nCells 5-param doublelogistic.nb

This Mathematica 7 notebook presents, generates data from and retrieves the parameters of a 5-
parameter continuous deterministic model of microbia growth and mortality, nCells5[t]. It is
constructed from an underlying 3-parameter logistic model of cell's division probability,
pDiv5[t], and 3-parameter logistic model of cell's mortality, pMort5[t], having the same
steepness parameter, k, but different asymptotes, pdAsym and pmAsym, and characteristic
times, tcd and tcm, respectively. As atest, growth/morality data are first generated with this
model and then the NonlinearModelFit function is used to fit them and retrieve the values of the
5 original generation parameters. The generated data and the fitted model are then plotted
together for visual comparison. Also plotted are the corresponding probability functions
pDiv5[t] and pMort5[t]. Thisisfollowed by the generation with the same model of some noisy
data having a random scatter. The NonlinearModelFit function is used again in an attempt to
recover the model's 4 parameters. The generated noisy data and the fitted curve are then plotted
together for visual comparison and so are the new probability functions pDiv5[t] and pMort5[t].
The generated noisy data can be replaced by pasted experimental data and the procedure used to
estimate the organism's growth/mortality parameters and the corresponding probability functions
pDiv5[t] and pMort5[t] under the pertinent conditions.

Programmed by Mark D. Normand based on models developed and elaborated by Micha Peleg,
Joseph Horowitz, Murray Eisenberg and Maria G. Corradini. Last modified: November 11,
2009

Clear all variables used in this notebook.

inse3):= Cl ear [dt, k, nO, maxNoi se, m nOfset, nCel | s5, nCel | s5Pts, nCel | s5Pt sRand, nl r5Results,
nPar ans, nPts5, nPts5Rand, pDiv5, pMrt5, pdAsym pmAsym pl ot 5Fi t Exact, pl ot 5GenExact,
pl ot 5Fi t GenExact, pl ot 5GenRand, pl ot 5Fit Rand, pl ot 5Fi t GenRand, pl ot 5pDi vpMort Exact ,
pl ot 5pDi vpMort Gen, pl ot 5pDi vpMort Rand, tcd, tcm tEn, tSt, yDi vhMort Max, yMax, yMaxRand]

The pDiv5[t] function defines the probability of cell division at time t. The parameters of
pDiv5[t] are pdAsym, k and tcd.

inf5941:= pDi v [t _1 :=pdAsym/ (1. + Exp[k % (tcd-t)])
The pMort5[t] function defines the probability of cell mortality at timet. The parameters of
pMort5[t] are pmAsym, k and tcm.

in[595):= PMort5[t_1 : = pmAsym/ (1. + Exp[k « (tcm-t)1])

nO isthe initial number of cells alive at time t=0.

in[596:= N0 = 1000. ;

Define the nCellsSintegratet] function that combines the pDiv5[t] and pMort5[t] functions to
give the number of cellsalive at timet.

in5971:= NCel | sl ntegratef[t_1] : =
n0 = Exp[Subtract ee (I ntegrate[pDi v5[tt] -pMrt5[tt], tt] /. tt » {t, 0})1]

If both pDiv5[t] and pMort5[t] can be integrated anlytically, calling nCellsSIntegrate[t] gives an
explicit formulathat does NOT include Integrate.
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in598:= NCel | sl ntegrateft]
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Now define the nCells5[t] function to be the explicit formula shown above WHICH DOES NOT
include Integrate.

ins99):= NCel ' s5[t_]1 = nCel I s5l ntegrateft]

pdAsymLog 1. +ek t¢d]  pdAsymLog[1. sl Ktrkted] 3 pmasymiog|1. +ekteM| 1. pmAsymLog[1. -el- Ktk tom)
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nParams is the number of different parameters in the nCells5[t] model. Assign initial values to
al 5 parameter variables. These values will be used to generate a list of {t, nCells5[t]} data
values.

ineoo):= nNParanms = 5; pdAsym=0.2; pmAsym=0.3; k =0.5; tcd =10.; tcm=25.;

tSt and tEn are the starting and ending times over which to generate and plot the data. dt isthe
delta-t time increment between data points.

npo1):= tSt =0.; tEn =40.; dt =4.;

minOffset is used in the plots to force plotting the axis tick mark label at O.
Ineo21= M nCfFfset = 0.001;
Assign the maximum y-axis limit of the pDiv5 and pMort5 plots to yDivMortMax.
ineo3):= pDi vb [t En]
oufeozl= 0.2
ineo4):= PMort 5[t En]
ousoa= 0. 299834

ineos):= yDi vMbrt Max = 0. 4;

Plot the pDiv5[t] and pMort5[t] functions together on the same plot using the currently assigned
values of the 5 parameters used to generate the exact data.
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ineos):= pl ot 5pDi vpMort Gen = Pl ot [{pDi v5[t], pMort5[t]}, {t, tSt, tEn},
Pl ot Range » {{tSt -m nO fset, tEn}, {0. -m nOf fset, yDi vMort Max + m nCf fset }}, Frane -» True,
Pl ot Label - ToString[nParanms] <>"-par. data generation pDiv5[t] (blue) & pMrt5[t] (red)",
FraneLabel -» {"tine", "pDiv5[t] & pMort5[t]1"}]

5—-par. data generation pDiv5[t] (blue) & pMort5[t] (red)
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Generate, fit and plot some exact data (nCells5Pts) using the
5-parameter nCells5[t] function.

Generate some {t, nCells5[t]} data values using the model.
ineo7):= NCel | s5Pts = Tabl e[{t, nCel I s5[t]}, {t, tSt, tEn, dt}]

oueo7)= {{0., 1000.}, {4., 1016.88}, {8., 1130.32}, {12., 1684.92}, {16., 3353.9}, {20., 7047.47},
(24., 12344.8}, ({28., 13151.3}, (32., 9771.52}, ({36., 6651. 68}, {40., 4468.19})

nPts5 is the number of generated data points in the nCells5Pts list.
ineog):= NPt s5 = Length[nCel | s5Pt s]

outjeogl= 11

Assign the maximum y-axis value to be used in the exact data plots to yMax.
ineog):= Max[nCel | s5Pts[[AIl, 2111

oueog)= 13151. 3

ine10):= yMax = 14 000. ;

Clear all the variables to be used by NonlinearM odel Fit.

ine11):= Cl ear [nl r5Resul ts, pdAsym pmAsym Kk, tcd, tcm]

Call the NonlinearModelFit function which adjusts the values of the 5 parameters to give the
best fit of the nCells5[t] function to the nCells5Pts data and return a report in nlrSResults. All 5
parameters are unconstrained.
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ine12]:= Nl r5Resul ts = Nonl i near Mbdel Fit [nCel | s5Pts, nCel | s5[t 1],
{{pdAsym 0. 20}, {pmAsym O0.16}, {k, 0.4}, {tcd, 10}, {tcm 15}}, t, Maxlterations - 500]

NonlinearModelFit::sszero :

The step size in the search has become less than the tolerance prescribed by the
PrecisionGoal option, but the gradient is larger than the tolerance
specified by the AccuracyGoal option. There is a possibility that
the method has stalled at a point that is not a local minimum. >

1000. e (1. + «<1)<1%>

ous12)= Fi tt edMbdel [ «19» ]

(1 + €<<1>>)

Show the best fitted model, the best fit parameters, the parameter table, the R-squared coefficient
of determination, the value of R-squared adjusted for the number of model parameters, the
Akaike Information Criterion and the Baysian Information Criterion from the nlr5Results report.

ine13):= Nl r5Resul ts[{"BestFit", "BestFitParaneters",
" Par anet er Tabl e", "RSquared", "AdjustedRSquared", "AIC', "Bl C'}]

1000. 5 49732-0.1t (1_ P 70.5t>0-4
out[613]= { , {pdAsym- 0.2, pmAsym- 0.3, k - 0.5, tcd - 10., tcm- 25. },
(1. + @l2.5-0.5t )0-6

Estimate Standard Error t Statistic P-Value
pdAsym | 0.2 1.25111x107%® 1.59859x10%* 4.04471x1078*
pmAsym 0.3 1.47963x107%% 2.02753x10™ 9.71622x107% 1., 1., -522.027, -510. 64}
k 0.5 5.15851x107%° 9.69272x10'° 8.14012x10°%
ted 10. 5.02103x107** 1.99162x10'* 1.08159x107%
tcm 25. 2.21451x1071% 1.12892x10%® 3.26088x1078°

Extract the fitted values of the 5 parameters from the nlr5Results report and assign them to the 6
parameter variables.

in614]:= nl r5Resul t s[" Best Fi t Paraneters" ]

out614)= {pdAsym- 0.2, pmAsym- 0.3, k - 0.5, tcd > 10., tcm- 25. }
ine15):= PdAsym= nl r5Resul ts["BestFi t Parameters"][[1, 2]]
oute1s)= 0.2

in[e16:= PMAsym= nl r5Resul t s["Best Fit Parameters"1[[2, 2]]
outere)= 0.3

in17):= K =nl r5Resul ts["Best Fi t Paranmeters"1[[3, 2]]
out6171= 0.5

ine1g]:= tcd = nl r5Resul ts["BestFitParameters"][[4, 2]]
outer8)= 10.

ine191= tcm=nl r5Resul ts["Best Fit Parameters"][[5, 2]]

out619]= 25.
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plot5GenExact is a ListPlot of the nCells5Pts exact data generated using the 5-parameter
nCells5[t] function.

ine20]:= pl ot 5GenExact =
Li st Pl ot [nCel | s5Pts, PlotRange -» {{tSt -m nOfset, tEn}, {0. -m nOfset, yMax}},
Franme » True, Axes -> Fal se, PlotStyle » {Poi ntSi ze » Medi um Bl ue},
Pl ot Label - ToString[nPts5] <>" nCel |l s5Pts data at dt="<>ToString[dt]<>" from" <>
ToString[nParans] <>" -par. nodel", FranmeLabel -» {"tinme", "nCells5Pts data", "", ""}]

11 nCells5Pts data at dt=4. from 5—par. model
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plotSFitExact is a Plot of the nCells5[t] function using the currently assigned values of the 5
parameters fitted to the nCell S5Pts exact data.

ine21]:= pl ot 5Fi t Exact =
Pl ot [nCel I s5[t], {t, tSt, tEn}, PlotRange » {{tSt -m nOffset, tEn}, {0. -m nOfset, yMax}},
Frane » True, Axes -> Fal se, PlotStyle » {Bl ue},
Pl ot Label - ToString[nParans] <>"-par. nCel | s5[t] curve fitted to nCells5Pts data",
FraneLabel -» {"tine", "nCells5[t]", "", ""}]

5—par. nCells5[t] curve fitted to nCells5Pts data

14000 —

12000
10000 -

8000 [
out[621]= [

nCells5[t]

6000 [
4000

2000 |

0‘“‘10““2‘0““30““4;0
time

Show the 5-parameter nCells5[t] function curve and the nCells5Pts exact data values together on

the same plot.
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ine22]:= pl ot 5Fi t GenExact = Show([pl ot 5Fi t Exact, pl ot 5GenExact,
Pl ot Label - ToString[nPts5] <>" nCellsbPts data at dt=" <>
ToString[dt]<>" fitted with " <>ToString[nParans] <>"-par. nCells5[t]",
FranmeLabel - {"time", "nCel | s5Pts data & nCel I s5[t]", "", ""}]

11 nCells5Pts data at dt=4. fitted with 5—par. nCells5[t]
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Plot the pDiv5[t] and pMort5[t] functions together on the same plot using the currently assigned
values of the 5 parameters fitted to the nCells5Pts exact data.

in[e23):= pl ot 5pDi vpMort Exact = Pl ot [{pDi v5[t], pMort5[t]}, {t, tSt, tEn},
Pl ot Range » {{tSt -m nO fset, tEn}, {0. -m nOffset, yDi vMort Max + m nOf fset }}, Frane -» True,
Pl ot Label - ToString[nParans] <>"-par. nCells5Pts fit pDiv5[t] (blue) & pMort5[t] (red)",
FraneLabel -» {"tine", "pDiv5[t] & pMort5[t]1"}]
5—par. nCells5Pts fit pDiv5[t] (blue) & pMort5[t] (red)
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Generate, fit and plot some noisy data (nCellsSPtsRand)
using the 5-parameter nCells5[t] function..

WARNING: Executing the following cell makes Mathematica always generate the same repeatable sequence
of pseudo-random values from the specified seed value. Run without executing the next cell to restore pseudo-
randomness or change the assigned seed value to get a different repeatable pseudo-random sequence.

ine24:= seed = 0; SeedRandom[seed]

maxNoise is the maximum allowed noise value. It must be less than or equal to the initial
number of cells, n0.
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in[625):= maxNoi se = 500. ;

nCells5PtsRand is the nCells5Pts list of ordered data pairs in which random noise has been
added to the nCells5[t] coordinate values.

If you wish to fit and plot experimental data, assign them to nCellsSPtsRand in the same
form as shown below.

ine26):= NCel | s5Pt sRand = Tabl e[{t, nCel | s5[t ] + RandonReal [{-maxNoi se, maxNoi se}]}, {t, tSt, tEn, dt}]

ouezsl= {{0., 1152.47}, (4., 1149.95}, (8., 1313.13}, {12., 1751.27}, {16., 3789.1}, {20., 7523.66},
{24., 12083.2}, {28., 13288.8}, {32., 9372.62}, {36., 6797.21}, {40., 4127.72}}

nPts5Rand is the number of generated data pointsin the nCellsSPtsRand list.
ine27):= NPt s5Rand = Lengt h[nCel | s5Pt sRand]

oute271= 11

Assign the maximum y-axis value to be used in the noisy data plots to yMaxRand.
ine2g)= Max[nCel | sS5PtsRand[[All, 2]1]

oute2g)= 13288. 8
in[e29]:= yMaxRand = 14 000. ;

Clear all the variablesto be used by NonlinearModelFit.

ine30):= Cl ear [nl r5Resul t sRand, pdAsym pmAsym Kk, tcd, tcm

Call the NonlinearModelFit function which adjusts the values of the 5 parameters to give the
best fit of the nCells5[t] function to the nCellsSPtsRand noisy data and return a report in
nir5ResultsRand. All 5 parameters are unconstrained.

Note that since the data are dependent on random numbers, the nonlinear fit may be very
sensitive to the initial guesses of the values of the 5 parameters.

ine31):= Nl r5Resul t sRand = Nonl i near Model Fit [nCel | s5Pt sRand, nCel | s5[t ],
{{pdAsym 0.5}, {pmAsym 0.5}, {k, 1.3}, {tcd, 15.3}, {tcm 20.}}, t, Maxlterati ons -» 500]

1000. e<™ (1. + <1>)<18>

oute31)= Fi tt edMbdel [ (1 <<1>>)<<19>> ]
.te

Show the best fitted model, the best fit parameters, the parameter table, the R-squared coefficient
of determination, the value of R-squared adjusted for the number of model parameters, the
Akaike Information Criterion and the Baysian Information Criterion from the nlr4Results report.
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ine32):= Nl r5Resul t sRand[{"BestFit", "BestFitParaneters",
" Par anet er Tabl ", "RSquared", "AdjustedRSquared", "AIC', "Bl C'}]

1000, @5 68053-0. 1057951 (1 + @4 10678-0.482159t )0- 369036

Out[632)= { 0. 588454
(1_ + l2.239-0. 482159t> :

(pdAsym- 0. 177934, pmAsym - 0. 283728, k - 0. 482159, tcd - 8.5175, tcm- 25. 3838},

Estimate Standard Error t Statistic

pdAsym | 0.177934 0.0251777 7.06711
pmAsym  0.283728 0.0321749 8.81831

k 0.482159 0.128977 3.73833
ted 8.5175 1.28997 6.60284
tcm 25.3838 0.494315 51.3514

P-Value
0.0004021

0.00011808 " 999267, 0.998656, 158.864, 161. 252}
0.00964141

0.000580342
3.6593x107°

Extract the fitted values of the 5 parameters from the nlrSResultsRand report and assign them to

the 5 parameter variables.

in633:= Nl r5Resul t sRand [" Best Fi t Par anet ers" ]

outf633)= {pdAsym- 0. 177934, pmAsym- 0. 283728, k - 0.482159, tcd - 8.5175, tcm—- 25. 3838}

in634]:= pdAsym= nl r5Resul t sRand ["Best Fi t Paraneters" 1[[1, 2]]

oute34]= 0.177934

in[635):= PMAsym= nl r 5Resul t sRand [" Best Fi t Paraneters" 1[[2, 2]]

outfe3s)= 0. 283728

in636:= K = nl r5Resul t sRand [" Best Fi t Parameters"]1[[3, 2]]

outjs36)= 0. 482159

in37):= tcd = nl r5Resul t sRand [" Best Fi t Paranmeters"][[4, 2]]

outs37)= 8. 5175

in63g]:= tcm=nl r5Resul t sRand [" Best Fi t Paraneters"][[5, 2]]

out[63g)= 25. 3838

plot5GenRand is a ListPlot of the nCellsSPtsRand noisy data generated using the 5-parameter

nCells5[t] function.
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in[639]:= pl ot 5GenRand =
Li st Pl ot [nCel | s5Pt sRand, Pl ot Range -» {{tSt -m nOfset, tEn}, {0. -m nOfset, yMaxRand}},
Frane » True, Axes -> Fal se, PlotStyle » {PointSi ze » Medi um Red},
Pl ot Label - ToString[nPts5Rand] <>" nCel | s5PtsRand data at dt=" <>
ToString[dt] <>" from" <>ToString[nParans] <>"-par. nodel",
FraneLabel - {"tinme", "nCel |l s5PtsRand data", "", ""}]

11 nCells5PtsRand data at dt=4. from 5—par. model
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plotSFitRand is a Plot of the nCells5[t] function using the currently assigned values of the 5
parameters fitted to the nCells5PtsRand noisy data..

inea0):= pl ot 5Fi t Rand = Pl ot [nCel | s5[t ], {t, tSt, tEn},
Pl ot Range » {{tSt -m nO fset, tEn}, {0. -m nOf fset, yMaxRand}},
Frane » True, Axes -> Fal se, PlotStyle » {Red},
Pl ot Label - ToString[nParans] <>"-par. nCells5[t] curve fitted to nCell s5PtsRand data",
FraneLabel -» {"tinme", "nCells5[t]", "", ""}]

5—par. nCells5[t] curve fitted to nCells5PtsRand data
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Show the fitted 5-parameter nCells5[t] function curve and the nCells5PtsRand noisy data values
together on the same plot.
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ine41]:= pl ot 5Fi t GenRand = Show([pl ot 5Fi t Rand, pl ot 5GenRand,
Pl ot Label - ToString[nPts5Rand] <>" nCel | s5PtsRand data at dt=" <>
ToString[dt]<>" fitted with " <>ToString[nParans] <>"-par. nCells5[t]",
FranmeLabel - {"time", "nCel | s5PtsRand data & nCel I s5[t 1", "", ""}]

11 nCells5PtsRand data at dt=4. fitted with 5—par. nCells5[t]
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Plot the pDiv5[t] and pMort5[t] functions together on the same plot using the currently assigned
values of the 5 parameters fitted to the nCells5PtsRand noisy data.

in[e42):= pl ot 5pDi vpMort Rand = Pl ot [{pDi v5[t], pMort5[t]}, {t, tSt, tEn}, PlotRange -»
{{tSt -m nOfset, tEn}, {0. -m nOfset, yDi vMort Max + m nOf fset }}, Frame - True, Pl ot Label -
ToString[nParans] <>"-par. nCells5PtsRand fit pDiv5[t] (blue) & pMort5[t] (red)”,
FraneLabel -» {"tine", "pDiv5[t] & pMort5[t]1"}]
5—par. nCells5PtsRand fit pDiv5[t] (blue) & pMort5[t] (red)
b
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