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Unit 6: Derivations in Description Logic

1. EXERCISES

Directions: For each of the following, construct a formal derivation of the conclusion (indicated by "/")
from the premises (if any). In casesin which two formulas are separated by '/, construct a derivation of
each formula from the other.

=

EXERCISE SET A

" xFx; $x[x=t]/ F[t]

" xFx ; $x[x=x]/$xFx
F[t]; $x[x=t]/$xFx

/" x(Fx — $yFy)

/" x(" yFy — Fx)

/" x$ylx=y]

/" x" y{x=y - (Fx < Fy)}
~$x[x=x]//" x(Fx & ~Fx)
R[s,t]; $x[x=s]/$xR[x,t]
~$x$y[x=y]//" x[x=x]
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2. EXERCISE SET B

11, /" x$y[x=y]

12. /" x(x=1yFy < " y(Fy > y=x))

13. $x[x =1xFx]/" x(Fx <> x=1xFx)

14.  $x|x =1xFx]|/ F[hxFx]

15.  $x[x =1xFx]// $x" y(Fy <> y=x)

16. /" x[x =1yly=x]]

17. 1" x" Y x=y « 1z[z=x] =1z[z=y] }
18. /" x{Fx< Fhyly=x]]}

19. /" x" y{x=y— [1zRxz =1zRyz]}

20. $x" y(Fy<oy=x) /" x(Fx <> x=1xFx)
21.  GlhxFx]; $x[x =1xFx]/ $x(Fx & Gx)
22.  GhxFx];$x[x =1xFx]/$x(" y(Fy <> y=x) & GXx)
23.  GhxFx]; ~$xGx/ ~$x[x =1xFx]

24. $x" y{Fy< y=x}/$x(Fx & x=1xFx)



Hardegree, Intermediate Logic; Unit 6: Derivations in Description Logic

20f9

3.

25.
26.
27.
28.
29.
30.
31
32.
33.
34.
35.

EXERCISE SET C

$x{" y(Fy > y=x) & Gx} / G[rxFx]

" x{Fx— x=1xFx} / $xFx — F[1xFx]|

t =1xFx; $x[x=t]/$x{Fx &" y|Fy - y=x|}

Fa;" x" y{(Fx & Fy) > x=y}/a=1xFx

t =1xFx; $x$y{x+y & Fx & Fy} / ~$x[x=t]

$x" y([y=t] < y=x)/" x([x=t] U[x=1x[x=t]])

" x$y" z(Rxz <> z=y);" x" y(Rxy = Ryx)/" x[ryRxy =1yRyx]
$x" y(Fy > y=x)/" x(Fx »> x=1xFx)
~FhxFx];$xFx/$x$y{x+y & Fx & Fy}

"x(Fx > Gx);$x" y(Gy y=x)/" x(Fx - [x =1xGx])
$x" y{Fy—>y=x}/" x(Fx — F[rxFx])
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2. ANSWERS TO UNIT 6 EXERCISES

#1:

(@) " xFx Pr

(2)  $x[x=t] Pr

(3)  SHOW: F[t] DD

4 a=t 2,$0

(5) Fa 1" O

(6) Flt] 45, L
#2:

D xFx Pr

(2 $x[x=x] Pr

(3)  SHOW: $xFx 5%l

(4) a=a 2,$0

(5) Fa 1" O
#3:

(1)  F[t] Pr

(2)  $x[x=t] Pr

(3)  sHowW: $xFx 5%l

@ |a=t 280

(5) Fa 1,4LL
w4

(1)  sHowW:" x(Fx— $yFy) UcCDh

(2 Fa As

3 SHewW: $yFy 2,%l
#5:

(1)  sHowW:" x(" yFy— Fx) uUCD

2 " yFy As

(3) SHOW: Fa 2" 0O
#6:

(1)  sHOW: " x$y[x=y] uD

(2)  sHowW: $yla=y] DD

(©)) a=a REF=

(4) $yla=y] 33l
#1:

(0)  SHOW:" x" y{x=y— (Fx <& Fy)} U2CD

(D a=b As

) SHOW: Fa <> Fb DD

3 Fa< Fa SL

4 Fa< Fb 1,3LL
#8a:

(1)  ~$x[x=x] Pr

(2) SHOW:" x(Fx & ~Fx) ubD

(3) SHOW: Fa& ~Fa ID

4 ~(Fa & ~Fa) As

(5) | sHow: X 6,7,5L

(6) ~la=d] 1,~$0

@) a=a REF
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#8Db:

(D) " x(Fx & ~Fx) Pr

(2)  sHoW: ~$x[x=x] ID

(©)) $x[x=x] As

4 SHOW: X 6,SL

5) a=a Ref=

(6) Fa& ~Fa 1" 0O
#9:

(1)  Ris.t] Pr

(2  S$x[x=s] Pr

(3)  SHOW: $xR|x,t] $D

(4) a=s 2,$0

(5) Rla,t] 14,LL
#10a:

1)  ~$x$y[x=y] Pr

2 SHOW: " x[x=+x] ub

(3) SHOW:a=a ID

4) a=a As

(5) SHOW: X 3,6,SL

(6) | ~[a=d] 1,~$02
#10b:

D) " x[x=x] Pr

(2)  sHoW: ~$x$By[x=y]| ID

(3) $x$y[x=y]| As

4 SHOW: X 6,7,SL

(5) $yla=y] 330

(6) a+a 1" 0O

@) a=a REF=
#11.

(1)  sHeW:" x$y[x=y] ubD

(2 SHOW: $yla=y]| 3.9l

(3) | a=a Ref=
#12:

()  sHOW:" x{x =1yFy<" y(Fy < y=x)} ub

(2) SHOW:a=1yFy < " y(Fy < y=a) 3,61

3 SHOW: a =1yFy — " y(Fy © y=a) CD

4 a=1yFy As

5) SHOW: " y(Fy <> y=a) 4,0

(6) SHOW: " y(Fy <> y=a) - a=1yFy CD

(7 "y(Fy o y=a) As

(8 SHOW: a =1yFy 7l
#13:

(D) $x[x =1xFx] Pr

(2) SHOW:" x{Fx<>x=1xFx} DD

3 a=1xFx 1,30

(4 " x(Fx <> x=aqa) 320

) " x{Fx <> x=1xFx} 34,.LL
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#14.

(D) $x[x =1xFx] Pr

(2)  SHoW: F[ixFx] DD

3 a=1xFx 1,30

4 " x(Fx <> x=aqa) 320

(5) Fa 4,00

(6) FlixFx] 35,LL
#15a:

(1)  $X[x =1xF{] Pr

(2)  sHoewW: $x" y(Fy <> y=X) $D

(3) a=1xFx 1,$0

4 " X(FX <> x=2a) 3210

(5) "y(Fy <> y=a) 4,AV
#15b:

1) $x" y(Fy o y=x) Pr

(2)  SHOW: $x[x =1xFx]| 3,3l

(3) "y(Fy o y=a) 1,$0

4 a=1yFy 3al

(5) a=1xFx 4 AV
#16:

()  SsHOW: " X[x =1y[y=X]] ubD

(2) SHOW:a=1y[y=a| 3al

3 SHOW: " y{y=a <> y=a} ub

(4) | SHeW: b=a <> b=a SL
#17.

(1) SHoW: " x" i{ x=y « 1z[z=x] =1z][z=Y] UBD

(2) [>] a=b As

3 SHOW: 1z[z=a] =1z[z=D] 23LL

(10) [- 11z[z=a] =1z[z=Db] As

(11) | SHOW: a=b DD

(12 SHOW: a =1z[z=a]|

(13) | see problem 16

(14) SHOW: b =1z[z=Db]

(15) | see problem 16

(17) a=b 10,12,14,Equ(=)
#18:

(1)  SHeW:" x{Fx < Fhyly=x]]} ubD

(2) SHOW: Fa < Fhyly=al] DD

(©)) Fa< Fa SL

(4 SHOW: a=1y[y=a]

(5) | sseeproblem 16

(6) Fa & Fhyly=a]] 34,LL
#19:

(1) SHeW:" x" y{x=y—[1zRxz =1zRyz|} uD2

(2) SHOW:a=b—>[1zRaz =1zRbz] CD

3 a=b As

4 SHOW: 1zRaz =1zRbz DD

(5) 1zRaz =1zRaz REF=

(6) 1zRaz =1zRbz 35LL
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#20:

1) $x" y(Fy o y=x) Pr

(2)  SHOW:" x(Fx <> x=1xFx) ub

(©)) SHOW: Fa <> a=1xFx DD

4 " Y(Fy o y=>b) 1$0

(5) b=1yFy 421

(6) b=1xFx 5AV

@) Fa< a=b 4" O

(8) Fa< a=1xFx 6,7,LL
#21:

(D G\ xFx] Pr

(2)  $x[x =1xFx] Pr

(3)  sHoW: $x(Fx & Gx) 8%l

(4) a=1xFx 2,$0

5) " x(Fx <> x=aqa) 4,0

(6) | Fa 5,00

7 | Ga 14,LL

(8) Fa & Ga 8,9,SL
#22:

(D) G\ xFx]| Pr

2 $x[x =1xFx] Pr

(3) sHoW: $x(" y(Fy <> y=x) & Gx) 8,9l

(4 a=1xFx 2,$0

) " x(Fx <> x=aqa) 4,0

(6) "y(Fy o y=a) 5AV

7) Ga 14,LL

8 "y(Fy<y=a) & Ga 6,7,SL
#23:

D G\ xFx] Pr

(2 ~%$xGx Pr

(3)  sHoW: ~$x[x =1xFx] ID

(4) $x[x =1xFx] As

(5) | sHow: % 7.8,SL

(6) a=1xFx 4,$0

(7) Ga 1,6,LL

(8) ~Ga 2,~$0
#24.

(1) $x" y{Fyoy=x} Pr

(2)  SHOW: $x(Fx & x=1xFXx) 3,3l

(3) "yFy < y=a 1,$0

4 Fa 3,00

5) a=1yFy 3al

(6) a=1xFx 5AV

@) Fa & a=1xFx 4,6,SL
#25:

1) $x{"yFyeoy=x)& Gx} Pr

(2)  SHOW: G[ixFx] DD

(3) "y(Fyey=a) & Ga 1,$0

4 a=1yFy 3anl

5) a=1xFx 4,AV

(6) G1xFx] 3b5,LL
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#26:

D " x{Fx— x=1xFx} Pr

(2)  SHOW: $xFx— F[ixFx] CD

(3) $xFx As

4 SHOW: FlixFx| DD

(5) Fa 3,$0

(6) a=1xFx 15" -0

@) FlhixFx] 56,LL
#27:

D t =1xFx Pr

(2) S$x[x=t] Pr

(3) sHOW: $x{Fx&" y[Fy > y=x]} (7,8)&,%I

4 a=t 2,$0

5) a=1xFx 14,LL

(6) " x(Fx <> x=aqa) 510

@) Fa 6,00

(8) SHOW: " y[Fy — y=a] UCD

9 Fb As

(20) SHOW: b=a DD

(11 Fb< b=a 6," O

(12) b=a 9,11,SL
#28:

(1) Fa Pr

(2 " x" y{(Fx & Fy) > x=yj Pr

3 SHOW: a =1xFx 4.l

(4)  SHOW:" x(Fx <> x=aq) ub

(5) SHOW: Fb<> b=a 6,11,<I

(6) SHOW: Fb — b=a CD

@) Fb As

(8) SHOW: b=a DD

9 (Fb & Fa) > b=a 2" 02

(10) b=a 1,7,9,SL

(11) | sHew:b=a— Fb CD

(12 b=a As

(13) SHOW: Fb 1,12,LL
#29:

D t =1xFx Pr

(2 $xPy{x+y & Fx & Fy} Pr

(3)  SHOW: ~$x[x =t] ID

(4) $Sx[x =t] As

(5) SHOW: X 93,13,SL

(6) a=t 4,$0

@) a=1xFx 16,LL

(8 " x(Fx <> x=aqa) 720

(9) b#c& Fb & Fc 2,$02

(20 Fb b=a 8" O

(11) Fcoc=a 8" O

(11 b=a 9b,10,SL

(12) c=a 9c,11,SL

(13) b=c 11121 L
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#30:
(1) " y(ly#t] o y=x) Pr
(2)  SHOW:" x([x=t]U[x=1x[x=t]]) ubD
(3)  sHew: a=t] U[a=1x[x=t] UiD
4 a+t & a#1x[x+t] As
(5) SHOW: X 4b,11,SL
(6) " y([y=t] <> y=b) 1,%0
@) a+t<>a=>b 6," O
(8) a=b 4a,7,SL
9 b=1yly=+t] 6.l
(10) a=1y|y=+t] 89,LL
(11) a=1x|x=t] 10,AV
#31:
1) " xBY" z(Rxz <> z=y) Pr
2 " x" y(Rxy — Ryx) Pr
(3)  SHOW:" x[hyRxy =1yRyx] ubD
(4)  SHOW:1yRay =1yRya DD
(5) $y" z(Raz <> z=y) 1" O
(6) " z(Raz <> z=Db) 5$0
(7 b=1zRaz 6.1
(8) b=1yRay 7,AV
(9 SHOW: b=1yRya 1D
(20) SHOW: " y(Rya <> y=>) ubD
(11) SHOW: Rca <> c=b DD
(12) Rac< c=b 6," O
(13) Rca— Rac 2" 02
(19) Rac— Rca 2" 02
(15) Rca <> c=b 12-14,SL
(16) 1wyRay =1yRya 89,LL
#32:
1) $x" y(Fy > y=x) Pr
(2 SHOW: " x(Fx —> x=1xFXx) uD
(©)) SHOW: Fa - a=1xFx CD
4 Fa As
(5) SHOW: a=1xFx 5al
(6) SHOW: " x(Fx <> x=aq) ub
7) SHOW: Fb <> b=a 8,171
(8 SHOW: Fb — b=a CD
9 Fb As
(10) SHOW: b=a DD
(11 " y(Fy > y=c) 1,$0
(12) Fa—a=c 11" O
(13) Fb— b=c 11" O
(14) a=c 4,12,SL
(15 b=c 9,13,SL
(16) b=a 14,15,L L
a7 SHOW: b=a— Fb CD
(18) b=a As
(19) SHoOW: Fb DD
(20) | Fb 418 L
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#33:
(D) ~F1xFx] Pr
() $xFx Pr
(3)  sHoW: $xPy{x+y & Fx & Fy} ID
(4) ~$xPy{x+y & Fx & Fy} As
(5) SHOW: X 6,18,SL
(6) Fa 2,$0
@) SHOW: " x(Fx <> x=aqa) ub
(8) SHOW: Fb <> b=a 9,14
9 SHOW: Fb — b=a CD
(10) Fb As
(11) SHOW: b=a DD
(12 ~(b+a & Fb & Fa) 4,~$02
(13) b=a 6,10,12,SL
(14) SHOW: b=a — Fb CD
(15) b=a As
(16) Fb 6,15,LL
(17) a=1xFx 7al
(18) ~Fa 117LL
#34:
1) " x(Fx— Gx) Pr
2 $x" y(Gy<ey=x) Pr
(3) SHOW: " x(Fx— [x =1xGx]) UCD
4 Fa As
(5) SHOW: a=1xGx 110l
(6) Fa— Ga 1" O
(7 " y(Gy > y=>b) 2,$0
(8 Ga<>a=b 7" O
9 a=b 4,6,8,SL
(20 "yYy(Gy o y=a) 79,LL
(11 " x(Gx © x=a) 10,AV
#35:
(1) $x" y{Fy—-y=x} Pr
(2 SHOW: " x(Fx — F[ixFx]) uD
(©)) SHOW: Fa — F[1xFx] CD
4 Fa As
(5) SHOW: FlixFx| DD
(6) SHOW: " x{Fx <> x=a} ub
7) SHOW: Fb <> b=a 8,171
(8 SHOW: Fb — b=a CD
9) Fb As
(10) SHOW: b=a DD
(11) " y(Fy > y=c) 1,50
(12) Fa—a=c 11" O
(13) Fb— b=c 11" O
(14) a=c 4,12,SL
(15) b=c 9,13,SL
(16) b=a 14,15,L L
a7) SHOW: b=a— Fb CD
(18) b=a As
(19) SHoOW: Fb DD
(20) | Fb 418 L
(21) a=1xFx 6,1
(22) FlhxFx] 4211 L




