ®
(12) T=F 8,11,IL

S1.2: "v'a" b" fv([a® (b® g]® [(a® b)® (a® g)]) = T}

(1) sHeW:" v" a" b" g{v([a® (b® §]® [(a® b)® (a® g]) = T}
(2) | smilartoS1.1

S1.3: "v"a" b{v[(~a® ~b)® (b® a)] =T}

(1)  SHOW: " v" a" b{v[(~a® ~b)® (b® a)] = T}
(2) | similarto S1.1, but also uses Def ~

S2: al G ® Gka
(1) sHow:al G® Gea CD
@ |alG As
() | sHew: G=a Def =
(4) sHew: " v{v<G® v<a} uUCD
(%) v<G As
(6) SHOW: v<a 2,7,QL
(7) "x{xI G® v<x} 5, Def v<G
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S3:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

G=a®b & GeEa .® Geb

SHOW: G=a®b & G=a .® G=b
G=a®hb

G=a

SHEW: G=b

SHew: " v{v<G® v<b}
v<G

SHEW: v<b

SHEW: v(b)=T

" v{v<GR v<a® b}
"v{v<G® v<a}
v<a®Db

v<a

v@a®b)=T

v@)=T

v(a® b) =v(a)® v(b)
T=T® v(b)

v(ib)=T

&CD

As

As

Def =
ucb

As

Def <
DD
2,Def =
3,Def =
6,9,0L
6,10,QL
11,Def <
12,Def <
Def val for CSL
13-15,IL
16,Def ®
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4.

ST:

The Soundness Theorem

Note:

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)

AS1 is sound for V(CSL) with respect to arguments;

i.e.,
"G a{Ga ® Gka}
dDG =gt disaderivation from G
dDa/G =gt disaderivation of a from G
dDa/Gn =g disaderivation of a from Gof lengthn
i.e., dDa/G& len(d)=n
Ax[a] =gt a isan axiom
MPa] =gt a follows from previous lines by modus ponens
ai: i<mi =gt the sub-sequence of d consisting of the first m elements of d
for example, if d = &a,b,c,d,efi then &;: i <3i= &,b,ch
SHoW: " G' a{G-a ® G=a} Def -
SHow: " G' a{$d[dDa/qd ® G=a} 3,QL
SHow: " d" G' a{dDa/G ® G=a} 4+Gl4
SHeW: " n* d' G' a{dDa/Gh ® G=a} SMI
" k<n d" G' a{dDa/Gk ® G=a} As [1H]
SHew: " d" G' a{dDa/Gnh ® G=a} U3CD [1S]
dDa/Gn As
SHEeW: G=a DD
a=d, 7,Def derives/n
" di d: Ax[d] or di Gor MP[d] 7,Def derives[b]
ald 9,ST
Ax[a] or al Gor MP[a] 10,11,QL
cl: Ax[a] As
| G=a 13,51
c2:al G As
| G=a 15,52
c3: MP[a] As
$j . k<n$g d=g® a & di=g 9,17,Def MPY[]
j<n& d=g® a 18,$& 0
k<n & d=g 18,$& 0

c

SHOW: & i<jAiD g® a / G/ |
aSHOW: lenad;: i<ji=|
b:SHOW: lastad;: | <jfFg® a

lastad;: iSjﬁ: dj

:SHOW: & i<jiDG A
sHow: " dl &: i<jii Ax[d] or dl Gor MP[d]

di & i<jn A
EH@W: AX[d] or dl Gor MP[d]
d d

SHOW: &ii: i<kiD g/ G/ |

similar to derivation of line 26

G=g® a
G=¢
G=a

22,23,25,Def D/n
ST

19b,24,1L

ST

Def dDG

UCh

As

10,29,QL

27,ST

Def D/n

19a,21,IH
203,30,IH
32,33,4
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B1:
B2:
B3:

B4:

Basic Theorems About AS1

G-a® (b® a)
G-[a® (b® g|® [(a® b)® (a® g)]
GH(~a® ~b)® (b® a)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)

These are all proved the sameway. The following is the schema.
Theformulaf isan axiom, so by G5, —f, so by G2, G-f.

{a® b, a}-b
SHEwW: {a® b, a} b
SHOW: $d[d derivesb from {a® b, a}]
SHOW: &aa® b, a, biiderivesb from{a® b, a}
aSHOW: lastea® b, a, bii=b A
b:SHEW: " dl &a® b, a, bit Ax[d] or dI {a® b, a} or MP[d]
d &® b, a, bi
SHewW: Ax[d] or di {a® b, a} or MP[d]
d=a® b or d=a or d=b
cl.d=a®b
d {a® b, a}
Ax[d] ordl {a® b, a} or MP[d]
c2: d=a
di {a® b, a}
Ax[d] or di {a® b, a} or MP[d]
c3: d=b
b followsfrom a® b and a by MP
#@® b), #(a) <#(b)
dfollowsfrom a® b and a by MP
#(@a® b), #(a) <#(d)
MP[d]

Ax[d] or di {a® b, a} or MP[d]

Def +

3,0L

4,5,Def derives
ST

UcD

As

SC

6, ST

As

9,ST

10,SL

As

12,ST

10,SL

As

Def MP

Def <-&a® b, a, bii
15,16,IL
15,17,IL
18,19,Def follow...
20,SL
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6. Named Principles
1. Modus Ponens Principle
MPP: G-a®b & G-a .® Grb
(1) SHOW:G-a®b & G-a .® G-b
(2 G-a®b
3 G-a
4 SHOW: G-b
(5) SHow: $d[d derivesb from G
(6) $d[d derivesa® b from G
@) D, derivesa® b from G
(8) $d[d derivesa from G
9 D, derivesa from G
(10) SHOW: D,+D,+ébfiderives b from G
(1) SHOW: b = last(Dy+D+bi) A
(12) sHow: * d{al Di+D+&A® . Ax[d] or di Gor MP[d]}
(13) dl D;+D,+ébii
(14) SHewW: Ax[d] or di Gor MP[d]
(15) di Dyordl D,ordi &
(16) cl: C” D, ~
a7) " dl Dy Ax[d] or dI Gor MP[d]
(18) AX[d] or dI Gor MP[d]
(19) c2: dl D,
(20) " di D, Ax[d] or di Gor MP[d]
(21) AX[d] or di Gor MP[d]
(22) c3: dl &n
(23) d=b
(24) d = last(D;+D,+&bi)
(25) a® b =last(Dy)
(26) a =last(Dy)
(27) last(D,) < d
(28) last(D,) <d
(29) b followsfrom a® b and a by MP
(30) MP[d]
(31) AX[d] or dl Gor MP[d]

CD

As

As

Def G-a

10,9l

2,Def G-a

6,50

2,Def G-a

8,30

11,12,Def derives
ST

UCD

As

15-31,SC

13,Def +

As

8,Def derives[b]
16,17,QL

As

10,Def derives|[b]
19,20,QL

As

22,Def &
23+Def +

8, Def derives|[al
10, Def derives|[al
Def D,+D+adi
Def D+D+&df
Def MP

23-29,IL

30,SL

Thisisadirect proof. MPPisaso aspecial case of ageneral theorem, as seen in the following proof.

(1)
(2)
(3)
(4)
(5)
(6)

SHOW: G-a®b & G-a .® G-b
G-a®b
G-a
SHOW: G—b
{a®b,a}+b
"dl {a®b,a}: G-d

CD
As
As
5,6,G8
B4
2,3,ST
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2. Prefix Principles
PRE: Fb® ra®b
(1) sHow: b ® +a®b
() —b
(3) SHOW: —a® b
(4) | ~b® (a® b)

(1)
(2)
(3)
(4)

G-b ® Gra®b

SHoW: G-b ® G-a®b
G-b
SHOW: G—a® b
| G-b® (a® b)

3. Distribution Principle

DIST:

(1)
(2)
(3)
(4)

corollary:

(1)
(2)
(3)
(4)
(5)

corollary:

(1)
(2)
(3)
(4)

a® (b® g ® (a® b)® (a® g)
SHoW: -a® (b® g ® —(a®b)® (a® g)
a® (b® g)

SHOW: -(a® b)® (a® g

| H[a® (b® g]® [(a® b)® (a® g)]

a® (b®g) & ra®b ® ra®g

SHOW: Fa® (b®¢g & —Ha®b ® ra®g
Fa® (b® g

Fa®b

SHOW: Fa® g

H@® b)® (a® g

Fb®g .® (a®b)® (a® g)
SHow: -b® g .® (a® b)® (a® g
Fb® g

SHOW: —(a® b)® (a® g

a® (b® g)

4. Transitivity Principle

TR:

(1)
(2)
(3)
(4)
(5)
(6)
(7)

Fa®b & Hrb®g .® ra®g

SHOW: Fa®b & Fb®g.® +a®g
Fa® b

Fb® g

SHOW: Fa® g

Fa® (b® g

H@® b)® (a® g

Fa®g

CD
As
2,4MPP
R1

CD
As
2,4MPP
R1

CD
As
2,4MPP
R2

&CD
As

As
3,5MPP
3,DIST

CD

As
3,DIST
2,PRE

&CD
As

As

CD
3,PRE
5,DIST
2,6,MPP
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7. Lemmas Used to Prove the Deduction Theorem
D1: Ax[b] ® Gra®b
(1) sHow: Ax[b] ® G-a®b
(2) AX[b]
(©)) SHOW: G-a® b
4 +b
(5) Fa® b
(6) G-a®b
D2: bi G® Gra®b
(1) sHow:bl G® G-a®b
(2 bl G
(©)) SHOW: G-a® b
4 G-b
(5) G-a®b
D3: G-a® a

(@) SHOW: G-a® a

(2 Fa® [(a® a)® a]

3 Ha® (a® a)]® [a® a]
4 Fa® (a® a)

5) Fa® a
(6) G-a®a
D4: G-a® (b®g) & G-a®b ® Gra®g
(1) SHOW:G-a® (b®g & G-a®b .® G-a®g
2) G-a® (b® g
(3) G-a®b
4 SHOW: G-a® g
(5) G-[a® (b® g]® [(a® b)® (a® g)]
(6) G-(a® b)® (a® g)
(7 G-a®g

CD
As
DD
2,G5
4,PRE
5,G2

CD
As
DD
2,G0
4,PRE

DD

Bl
2,DIST
Bl
34,MPP
5,G2

&CD

As

As

DD

B2
2,5,MPP
3,6,MPP
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8.

DT:

The Deduction Theorem

Note:

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35
(36)
(37)
(38)
(39)

dDG =g disaderivation from G
dDa/G =g disaderivation of a from G
dDa/Gn =gt disaderivation of a from Gof lengthn
i.e, dDa/G& len(d)=n
MPa] =gt a follows from previous lines by modus ponens
& i <mi =gt the sub-sequence of d consisting of the first m elements of d

for example, if d = &a,b,c,d,efi then & i <3i= &,b,ch

GE{a}+b ® Gra®b
SHOW: " G' a" b{GE{a}-b ® G-a® h}
SHOW: " G' a" b{$d[dDb/GE{a}] ® G-a® b}
SHew: " d" G' a" b{dDb/GE{a} ® G-a® b}
SHOW: " n* d" G' a" b{dDb/GE{a}/n ® G-a® b}
" k<" d" G' a" b{dDb/GE{a}/k ® G-a® b}
SHeW: " d" G' a" b{dDb/GE{a}/n ® G-a® b}
dDb/GE{a}/n
SHOW: G-a® b
b=last(d)=d,
" dl d: Ax[d] or dl GE{a} or MP[d]
bl d
Ax[b] or bl GE{a} or MP[b]
cl: Ax[b]
| G-a®b
c2: bl GE{a}
bl G or b=a
cl:bl G
| G-a®b
c2: b=a
G-a®a
G-a®b
c3: MP[b]
$j.k<n$g d=g® b & d=g
j<n& d=g® b
k<n & d=g
SHOW: & i<jAiD g® b/ GE{a} /|
aSHOW: lendd;: i<jii=]
b:SHOW: lastad;: i <jfFg® b
‘ lastad;: iSjﬁ: dj
C:SHOW: & i<jiDGE{a} o
sHow: " dl &k i<jiit Ax[d] or dl GE{a} or MP[d]
di & i<jn
‘SHQW: Ax[d] or dl GE{a} or MP[d]
dd
SHewW: & i<kiD g/ GE{a} /]
| similar to derivation of line 26
G-a® (g® b)
G-a®g
G-a®b

Def

3,0L

4+G14

SMI

As [1H]
u4CD [19]
As

SC

7,Def derives/n
7,Def derives[b]
9,ST

10,11,QL

As

13,D1

As

15,ST

As

17,D2

As

D3

19,20,IL

As

9,22,Def MH[]
23,$5&0
23,$&0
27,28,30,Def D/n
ST

24b,29,I1L

ST

Def dDG

UCD

As

10,34,QL

32,ST

Def D/n

243,26,IH
253,35,|H
37,38,D4
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9. Lemmas Used to Prove Lindenbaum’s Lemma

L1:

(1)
(2)
(3)
(4)

L2:

(1)
(2)
(3)
(4)
(5)

corollary:

(1)
(2)
(3)
(4)

L3:

(1)
(2)
(3)
(4)
(5)
(6)

L4:

(1)
(2)
(3)
(4)
(5)

L5:

(1)
(2)
(3)
(4)

F~a® (a® b)
SHOW: —~a® (a® b)
F~a® (~b® ~a)
H(~b® ~a)® (a® b)
F~a® (a® b)

Ha® (a® b)]® (a® b)

SHOW: —-[a® (a® b)]® (a® b)
Ha® (a® b)]® [(a® a)® (a® b)]
Fa® a

Ha® (a® b)|® (a® a)

Ha® (a® b)]® (a® b)

a® (a®b) ® r+a®b
SHOW: —a® (a®b) ® ~a®b
Fa® (a® b)

SHOW: Fa® b

| H[a® (a® b)]® (a® b)

H(~a®a)® a

SHOW: -(~a® a)® a
F~a® (a® ~[~a® a])
FH(~a®a)® (~a® ~[~a® a])
H(~a® ~[~a® a])® ([~a® a]® a)
H(~a®a)® ([~a® a]® a)
H(~a®a)®a

F~~a® a

SHEW: -~~a® a

F~~a® (~a® ~~~a)
H(~a® ~~~a)® (~~a® a)
F~~a® (~~a®a)
F~~a® a

Fa® ~~a

SHOW: —a® ~~a

F~~~a® ~a

F(~~~a® ~a)® (a® ~~a)
Fa® ~~a

DD
Bl
B3
2,3, TR

DD
B2

D3+G4
3,PRE
2,4,DIST(c)

CD

As
2,4MPP
L2

DD

L1
2,DIST
B3
34TR
5,L2c

DD

L1

B3

2,3 TR
4,1 2c

DD

L4

B3
2,3,MPP
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L6:

L7:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

HF@®b)® (~b® ~a)
SHOW: —-(a® b)® (~b® ~a)
Hb® ~~b

H(@® b)® (a® ~~b)

F~~a® a

H(a® b)® (~~a® a)]
H(@® b)® (~~a® ~~hb)
F(~~a® ~~b)® (~b® ~a)
H@® b)® (~b® ~a)

Alternative Proof

SHOW: —-(a® b)® (~b® ~a)
$dG={a® b, ~~a}]
G={a®b, ~~a}

a®bl G

~~al G

G-a®b

G-~~a

G-~~a®a

G-a

G-b

G-b® ~~b

G-~~b

{a® b, ~~a}~~b
H@® b)® (~~a® ~~h)
H(~~a® ~~b)® (~b® ~a)
H(@® b)® (~b® ~a)

{a® b, ~a® b} - b

SHOW: {a® b, ~a® b} b
$dG={~b,a® b, ~a® b}]
G={~b,a® b, ~a® b}
G—~b

G-a®b

G-~a®hb

G-(a® b)® (~b® ~a)
G-b

{a®b, ~a® b} - ~b® Db
{a® b, ~a® b} ~ (~b® b)® b
{a®b, ~a® b} - b

FH[~~a® (a® b)]|® [~~a® (a® ~~Db)]

F[~~a® (a® ~~b)]|® [(~~a® a)® (~~a® ~~Dh)]
H@® ~~b)® [~~a® (a® ~~b)]
F@®b)®[(~~a®a)® (~~a® ~~b)]

H(@®b)® (~~a® a)]|® [(a® b)® (~~a® ~~b)]

DD
L5
2,DIST(c2)
3,DIST(c2)
B3

B1
34,6 TR 2
7.DIST

L4

9,PRE
8,10,MPP
B3
11,12,MPP

DD

Def formula/set
2,30

2,ST

2,ST

4,G0

4,G0
L4+G2
7,8, MPP
6,9,MPP
L5+G2
10,11, MPP
3,12,I1L
13,DT 2
B3
11,12, MPP

DD

Def formula/set
2,$0
3,ST,G0
3,ST,G0
3,ST,G0
L6+G2
4-7MPP 3
3,8,DT+ST
L3+G2
9,10,MPP
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corollary:

(1)
(2)
(3)
(4)
(5)
(6)

corollary:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

corollary:

(1)

L8:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

L9:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

GE{a}-b & GE{~a}-b .® Grb
SHOW: GE{a}b & GE{~a}+b .® G-b
GE{a}+b
GE{~a}rb
SHOW: G—b
G-a®b
G—~a®b

GE{a}r & GE{~a}+ .® G~
SHOW: GE{a}+ & GE{~a}- .® G-
GE{a}+
CE{~a}+
SHOW: G-
SHOW: " b[G—b]
SHOW: G—b
" b[GE{a}+b]
" b[GE{~a}+b]
GE{a}rb
GE{~a}+b

G+ ® . GE{a}i or GE{~a}I
sHew: G+ ® . GE{a}# or GE{~a} i+

alG & ~al G . ® G-
sHow:al G & ~al G.® G-
al AG

~al G

SHOW: G—

SHOW: " b[G-b]

SHOW: G—b

G-a

G—~a

~a® (a® b)

G-~a® (a® b)

G-a & G-~a .® G-

SHOW: G-a & G—-~a .® G-
G-a
G—-~a
SHOW: G-
SHOW: " b[G—b]
SHOW: G—b
F~a® (a® b)
G-~a® (a® b)
G-a®b
G-b

&CD

As

As
5,6,L7,G8
2DT
3,DT

&CD

As

As

Def +
ub
9,10,L7c1
2, Def
3, Def
7,QL
8,0L

L7c2,QL

&CD

As

As

Def

ub
7,89,MPP" 2
2,G0

3,GO

L1

9,G2

&CD

As

As

Def +
ubD

DD

L1
7+G3
3,8,MPP
2,9MPP
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L10: G- « $a{Gr-a & G+~a}
(1) SHOW: G- « %a{G-a & G-~a} « D
(2) sHew: ® CD
(3) G- As
(4) SHOW: $a{G-a & G-~a} 7,8,QL
5) " a[G-a] 3,Def G-
(6) Pisaformula[of CSL], and sois ~P Def formula
(7) G-P 5,63,QL
(8) G-~P 5,6b,QL
(9) SHEW: - CD
(20) $a{G-a & G—~a} As
(11 G-a 10,$0+&0
(12) G-~a 10,$0+&0
(13) SHOW: G 11,12,L.9

10. Outline of Lindenbaum’s Lemma

1. Statement of Theorem

For any set G, if Gis deductively consistent, then there existsaset Dsuchthat G Dand Dis
maximal consistent.

"G+ ® $D{d D& MC[D|}}

MC[D] =4 Dv & "D¢Di D¢® D¢-)

G- = " a[G-a] [general definition]
G- «  %$a{G-a & G-~a} [theorem about AS1]
2. Fundamental Background Lemma

Theseat S of sentences/formulas is denumerable, so there is an enumeration of S.

Let&s 4, S,, ...Abe one such enumeration. In particular,

" a$kla =sy]

3. The Construction of Sequence &G;, G,, ...i

G = G .
G =« CE{sn} if GE{sn}ti
CE{~s.} if CE{sn}+
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4.

Every G, is Consistent

Proven by ssmple math induction.
Key Lemma GE{a}r & GE{~a}- ® &

Key Sub-Lemma {a® b, ~a®b} b

Construction of Maximal Set W
W = U{G,G, ...}
Gis included in W

By set theory, " K[G(| U{Gy, G, ...}]. By hypothesis, G= G

Wis “Maximal” (i.e.:)
"WEW We ® We-)

Suppose W W¢ Then di We& di W(somed). d=s, (somek). Gu1 = GE{Si} or Gy =
GE{~s}, 50 Gu1 = GE{d} or Guy = GE{~d}. Als0, G| W. Incasel, di W, and hence
dl W¢ which is contradictory. In case 2, ~di W, and hence ~dl W& Thend,~dT WG which
meansthat WEis inconsistent.

W is Consistent

Reductio: Suppose W—. Then Wa & Wk—~a (some a). Let D, derive a from W, let D,
derive ~a from W. Let U, = D,CW: let U, = D,CW let U = UEU,. Since D,, D, are both
finite, U;, U, are finite, so U isfinite. Clam: U-a & Ur~~a. So U-. Also, &4, S, ...AC U
isfinite, so {k: s 1 U} hasalargest element, call it m. Claim: Ul Gn.1. But by item 4, Gpi is
consistent, so U is consistent; i.e., Ut-.
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11.Lindenbaum’s Lemma: Formal Proof

LL:

(1)
(2)
(3)
(4)
(5)
(6)
(7)

(8)

(9)

(10)
(11)
(12)
(13)
(14)

(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)

" GG+ ® $D{GI D & MC[D]}}

sHew: " G(G+ ® $D{G D & MC[D]}}

Gr

SHewW: $D{G D & MC[D]}}

$s{s enumerates the class of formulas}
S enumerates the class of formulas
S=&14,Sy..0&
$&5, G, ..M

"a$kla =s]
G=G& "

{GE{sn}hL® [Gui=CGE{sn}] &.
[Gh+1—GE{ ~Sn}t}
let &5, G,, ...Mbe such a sequence
let W=U&5, G, ..M
SHEW: G W

Gl Uas, G, .0

G=G
SHOW: MC[W] .
SHOW: Wi & " WEW We® WG-}

GE{s+®

b:SHEW: " WEW WE® WG}

W We
SHOW: WG—
$g{ dl We& di W}
d We& di W
Sk{d=s}
d:Sk
Gk+1—GkE{5k} 0er+1—GkE{ Sk}
Gk+1—GkE{d} or Gk+1—GkE{ d}
cl: G = GE{d}
di W

X
c2: G = GE{ ~d}
~dl W

~dT We

d, ~dl We

W~

UCD

As

10,13,QL

Lemma E (unproven)
4,$0

5ST

ST

7,$0

ST $0
9,11,12,IL
ST

8,0L

Def MC
&D

UCD

As
23-31,SC
16,ST
18,$0
5,Def enumerates
20,30
8,QL
21,22,IL
As
9,24,ST
19b,25,SL
As
9,27,ST
16,28,ST
193,29,SL
30,L8
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(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
(57)

(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)
(71)
(72)
(73)
(74)

a SHOW: Wi~

\M_

SHEOW: X
$d[W-d & W—~]
WH—d
W ~d
$d[d derives d from W]
$d[d derives ~d from W]
D, derives d from W
D, isafinite sequence
D, derives ~dfrom W
D, isafinite sequence
let U ={x: Xl D& xI D3}
let U, ={x: Xl D& xI D2}
U, isfinite
U, isfinite
let U=UEU,
U isfinite
ui w
D, derivesd from U
$d[d derives d from U]
Urd
D, derives ~d from U
$d[d derives ~d from U]
U+~d
U+

{k: s T U} isfinite
$m[m = max{k: s T U}] (largest element)
m=max{k: syl U}
SHOW: " n[G,+]
SHOW: G+
SHOW: " (G ® Gt}
G+
SH@W: Gyl X
GE{sn}t or GE{sn}+
cl: GE{s}#
Gu1=GE{sn}
Gt
c2: GE{s}+
Gu1=GE{~sn} .
Gn}ZL ® . GhE{Sn} b or GnE{ NSn}|7L
GE{~sn}t
Gl

ID

As
132,133,SL
33,L10
35,$&0
35,$&0

36, Def +—
37, Def +—
38,30

40, Def derives
39,30

42, Def derives
ST,$0
ST,$0
41,44, ST
43,45,ST
ST,$0
46,47,48,ST
44 45 48,ST
40,48,G1
51,QL

52, Def +—
42 48,G1
54,QL
55,Def
53,56,L9

5,49,ST

58,ST

59,$0

MI[n>1]

2,12,IL [BC]
Uucb [1C]
AS [1H]
SC [19]
SL

As

8,67,QL

67,68,1L

AS

8,70,QL

L7c

64,71,72,SL
71,73,IL
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(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)
(90)
(91)
(92)

(93)
(94)
(95)
(96)
(97)
(98)
(99)
(100)
(101)
(102)
(103)
(104)
(105)
(106)

SHOW: U T G

el U

SHOW: el G
Sk{k<m & e=s}

k<m

€=S

Geatt R
GE{si}t+ or GE{s}+
cl: GE{s+#

Glgl: GkE{Sk}
el Gu

c2: GE{s}+

G = GkE{ ~S}

sHow: " a{al W® ~al W}
al W

SHOW: ~al W
~al W
SHEW: X

$k{al GJ
$k{~al G}
al Ale
~al Gy
ki < ko

Gal Go
al Go
Gt

Gt

UCD, Def |
As
82-92,SC
5,60,62,ST
78,$&0
78,$&0
61,QL

SL

As
8,83,0L
80,84,ST
As
8,70,QL
9,ST
87,88,ST
80,89,IL
50,76,ST
90,91,93,QL

ucD
As

ID

As

105,106
8,94,ST
8,96,ST
98,0
99,0
As[WLOG]
102,107
100,103,ST
101,104,L.8
61,QL
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(107) sHew: " n" m{m<n® G| G}
(108) SHoW: " M{m<1® G,

(109) m=>1

(110) m<1

(111) SHOW: G| G,

(112) m=1

(113) Gn=G

(114) SHEW: IC

(115) "m{m<n® Gi G

(116) sHow: " m{m<m+1® G, G.i}
(117) m<n+l

(118) SHOW: Gyl Gt

(119 m=n+1 or m<n

(120) cl: m=n+1

(121) Gn=Gna

(122) Gil G

(123) c2: m<n

(124) Gnl Gy

(125) GE{snt+ or GE{s.}+
(126) cl: GE{s W

(127) Gy = GE{sn}

(128) G?n I R c':h+l

(129) C2:GE{sn}+

(130) Gy = GE{~sn}

(131) Gnl G

(132) A

(133) Gt

MI[n>1]
UCD[m=>1]
AS

AS

113,ST
109,110,Arith
112,1L

CD

AS

ucb

AS

SC
117,Arith
As

120,IL
121,ST

AS
115,123,QL
SL

As
8,126,QL
124,127,ST
AS
8,129,QL
124,130,ST

75,Glc
61,0L
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12.Lemmas Used to Prove the Verifiability Theorem

V1:

V2:

V3:

V4:

V5:

MC[G] ® *afal Gor ~al G}
sHow: MC[G| ® " af{al Gor ~al G
MC[G

SHew: " a{al Gor ~al G
SHowW: al Gor ~al G
al G

~al G
SHOMW: X

Gi GE{a}

Gl GE{~a}

"D{G D® D~}

GE{a}+

CE{~a}+

G_

Gr

MC[G] ® " afal G® ~ai G}
sHow: MC[G ® " af{al G® ~ai G
MC[G
sHow: " a{al G® ~al G
al G
SHOW: ~al G
~al G

SHOW: X
G-a
G-~a
G_

Gt

MC[G] ® {ai G& a®bi G.® bl G}
sHow: MC[G ® {al G& a® bl G.® bi
MC[GF

al G_

a® bl G

SHeW: bl G

G-a

G-a®b

G-b

MC[G] ® . bi G® a®bi G
sHow: MC[Gl ® . bl G® a®bi G
MC[G

bl G i

SHOW: a® bl G

G-b

AX[b® (a® b)]

G-b® (a® b)

G-a®b

MC[Gl ® . ai G® a®bi G
sHow: MC[Gl ® . al G® a®bi G
MC[G
al G R
SHOW: a® bl G
~al G
G-~a

G

G-~a® (a® b)
G-a®b

2. Def MC [b]
8,10,QL
9,10,QL
11,12, 7c2
2, Def MC [4]

CD

As

UucCbD

As

ID

As
10,11,SL
4,GO
6,G0
8,9,L10
2, Def MC [d]

C&CD
As

As

As
8,G11
3,GO0
4,GO
6,7,MPP

CCD
As
As
7,GO
3,GO

6,G5
5,6,MPP

CCD

As

As
8,G11
3V1
5,G0
L1+G2
6,7,MPP
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13.The Verifiability Theorem

VT: MC[G] ® G
(1) sHew:MC[g ® G CD
2 MC[G As
3 SHOW: G# Def
(4) SHOW: $v[v < % 7,0L
(5) $f:" a{al G® f(a)=T .&.ai G® f(a)=F} ST
(6) "a{al G® v(a)=T .&.ai G® v(a)=F} 5$80
@) SHEW: v isa CSL-admissible valuation Def va for CSL [&D]
(8 aSHOW: v isavaluation Def val
9 SHew: " a[v(a) | {T,F}] ubD
(10) sHew: v(a)1 {T,F} 11,ST
(12) SHOW: v(a)=T or v(a)=F 6,QL
(12 b:sHOW: " a[v(~a) = ~v(a)] ub
(13) SHOW: v(~a) = ~v(a) 14-26,SC
(14) al Goral G SL
(15) cl:al G As
(16) v(a)=T 6,15,QL
(17) ~al G 2,15V2
(18) v(~a)=F 6,17,QL
(29 F=~T Def ~
(20) v(~a)=~v(a) 16,18,19,IL
(21) c2:al G As
(22) v(a)=F 6,21,QL
(23) ~al G 221V1
(24) v(~a)=T 6,23,QL
(25) T=~F Def ~
(26) v(~a)=~v(a) 22,24,25,IL
(27) C:SHOW: " a" b[v(a® b) =v(a)® v(b)] ubD
(28) SHOW: v(a® b) = v(a)® v(b) 29-49,SC
(29) al Gor al G SL
(30) cl:al G As
(3D v(@)=T 6,30,QL
(32) a®bl Gor a®bi G SL
(33) cl:a®bl G As
(34) v@a®b)=T 6,33,QL
(35) bl G 2,30,33,V3
(36) v(b)=T 2,35,QL
(37) T=T®T Def ®
(38) v(a® b) =v(a)® v(b) 31,34,36,IL
(39) c2a®bl G As
(40) ~bl G 2,39,vV4
(41) ~bT G 2,40V1
(42) X 2,35,41,V2
(43) c2:al G As
(44) v(a)=F 6,43,QL
(45) a®bl G 2,43V5
(46) v@a®hb)=T 6,45,QL
(47) "X[T=F® X] Def ®
(48) T=F® v(b) 47,QL
(49) v(a® b) =v(a)® v(b) 44,46,48,1L
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14.Further Lemmas Used to Prove the Completeness Theorem

CO:

C1:

C2:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

~$v$a{v<a & v<~a}
SHOW: ~$v$a{v<a & v<~a}
v<a

v<~a

SHOW: X

v@)=T

v(~a)=T
v(~a)=~v(a)
T=~T

T=F

TLF

G-a « GE{~a}r
SHOW: G—a « GE{~a}+
sHew: ®
G-a
SHOW: GE{ ~a} - .
SHEW: $b[GE{ ~a} b & GE{~a}~b]
~al GE{~a}
CE{~a}+~a
Gi GE{~a}
CE{~a}ra
SHOW: —
CE{~a}+

" b[GE{~a}b]
CE{~a}ra
G-~a®a
G-(~a®a)®a

GiD & D .® G

sHow: G D & D .® G#
d D

De

SHOW: G#

SHOW: $v[v < (g
$v[v <D

v<D

"x{xI D® v<x}
"x{xl G® X D}
"x{x G® v<x}
v<G

~$2&D

As

As

9,10,SL

2,Def <

3,Def <

Def CSL valuation
5-7,IL

8,Def ~ L
Axiom O

« D

CD

As
5L10
7,9,QL
ST

6,G0

ST
3,8,G1
CD

As
15,16,M PP
11, Def +
13,QL
14,DT
L3+G2

&CD

As

As

Def
11,QL

3, Def
6,50

7, Def v<G
2,ST
8,9,0L

10, Def v<G
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C3:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)

GEa « GE{~a}lk
SHOW: G=a « CE{~a}k
sHew: ®
G=a
SHOW: GE{ ~a} =
SHOW: ~$v[v < GE{ ~a}]
v <GE{~a}
SHOW: X
v<G
v<~a
"v{v<G® v<a}
v<a
SHOW: —
CE{~a}E
SHOW: G=a
sHew: " v{v<G® v<a}
v<G
SHOW: v<a
~[v<a]
SHOW: X
v@:T
v(a)=F
v(~a)=~v(a)
v(~a)=~F
v(~a)=T
v<~a
v <GE{~a}
~$v[v < GE{~a}]

« D

CD

As

Def G=

~$D

As

9,11,CO
6,ST,C2
6,ST,C2

3, Def G=a
8,10,QL

CD

As

Def G=a

UCD

As

ID

As

26,27,QL
18,Def <
20,Def valuation
Def CSL-valuation
21,22,IL
23,Def ~
24.Def <
16,25,ST,Def <
13, Def =
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15.The Completeness Theorem

CT:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

ASl iscomplete for V(CSL) with respect to arguments;
i.e., for any set Gof formulas, and for any formulaa,

if Gsemantically entailsa wrt V(CSL),

then Gdeductively entailsa wrt ASL.

"G a{G:a ® Gra}

SHoW: G=a ® G-a
SHoW: Gra ® Gra
Gta

SHOW: G#a
GE{~a}w#+
$D{GE{ ~a}| D& MC[D]}
CE{~a}i D
MC[D]

D

CE{~a}¥

G+a

2,SL
CD

As

DD
3C1
S5LL
6,$&0
6,$&0
8VT
7,9,C2
10,C3
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16. Study Questions for Chapters 8-12

1. The Semantic Characterization of Logic
Define the following:

(@D Semantic entallment (G=a)
(2)  Semanticvdidity (=a)
(©)) Semantic (in)consistency [(un)verifiability] (G=)

2. The Deductive Characterization of Logic
Define the following:

D Deductive system

(2 Axiom system

(©)) Derivation

4 Proof

(5) Deductive entaillment (G-a)

(6) Deductive validity (theoremhood) (-a)
@) Deductive (in)consistency (G-)

(8) Maximal consistent set (MC[(J])

3. The Relation between Semantic and Deductive Characterizations of Logic
Define the following:

D Soundness (wrt formulas/arguments)
2 Completeness (wrt formulas/arguments)
3 Mutual Consistency (wrt formulas/arguments)

4, General Theorems about Deductive/Axiom Systems
Prove the following:

D Fa « A-a

(20 aisanaxiom® ra

R alG® G-a

(4 G-a & dD.® Dra

(5) G-a & GE{a}rb.® G-b

6) "a(@ D® G-a) & D-b.® G b

(77 arb&bra.® .CE{a}g« GCE{b}rg
(8) MC[G&al G.® GE{a}r

9 MG ® "aG-a® al g

5. Mathematical Induction

@ Describe the genera form of Weak/Strong Induction.
(b) Describe the general form of a (strong) inductive proof about derivations.
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6. Axiom System AS1
@ State the rules of ASL1.

(b) Prove the following in ASL, including line numbers and annotation:

(1) P® P
(2 ~PO(PRQ)
(3 Q®(P®P)

4 [PR(PERQI®[P® Q]

7. “Small” Theorems about AS1
Prove the following:

(1) ra & +a®b.® +b
2 ra® rb®a

3 Fa® ~~a

(4 {a®b,b®ga}l g

(5) H@a® ~a)® ~a

8. “Medium Size” Theorems about AS1
Prove the following:

(1) G-a®b® GE{a}rb

(2) GE{a}r-b & GE{~a}+b.® G-b
() CGE{a}+ & GE{~a}r .® &
(4) MCG® "a(al GU~al §

(55 Gra« CGE{~a}+r

9. “Big” Theorems about AS1
Prove the following:

D The Deduction Theorem

(2 The Soundness Theorem (weak and strong)

3 Every maximal consistent set is verifiable

4 Lindenbaum’s Lemma

(5) Gisdeductively consistent «  Gis semantically consistent.
(6) The Completeness Theorem (weak and strong)
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2. Appendix — Generalization of Lindenbaum’s Lemma

1. Lindenbaum’s Lemma

Lindenbaum’s Lemma is proved for a particular axiom system — ASL. In particular, we prove
the following theorem.

(LL) G+ ® $D([G D& G+ & "D{@ D® Dr)} for deductive sysem AS1.
Recall that he following are the relevant definitions.

(d) G-a =4 thereisaderivation of a from G (thein relevant system)

(d2) G- =4 " a[G-a]
(d3) Gt =df N[G_]
2. The Obvious Generalization of LL is Not True!

The obvious generalization of LL goes as follows.
(LL?) G+ ® $D{G D& G+ & "D({@ D ® D)} forany deductivesystem S

To see that (LL?) is false, we merely need to construct a counterexample — which is to say, an aiom
system for which (LL?) is not true. Consider the following (admittedly bizarre) axiom system. First the
underlying language consists of a denumerable sequence &, a,, ...fiof aomic formulas, and nothing
else. Thereisexactly onerule, given asfollows.

(R) awa“> ag for any k
In other words, oneis entitled to infer any formula from its successor.

Notice that every finite set is consistent, its logical closure being obtained by adding al “earlier”
formulas. We want to show that at least one consistent set cannot be extended to a maximal consistent
set. Consider the empty set A which is evidently consistent. Consider applying the Lindenbaum
construction beginning at £ At every stage in the construction, the formula considered at that stage is
consistent with all the formulas aready added, so it is added as well. If we do not add it, then the
resulting set will not be maximal. So, when the process is over, every formula has been added.
Although the resulting set is maximal, it is not consistent.

The associated semantics for thislogic is also peculiar. In particular, for each index k , define vy
so that w(a;) = T iff i<k. Notice as a result, that there is no maxima valuation. No matter what
valuation you examine, there is another valuation that verifies more formulas. For the same reason there
are no maximal consistent sets of formulas.



36 Hardegree, Metalogic

3. A Useful Generalization of LL

The reason that LL is useful in the completeness proof for classical sentential logic is that we
have the following supporting theorems.

(t1) G-a « GE{~a}r [AS]]
(t2) G=a « CE{~a}E [CSL]

Although these are true of classica logic, they are not generally true. We cannot even presume that the
logic under consideration has a negation sign. This is not completely bizarre; we might be interested in
the implicative fragment of CSL, or the positive fragment of CSL. In proving completeness for these
systems, there is no negation sign, so a proof cannot rely on (t1) and (t2).

Remember what we want to prove — completeness — which amounts to the following.
(c0 G=a ® G-a

By contraposition, thisis equivaent to.
(c9 Gra ® Gra

With thisin mind, we propose the following generalization of LL.

LL+
Let S be an axiom system underwritten by a denumerable language S. Define the
deductive notions for S in the usual manner. Then for any G, d,

G+d ® $D{G D & Drd & " DEDI D¢® De-d)}

4. Proof of LL+

Proof: Suppose G+d to show $D{G D & Di+d & " DEDI D¢ ® Da¢-d)}. Itis
sufficient to construct a set for which thisistrue. Consider an enumeration &y, €, ...Aof
S. Based on this enumeration, construct the infinite sequence of sets &G, G, ..M
inductively defined as follows.

G = G )
G = G E {ey} if GE{e} Db
= G, otherwise.
Lt W = UG :n=123,.}
Claim: 1) dw,
(2) Wi,

3 " WEW WE® WE-d)
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(1) dw

This follows from the fact that G=G,, and G,i W. Thg |atter fo[lowsfrom the definition of
W, together with set theory [including the theorem: XI D® XI UD].

2 Wrd

Suppose Wi-d, to show a contradiction. Then thereisaderivation D of d from W. By
definition of derivation, D is afinite sequence; accordingly, at most finitely-many
premises (elements of W) areused in D. Let U be the finite subset of used premises.
Notice first that U—d. Also, since U isfinite, by (2.1), for somem, Ul G, so Gy+—d. But
this contradicts (2.2).

(2.1) if Disfinite, and DI W, then DI G,, for somen

Suppose Disfinite, and Di W. Thentheset{n:e,1 D} hasalargest dlement, call it g.
C[aim: DI Gy Supposgal D theng =g for some k<g. Also, sinceDl W, a}I W, so
el W. So, by (2.1.1), &1 Guy, s0al Gus. Butby (212),Gul Gy, s0al Gy

(211 el W® el Gu

Suppose e, 1 W. Given the definition of W, and the fact that the natural numbers are
well-ordered, thereisanmsuch that, e, 1 G, & ~$k(k<m & e, G). Noticethat G,
properly includes all its predecessors. Now, m=1 or m>1. Casel: m=1. e,1 G, from
which it follows (2.1.2) that e, T Gu1. Case2: m>Ll. Then Gy = G E {€nd} or G, =
Gni. Thelatter isruled out, since Gy, properly includes all its predecessors. Soe, T G
E {en}. Butsincem-1<m,e,| Gu, SO €, = €1 Given that the enumeration is 1-1
[every formula appears exactly once], it followsthat n=m-1. Son+tl=m. Soe,1 G.1.

212" nji<n® Gi G)
Shown by induction on n [exercisg].
(22) " nG w+d]

(by weak induction):

(BC) show: G #+d

By hypothesis G d, and by definition, G, = G

(IH) assume: G, #+ d

(1S) show: G #d

By definition, G, = GE{e,} if GE{e.} b, and G.; = Gotherwise. In either case Gug
# d.

(3 " WEW WE® WE-d) which is ST-equivalent to: " eflel W® WE{¢e} -d]

Suppose W W& al WE& al W, for somea. Given thedefinitionof W," nfal G]. On
the other hand, a appears exactly oncein the enumeration &, &, ...filet a =e,. By
definition, Go, = GE{a} if GE{a}wd. Butsince" nfal GJ,al Guy, SO
GE{a}+d. Buu G W,andal W§so GE{a} | W so We-d.
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5. Further Theorems about W

Before continuing, we prove the following very useful theorem about the set W constructed in the
proof of LL+ [Section 4].

Th
Let S be an axiom system underwritten by a denumerable language S. Define the
deductive notions for S in the usual manner. Suppose G+d. Let Wbethe
maxima set constructed in the proof of LL+. Then
(1) "a{W-a ® alw
20 W+
In other words, Wis (1) logically closed, and (2) consistent.
Proof:
(1) SupposeWHa, butal W. But according to LL+ Clause 3, WE{a} -d. But we also
have the genera theorem that, if Wa, and WE{a} —d, then Wi—d. But according to
LL+ Clause 2, Wi-d.
(2) Suppose Wisinconsistent [WH]. Then, by definition, " a[W-a]. But according to
LL+ Clause 2, Wi+d.

6. Characteristic Valuations and A General Completeness Result

With the generdized Lindenbaum-Lemma LL+ in hand, we are now in a position to prove a
genera result about completeness. First, we define the general set-theoretic notion of characteristic
function.

Def
Let S beaset of formulas of aformal language, and let D be asubset of S. Then
the characteristic valuation of D (relative to S) is defined to be the function vp
from U into { T,F} defined so that:

v(e) =T if el D
vs(e) = F otherwise

In other words, v assigns T to formulas in D, and it assigns F to formulas not in D. With this notion in
hand, we can now state and prove the first of our general theorems.
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Th.
Let S be an axiom system, and let V be a class admissible valuations, both
defined for the same formal language. Consider an arbitrary Gand d such that

G#d, and suppose Wis the maximal set constructed in the proof of LL+.
Consider the characteristic valuation associated with W.

Suppose that, for each such W, vy T V.

Then S iscompletefor V.

Proof: Wewishtoshow G=a ® G—a. We argue contrapositively. Suppose G+a, to
show Gi=a. Given LL+, we know that thereisaset Wsuch that G W, Wi+a, and
"WEW WE® We-a}. By hypothesis, the characteristic valuation vy is an element of
V. Sovy(f)=Tiff fT W. Sinced W, vi(9)=T for every d G. Also, since W+a, al W,
so vw(a)=F. Thus, vy verifies G but fasifiesa, so G#a.

The previous theorem gives a sufficient condition for completeness. The following theorem provides
the natural converse.

Th.
Let S be an axiom system, and let V be a class admissible valuations, both
defined for the same formal language. Supposethat S is both complete and sound
for V, which isto say that the following holds, for all Gand a.

G-a « GFa

Suppose G+d. Suppose Wis any maximal set constructed by the technique
prescribed in the proof of LL+.

Then the characteristic valuation vy must be an dement of V.

In other words, in order for S to be complete and sound for V, every maxima set constructed in the
manner prescribed in the proof of LL+ must giverise to aV-admissible valuation.

Proof: Suppose G#d, and suppose Wis one of the associated maximal sets. Then Wi-d.
S0, by completeness, we have W=d. This means that thereisavaluation v inV that
verifies Whbut falsifiesd. Claim: thev in questionisin fact the characteristic valuation
vw. Given the extensionality of functions, it is sufficient to prove that v(f )=T iff fT W.
Theif-half is obvious, so we consider the only-if-half. Suppose v(f )=T, but f | W. Then,
v verifiesWE{f} but falsifiesd, so WE{f } -d. So, by soundness, WE{f } d. But,

W WE{f}, soby LL+ Clause 3, WE{f } d.
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7. How the General Completeness Theorem Works in the Case of CSL

We now have a general theorem about axiom systems (with denumerable languages). How can
we use this theorem in the proof of completeness for a given axiom system with respect to a given
semantic system? In particular, how do we use it in connection with AS1 and CSL? In this section, we
answer that question.

We want to prove the completeness of AS1 wrt CSL. That means we want to show the
following, where = is defined relative to CSL, and + is defined relative to ASL.

G=a ® G-a

Proof: We argue contrapositively. Suppose G+a, to show G#a. Given LL+, we know
that thereisaset Wsuchthat G W, Wi+a, and " WEW WE® We-a}. Letv bethe
characteristic valuation of W, v = vy,. Asargued before, v verifies Gbut falsifiesa, so the
guestion then iswhether v is CSL-admissible. This amounts to whether the following
hold.

(1)  v(~a)=~v(a)

(2 v(@a®b)=v(a)® v(b)

(1) al Wor al W.

cl:al W. Thenv(a)=T, so ~v(a)=F, so we need to show that v(~a)=F. But thisistrue
iff ~a 1 W. But thisfollowsfrom LWL. [Note: supporting lemmas are proven later.]

c2: al W. Thenv(a)=F, so ~v(a)=T, so we need to show that v(~a)=T, which istrueiff
~a 1 W. But thisfollows from LW2.

(2) al W, or bl W, or al W& bl W

cl: al W. Thenv(a)=F, so v(a)® v(b) = F® v(b) = T. The question then is whether
v(a® b) = T, which isthe question whether a® b T W. Sinceal W, by L2, ~al W. But
by L1, ~ara® b; therefore, since Wislogically closed [Section 5], a® b1 W.

c2: bl W. Then v(b)=T, so v(a)® v(b) =v(a)® T = T. So the question is whether
v(a® b) = T, which isthe question whether a® bT W. By L2, b-a® b. Therefore,
since Wislogically closed, soa® b1 W, sov(a® b) =T.

c3: al W and bl W. Thenv(a)=T, and v(b)=F, so v(a)® v(b) = T® F=F. Sothe
question is whether v(a® b)=F; thisistrueiff a® b1 W. Supposea® b1 W. By L3,
{a,a® b} —b. Therefore, since Wislogically closed, bl W, which contradicts our initial
hypothesis.

8. Supporting Lemmas

We have now reduced the completeness theorem to showing the lemmas aluded to in the
previous section. First, we prove the two lemmas about the set W constructed in the proof of LL+.

(LW1) " a{al W® ~al W}

Proof: Supposeal W, and ~al W. By L2, ~ara® b, and by L3, {a,a® b} -b.
Therefore since Wislogically closed, bl W, but this contradicts the result that Wi-b.

(LW2) " a{al W® ~al W}
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Proof: Supposeal W, and ~al W. Then by LL+ Clause 3, WE{a} d, and
WE{ ~a}rd, so by L4, Wd, which contradicts LL+ Clause 2.

That leaves proving the following lemmas about system ASL.

(L) ~ara®b
(L2) bra®b

(L3) {a,a®b} b

(L4) GE{a}rb & GE{~a}r-b ® G-b

At this point, we have reduced the completeness theorem to its bare essentials. If an axiom system
yields the above theorems, then it is complete for CSL.

At this point, the simplest thing to do is simply postulate whatever rules we need to achieve the
above theorems. Consider starting with the following rules.

(rl) ~a > a®b
(r2) b a®b
(r3) a;a®b -> b

These clearly will yield (L1)-(L3).

But (L4) is more complicated. What single rule will produce this result. The following is a
reasonable first approximation.

(rd) a®b;~a®b > b

But this is not quite enough. Suppose we try to prove (L4). Suppose GE{a}+b and GE{~a}rDb,to
show G—b. Given (r4) and some genera theorems about deduction, what we need is G-a® b, and
G—~a® b. Obtaining these, however, involves the Deduction Theorem (DT), so the issue comes down
to whether we can prove DT. But, as shown earlier, given that modus ponensis arule, DT holds if and
only if we have the following theorems.

D Fa® (b® a)
2 F[a® (b® g] ® [(a® b)® (a® g)]

The easiest way to obtain these theorems is to make the formulas in question axiom schemata.
That is exactly what we do in formulating AS1.

(Rl) > a® (b®a)
(R2) > [a® (b® g] ® [(a® b)® (a® g)]

Adding these to our earlier rules, and renumbering, we have the following.

(R) - a® (b®a)

(R2) - [a® (b® Q] ® [(a® b)® (a® Q)]
(R3) ~a > a®b

(R4) a®b;~a®b > b

(R5) a;a®b > b

Notice that our old rule (r2) is absorbed into (R1) and (R5).
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If we insist on having only one non-axiomatic rule, modus ponens, then (R3) and (R4) can be
replaced by the following.

(R3) <> ~a® (a®b)
(R4 > (~a®b)® [(a® b)® b]

9. Review

We began with a proof of a general Lindenbaum Lemma — called LL+. We then showed how to
prove completeness for any axiom system based on ~ and ® . In particular, proving completeness
reduces to proving a number of lemmas — L1-L4. The easiest way to obtain these lemmas is to build
them into our axiom system. We must aso prove the Deduction Theorem aong the way.

The result is an axiom system that allows the most efficient proof of the completeness theorem.

AS*
(R) - a® (b®a)
(R2) - [a® (b® Q] ® [(a® b)® (a® Q)]
(R3) > ~a® (a®b)
(R4 > (~a®b)®[(a® b)® b]
(R5) a;a®b > b

All that is missing is a proof of DT and a proofs of (L1)-(L4). Given the presence of (R1), (R2), and
(R5), the proof of DT is exactly the same as earlier. Given the presence of (R1), (R4), and (R5), the
proofs of (L1)-(L3) arevery smple. What remainsis (L4), which we prove now.

(L4) GCE{a}+b & GE{~a}rb ® G-b

Proof: Suppose GE{a}+b, and GE{ ~a}+—b. By DT, we have G-a® b, and

G-~a® b. Given (R4), wehave -(~a® b)® [(a® b)® b], so by ageneral theorem
(monotonicity), we have G—-(~a® b)® [(a® b)® b]. So by two applications of the MP-
principle, we have G-b.
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3. Appendix 2— Alternative Proof of Completeness for CSL

1. Supporting Lemmas

Recall that the following lemmas are used in proving the compl eteness theorem.

(VT MC[G ® $v{visCSL admissibleand v verifiesG [Verifiability Theorem]
(LL) G+ ® $D{d D & MC[GH [Lindenbaum’s Lemma]
(NT) G-a « GE{~a}r [Negation Theorem 1]
(NT,) G=a « GE{~a}lE [Negation Theorem 2]

The following are the relevant definitions.
(d4) G-a =4 thereisaderivation of a from G (thein relevant system)
d5 G- =g "a[G-a]
(d6) G+ =df ~[G-]

(d7) MC[@=¢ G+ & "D{@ D® Dr)}

2. What is Needed to Prove NT;?

We consider the lemmas one at a time, working backwards. Notice, first, that (NT,) is a purely
semantic theorem about CSL, which we can presuppose here. Next, consider proving (NTy), which we
divide into two parts. The starred items are subordinate lemmas that we must antecedently prove about
our axiom system.

QD [®] CD
2 G-a As
(3)  sHoW: GE{~a}+ Def(-)
(4)  SHowW: " b[GE{~a}+Db] ubD
(5)  sHew: GE{~a}+b DD
(6) FH~a® (a® b) L1*
@) G-~a® (a® b) 6, monotonicity
(8) CGE{~a}tra 2, monotonicity
(9) CE{~a}r~a GenTh about -

(10) | GE{~a}rb 6,8,9, MPP*
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1 [=] CD
() CE{~a}r As
3 SHEeW: G—-a DD
(4) " b[GE{~a}+b] 2 Def()
() Ge{~a}ra 4,0L
(6) G-~a®a 5, DT*
(7) H(~a®a)®a Lemma 2*
(8) G-(~a®a)®a 7, monotonicity
9) G-a 6,8,MPP*

So, what we need to prove are the following theorems about whatever axiom system we are considering.
(MPP) G-a & G-a®b ® G-b
(DT) GE{a}rFb ® G-a®b
(LD F ~a® (a® b)
(L2 F(~a®a)®a

The proof of the modus ponens principle can be straightforwardly proven using general facts
about derivation assuming the derivation system admits the rule modus ponens. The easiest way to
achieve thisresult is ssimply to add the rule modus ponens.

(mp) a;a®b > b

As seen in earlier sections, a system that admits modus ponens satisfies the deduction theorem (DT) if
and only if the following are true.

(d) +ra® (b®a)
(d2) +[a® (b® g] ® [(a® b)® (a® g)]
The easiest way to achieve these results isto add the corresponding axiom schemata to the system.
(r) > a®((b®a)
(r2) “>[a® ((b®g]® [(a® b)® (a® g)]

Similarly, the easiest way to achieve (L1) and (L2) is to add the corresponding axiom schemata
to the system.

(r3) > ~a® (a®hb)

(rd) “>(~a®a)®a
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3. What is Needed to Prove LL?

The proof of LL involves a number of subordinate lemmas. Given genera theorems about
deduction, the following suffice.

(L3) "a{alGor~al G ®. G+ ® Mg
In other words,

if aconsistent set G contains every formulaor its negation,
then Gismaximal consistent

Proof

(1) "a{al Gor~al G As
2 G+ As
(3) sHew: MC[G . 2,4,Def(MC)
(4 SHOW: " a{al G® CE{a}+} ucb
(5) al G As
(6) SHoW: GE{a}+ Def(-)
@) SHeW: " b[GE{a}+Db] ubD
(8 SHEwW: GE{a}+b

9) ~al G 1,5,QL
(10) Gr ~a 9,Gen Th about -
(11) CGE{a} + ~a 10, mono
(12) CE{a} +a Gen th about +—
(13) +~a® (a® b) L1*
(19) CE{a} - ~a® (a® b) 13, mono
(15) CE{a} ~b 11,12,14,MPP* (twice)

Notice that the needed lemmas have aready been proven.

So in order to prove that the set W constructed in the proof of LL is maxima consistent, we need
merely show that it is consistent, and that it contains every formula or its negation. Given a general
theorem about deduction, in order to show that W is consistent, we need merely show that every set in
the sequence &, G,, ...Aiis consstent. This is shown by weak induction. The key lemma in proving
this result is the following.

(L4) G+ ® . GE{a}w or GE{~a}i
Thisis of course equivalent to:
(L4) GE{a}- & GE{~a}- ® G-

whose proof is quite simple, given what we already have.
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

CE{a}+ As
CE{~a}+ As
SHEW: G- Def(+)
SHEW: " b[G-Db] ubD
SHOW.: G—bo
G-a 2,NT,
" b[GE{a} D] 1, Def()
CGE{a}+by 7,QL
G—Dbyg 6,7, Gen Th about +

What is Needed to Prove VT?

The Verification Theorem states that every maximal consistent set is verifiable. The proof
depends upon the following lemmeas.

(v1)
(v2)
(v3)
(v4)

CE{a}+ & GE{~a}+ ® G-
{a,a®b} b

arFb®a

~aka®b

We have aready proven (v1) in the previous section. (v2) is true, given that modus ponensis arule.
Finally, (v3) and (v4) are true given the following rules.

AS*

(r1)
(r3)

> b® (a® b)
> ~a® (a® b)

Review

The result is a fairly simple axiom system that allows an efficient proof of the completeness
theorem.

(R1)
(R2)
(R3)
(R4)
(RS)

> a® (b® a)

> [a® (b® g] ® [(a® b)® (a® g)]
> ~a® (a® b)

> (~a®a)®a

a;a®bw-»b
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4.

Appendix

Semantic Entailment and Semantic Consistency

G=a =¢ " VWv<G® v<a}
G= = ~%v[v<g
Gt =g ~[G-]

Theorem about CSL

G=a «  GE{~a}F

Deductive Entailment and Deductive Consistency
G-a =4 $d[d isaderivation of a from G
G- =df " a[Gl—a]
Gt = ~[G-]

Theorems about AS1
G- « $a{G-a & G—~a}
G-a « Ge{~a}+

Soundness, Completeness, and Mutual Consistency

A is sound for V = "G a{G-a® G=a}
Aiscompletefor V. =4 " G' a{G=a ® G-a}
AandV are

mutualy consistent = "G a{G-a « G=a}

Lindenbaum’s Lemma

Gsemanticaly entailsa
Gissemantically inconsistent
Gissemantically consistent

Gdeductively entailsa
Gis deductively inconsi stent
Gisdeductively consistent

Every d-consistent set can be extended to a maximal d-consistent set.

Key Semantic Lemma

Every maximal d-consistent set is s-consistent (i.e., verifiable).

Completeness

Suppose G=a, to show G—a; contrapositively, suppose G#-a, to show G#a. Then by
Lemmal GE{~a}+. SobyLL,$D{GE{~a}l D& MC[D]}. By KSL, Disverifiable,
so $v[v<D]. Sincev verifiesevery element of D, it verifies every element of GE{ ~a}, so

GE{ ~a} isverifiable, so GE{ ~a} #, so by Lemma 2, G#a.
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Supporting Lemmas
(L) G-a« GE{~a}r
(L2) Gra« GE{~a}F

(LL) Every d-consistent set can be extended to a maximal d-consistent set.
(KSL) Every maxima d-consistent set is s-consistent (i.e., verifiable).

Appendix — General Theorems about Deduction

GiD® .G-a ® Dra

(1) sHow: G D® .G-a® Dra CCD

2) G D As

(©)) G-a As

(4) SHOW: D-a Def +

(5) SHOW: $d[d derives a from D] 8,QL

(6) $d[d derivesa from G 3, Def

(7) D derivesa from G 6,$0

8 SHOW: D derivesa from D Def derives[&D]
9) SHOW: last(D)=a 7, Def derives|[a
(10) | sHow: " di D:di Dor dfollowsby arule ... 11,12,QL

(11) | " di D:di Gordfollowsby arule... 7, Def derives [b]
(12) | "x{xi G® xi D} 2, Def i

ra ® Gra

(1) sHow:ra ® G-a CD

(2 Fa As

(©)) SHOW: G-a Def G-a

(4) SHOW: $d[d derives a from G Def derives

5) sHew: " dl P: dl Gor dfollowshy arule... 8,QL

(6) $p[p proves a] 2, Def Ha

(7) P provesa 6,$0

(8) " dl P:dfollowsby arule... 7, Def proves
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3.

Fa «

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

Fa «

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

A-a

SHOW: -a « /A-a
sHowW: -a ® /B-a
sHow: AB-a ® ra
A-a
SHOW: ~a
SHOW: $p[p provesa]
$d[d derives a from A
D derivesa from A
SHOW: D proves a
SHOW: last(D)=a
sHow: " dl D: dfollowsby arule...
SHow: d followsby arule ...
"dl D:dl Zordfollowsbyarule...

~$x[xI /A

" G[Ga]

SHOW: -a « " G-a]
SHOW: ®

Fa

SHOW: " G-a]
SHOW: G—a

SHEW: -

" gG-a]

SHOW: -a

| B-a

al Ax® ra

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)

sHow:al Ax® ta
al Ax
SHOW: a
SHOW: $p[p proves a]
SHOW: &afiprovesa
SHOW: lastéai=a
sHow: " dl &fi dfollowsby arule...
di &
SHEW: d follows by arule ...
a follows by a zero-placerule
d=a
d follows by a zero-place rule

« D

GT2

CD

As

Def -a

QL

4, Def AH-a
9,$0

Def proves[&D]
8, Def derives|[al
ubD

13,14,QL

8, Def derives[b]
ST

« D
CD
As
ub
3,GT2
CD
As
9,GT3
7,QL

CD

As

Def

5,QL

Def proves[&D]
ST

ucD
As

12,QL

2, Def AX
8, Def &
10,11,IL
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G-a & GE{a}-b .® Gb

(1) SHOW: G-a & GE{a}+b .® G-b
2 G-a

3 CGE{a}+b

(4) SHOW: G—b

(5) SHow: $d[d derivesb from G

(6) $d[d derivesa from G

(7) $d[d derives b from GE{a}]

(8 D, derivesa from G

9) D, derives b from GE{a}

(10) || $d{d=D,[D./a]}

(11) D3 = Dz[ D]_/a]

(12 SHOW: D3 derivesb from G

(13) || sHew: last(Ds) = b

(14) | last(Dy) = b

(15) SHewW: " di D5 di Gor dfollowsby arule...
(16) di D;

(17) SHow: dl Gor dfollowsby arule ...
(18) dl ~ D2[D1/a] ~

(19) {d1 Dy} or{dl D,& d*a}

(20) cl:dl D,

(21) " di D{dl Gor dfollowsby arule}
(22) di Gor dfollowsby arule...

(23) c2:dl D,& d'a

(24) " dl Dfdl Ge{a} or dfollowsby arule}
(25) di GE{a} or dfollowsby arule
(26) cl: dl Ge{a}

(27) d G

(28) dl Gor dfollowsby arule...
(29) c2: dfollowsby arule ...

(30) | di Gordfollowsby arule...

G-a & GE{a}- .® G-

(1) SHOW: G-a & GE{a}+ .® G-
2 G-a

(3 CE{a}r

4 SHOW: G—

(5) SHeW: " b[G-b]

(6) SHeW: G—-b

(7 " b[GE{a}+b]

(8) GE{a}+b

&CD

As

As

Def

12,QL

2, Def

3, Def -

6,$0

7,$0

ST

10,$0

Def derives[&D]
14,Def D;, ST

9, Def derives|[al
UCD

As
19-30,SC/SC
11,16,IL

18, Def s[p/e]
As

8,Def derives|[b]
20,21,QL

As

9,Def derives|[b]
23,24,QL

As

23b,26,ST
27,SL

As

29,SL

&CD
As

As

Def +
ubD
2,8,GT6
3, Def -
7,QL



12: Summary of Results 51

8. "d{diD® G-d}&D-b.® Grb
(1) sHow:" d{di D® G-d} & D~b.® G-b &CD
2) "{d D® G-d} As
(3) Db As
(4) SHOW: G-b Def -
(5) SHow: $d[d derivesb from G 10,QL
(6) $d[d derives b from D] 3, Def -
(7) Do derivesb from D _ 6,$0
(8) $d{d = Dg[D/dy: dcT DI} ST
9) D =Do[D/dy: de T D]} 8,50
(10) SHEW: D derives b from G

(11)  unfinished

9. G-a &arb .® G-b

(1) SHOW:G-a & arb.® G-b &CD
2 G-a As

(©)) arb As

(4) SHOW: G—b 2,7,GT6
(5) {a}-b 3, Def -
(6) {a} I GE{a} ST

(7) GE{a}+b 6,GT1
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Lemmas About AS1
Used in Completeness Proof

Transitivity Principle (TR)

Fa®b & HFb® g ® Fa®g

(1) SHow:+-a®b & Fb®g.® ra®g

(2 Fa®b

3 Hb® g

(4 SHOW: Ha® g

) Fa® (b® g

(6) H@a® b)® (a® g
@) Fa® g

Prefix Principle (PRE)

Fb ® ra®b

(1) sHow:-b® rFa®b
2) b

(3) SHOW: —a® b

(4) | ~b® (a® b)

Distribution Principle (DIST)

a® b® g ® +(a®b)® (a® g)

(1) sHoW: -a® (b®g ® —(a®b)® (a® g
(2) a® (b® g

(©)) SHOW: -(a® b)® (a® g

4) | ~[a® (b® g]® [(a® b)® (a® g]

CD
As+&0O
As+&0O
CD
3,PRE
5,DIST
2,6,MPP

CD
As
2,4 MPP
R1

CD
As
2,4 MPP
R2
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4. Modus Ponens Principle (MPP)

G-a®b & G-a .® Grb

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)

(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)

SHOW: G-a®b & G-a .® G-b
G-a®hb
G-a
SHEW: G-b
SHOW: $d[d derives b from G
$d[d derivesa® b from G
D, derivesa® b from G
$d[d derives a from G
D, derivesa from G
SHOW: D,+D,+ébfiderives b from G
SHOW: b = |a§t(D1+D2+éb®
SHew: " d{al D+D+&A® .
di Axor di Gor dfollows by MP from previous lines}
di D+D+&i
sHew: di Ax or di Gor dfollowsby MP...}
di Dyordi D,ordi &
cl: dl D
" di Dy di Axordi Gordfollowsby MP...
di Ax ordi Gor a follows by MP...
c2: dl D,
" di D di Axord Gordfollowsby MP...
di Ax ordi Gor d followsby MP...
c3: dl &n
d=b
d= |aSt(D1+D2+éb®
a® b = last(Dy)
a = last(D)
last(D;) < d
last(D,) < d
b followsfrom a® b and a by MP
d follows by MP from previous lines
di Ax or di Gor dfollowsby MP...

CD

As

As

Def G-a
10,%I
2,Def G-a
6,50
2,Def G-a
8,50

Def derives[&D]
ST

uUCD

As

15-31,SC

13,Def +

As

8,Def derives[b]
16,17,QL

As

10,Def derives|[b]
19,110,QL

As

22,Def &

23+Def +

8, Def derives|[al
10, Def derives|[al
Def D,+D+adi
Def D+D+&df
Def MP

23-29,IL

30,SL

Thisisadirect proof. MPPisaso aspecial case of ageneral theorem, as seen in the following proof.

(1)
(2)
(3)
(4)
(5)
(6)

SHOW: G-a®b & G-a .® G-b
G-a®b
G-a
SHOW: G—b
{a®b,a}+b
"dl {a®b,a}: G-d

CD

As

As
5,6,GT8
LemmaO
2,3,ST
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Lemma O
{a® b, a}rb
(1) sHow:{a®b,a}rb
(2)  SHOW: $d[d derivesb from{a® b, a}]
(3) SHOW: &® Db, a, biiderivesb from{a® b, a}
4) SHEW: lastéaa® b, a, bii=b
(5) SHew: " di &a® b, a, bft
~di Axordi {a® b, a} or dfollowsby MP....
(6) dl 2a®Db, a, bii
@) sHow: dl Axordl {a® b, a} or dfollowsby MP ...
(8) d=a® b or d=a or d=b
9 cl:d=a®b
(10) di {a® b, a}
(11) di Axordi {a® b, a} or dfollowsby MP ...
(12 c2: d=a
(13) d {a® b, a}
(14) dl Axordl {a® b, a} or dfollowsby MP ...
(15) c3: d=b
(16) b followsfrom a® b and a by MP
(a7 #(@® b), #(a) < #(b)
(18) dfollowsfrom a® b and a by MP
(29) #(@® b), #(a) <#(d)
(20) d follows by MP ...
(21) dl Axordl {a® b, a} ordfollowsby MP ...
Lemma 1
~a® (a® Db)
(1) SHOW: ~a® (a® b)
(2 H(~b® ~a)® (a® b)
3) F~a® (~b® ~a)
4 F~a® (a® b)
Lemma 2

G-a & G-~a .® Grb

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

SHOW: G—a & G—~a .® G-b
G-a

G-~a

SHOW: G—b

F~a® (a® b)
G-~a® (a® b)
G-a®b

G-b

Def

3,QL

Def derives[&D]
ST

UucCbD

As

SC

6, ST

As

9,ST

10,SL

As

12,ST

10,SL

As

Def MP

Def <-&a® b, a, bi
15,16,IL

15,17,IL

18,19,Def follow...
20,SL

DD
R3
R1
2,3 TR

CD
As+&0O
As+&0O
DD
Lemmal
5+GT3
3,6,MPP
2,7,MPP
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7. Maximal Consistent Sets

1. Deductive Consistency
G- =df " a[Gl—a]
G+ =« ~[G]

2. Maximal Consistency

MC[G =4 G+&"D{G D® D~}

G D =df d D& N[Di G]

3. General Theorems about MC

MC[G] & ail G.® GE{a}+
(1) sHew:MC[G & al G.® GE{a}r

(2 MC[G

(3) al G

(4 SHOW: GE{a} -
(5) G Ge{a}

(6) "D{G D® D~}

MC[G] & G-a .® al G
(1) sSHow:MC[G & G-a.® al G

(2) MC[G

(©)) G-a

(4) SHOW: al G

(5) a G

(6) SHOW: X

(7 Gl GE{a}

(8) G

(9 "D{d D® D+}
(10) CE{a}+

(11) G-

deductive inconsistency
deductive consistency

[proper inclusion]

&CD

As

As

5,6,QL

3,ST

2, Def MC [b]

&CD

AS

As

ID

As

8,11,SL

5,ST

2, Def MC [a]
2, Def MC [b]
7,9,QL
3,10,GT7
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TO1:

TO2:

TO3:

TO3c:

Theorems about CSL-AS1

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

(1)
(2)
(3)
(4)
(5)
(6)
(7)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)

(1)

G- « $a{Gra & G+~a}

SHOW: G- « $a{G-a & G-~a}
SHOW: ®

G_

SHoW: $a{G-a & G—~a}
" a[G-a]
Pisaformula[of CSL]
G-P

G—~P

SHOW: -

$a{G-a & G—~a}
G-a

G-~a

SHEW: G-

SHOW: " a[G-a]

SHOW: G—b

GE{a}+b & GE{~a}+-b .® Grb

SHOW: GE{a}b & GE{~a}+b .® G-b
GE{a}rb
GE{~a}+b
SHEeW: G—b
G-a®b
G-~a®b
{a® b, ~a® b} b

GE{a}+ & GE{~a}- .® G~

SHOW: GE{a}+ & GE{~a}- .® G-
CeE{a}+
CE{~a}+
SHEeW: G-
SHOW: " b[G-b]
SHOW: G-b
" b[GE{a} D]
" b[GE{~a} D]
GE{a}+b
GE{~a}+b

G+ ® . GE{a} or GE{~a}I
sHew: G+ ® . GE{a}# or GE{~a} i+

« D

CD

As

7,8,QL
3,Def G+
Def formula
5,6,QL
5,6,QL

CD

As
10,$0+& 0
10,$0+& 0
Def G-

ubD
11,12,Lemma 2

&CD

As

AS
5,6,GT??
2,DT
3,DT
Lemma ?7?

&CD
As

As

Def +—
ub
9,10,T02
2, Def
3, Def
7,QL
8,0L

TO3,QL
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T04.1:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

T04.2:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

TO5.1:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

T05.2:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

MC[G] ® " a{al Gor ~al G}

sHow: MC[G ® " a{al Gor ~al G
MC[G . .
SHow: " a{al Gor ~al G
SHEW: al Gor ~al G

al G

~al G

SHOW: X

Gl GE{a}

Gl GE{~a}

"D{Ad D® D}
CE{a}+

CE{~a}+

G_

G+

MC[G] ® " a{al G® ~al G}

sHow: MC[G ® " afal G® ~al G
Yetc
sHow: “ a{al G® ~al G
al G
SHeW: ~al G
~al G
SHOW: X
G-a
G-~a
G_
Gt

MC[G] ® {al G& a® bl G.® bi G

sHew: MC[G ® {al G& a® bl G.® bl G
MC[G

al G_

a® bl G

SHeW: bi G

G-a

G-a®b

G-b

MC[Gl ® . bi G® a®bi G

sHew: MC[Gl ® . bl G® a®bl G
MC[GF

bl G i

SHEW: a® bl G

G-b

b® (a® b) T Ax

G-b® (a® b)

G-a®b

CD

As

ub

UID

As

AS

13,14,SL
5ST

6,ST

2, Def MC [b]
8,10,QL
9,10,QL
11,12, 702

2, Def MC [4]

CD

AS
ucb
As

ID

As
10,11
4,GT??
6,GT??
8,9, T01
2, Def MC [4d]

C&CD
As

As

AS
8,GT??
3,GT??
4.GT??
6,7,MPP

CCD

As

As
7.GT??
3,GT??
R1
6,GT??
5,6,MPP
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T05.3:

TOG:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

MC[Gl ® . al G® a®bi G

sHow: MC[G ® . ail G® a®bl G
MC[G
al G
SHOW: a® bl G
~al G
G-~a
G-~a® (a® b)
G-a®b

G-a « GE{~a}+

SHOW: G—a « GE{~a}r

SHOW: ®

G-a

SHEW: GE{ ~a}+

SHOW: $b[GE{~a} b & GE{~a}r~b]
~al GE{~a}
CE{~a}r~a
Gi GE{~a}
CE{~a}ra

SHOW: -

CE{~a}+

SHEW: G—a
" b[GE{ ~a} b]
CGE{~a}tra
G-~a®a
G-(~a®a)®a

Lindenbaum’s Lemma

Key Semantic Lemma

CCD

As

As
8,GT??
3,T04.1
5GT??
Lemma??
6,7, MPP

« D
CD

5T01
7,9,QL
ST
6,GT??
ST
8,GT??
CD

As
15,16, MPP
11, Def +
13,QL
14,DT
Lemma??



