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Experiments in a mixture of two hyperfine states of trapped Bose gases show behavior analogous
to a spin-1/2 system, including transverse spin waves and other familiar Leggett-Rice-type effects.
We have derived the kinetic equations applicable to these systems, including the spin dependence of
interparticle interactions in the collision integral. We find that the hydrodynamic diffusive modes
cease to exist because interactions with different scattering lengths for up-up, up-down, and down-
down spins lead to a spin-spin relaxation that causes non-conservation of transverse magnetization.
We give results for the quadrupole modes, the modes studied in experiments with equal scattering
lengths. Instead of a ¢*, dependence on wave number ¢ for the diffusive mode, we find a divergence
at small wave number. No such effect occurs in Fermi gases.
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Spin waves and spin diffusion in Fermi and Bose fluids
since Leggett and Rice suggested unusual mean-field ef-
fects in 1970.[1]. Recent progress has been made in sort-
ing out experimental[2] and theoretical[3] uncertainties
in anisotropic spin diffusion. A mixture of two trapped
hyperfine states of a gas can be viewed as a pseudo-
spin system and analogous spin experiments can be per-
formed. Indeed experimental striations in hyperfine state
densities have been interpreted in terms of spin waves.[4]
We have recently began examining anisotropic spin dif-
fusion for these trapped gas systems.[5] In Ref. [5] we
found that diffusion constants were anisotropic in Bose
systems, but not inn the Fermi case, even in the Boltz-
mann limit, if the scattering lengths for different hyper-
fine states were unequal. However that reference consid-
ered only dipole spin modes, while experiments looked at
the quadrupole modes. Here we extend our computations
to the quadrupole modes and emphasize an important
difference in Bose and Fermi systems, namely, that trans-
verse spin waves and spin diffusion are not good modes in
the Bose gas, because the transverse magnetization is not
conserved when the scattering lengths differ among the
two hyperfine states. This feature is not present in the
Fermi gas, where transverse quadrupolar diffusive modes
are well-behaved.

We solve a kinetic equation for the non-equilibrium
part dmpy of the transverse polarization, which it the
trapped gas case takes the form
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where the 2 x 2 density n, has been writen as n, =
4 (fpf +m, - fr) where 6 is a Pauli matrix, $(f, £my.)
give the diagonal components of the density np; = npqi,
while my,, represents the polarization, which in equilib-

rium is along the axis Z. The transverse components
are myp+(r) = (my, £ imyy). The total magnetizatin is
M(r) = [dp/h® my,(r); with M, evaluated at the equi-
librium polarization m§,°) The t’s can be evaluated in
terms of the measured scattering lengths a,g by using
tap = 4mhasp/m; these are taken different for the two
hyperfine states 1 and 2. Experiments to date using Rb[4]
have had equal ¢ values. U is the average external po-
tential while ¢ is proportional to the difference. This
latter quantity leads to an important coupling between
modes, but we will neglect it in this brief report. The
collision integral has been evaluated explicitly[5] and L,
is the linearized form of it. The constant 1 is +1 (—1)
one for bosons (fermions).

In our moments approach in the Boltzmann limit, [6],[5]
we consider a trial form dmy,, = (ap + a12’+azzp, +
agpz)mg,o). We integrate over position and momentum
arriving a a set, of coupled equations for the parameters
a;, which we then solve.Our transverse results depend on
two relaxation rates arising from our expression for the
collision integral: The first, 1/7, , adds corrections to the
longitudinal rate proportional to (1 + 7) times factors
depending on t,, — t15. Thus it shows an anisotropy be-
tween longitudinal and transverse modes for bosons, but
none for fermions even in the Boltzmann limit. The sec-
ond relaxation rate yr, depends simply on (1 + 7) times
factors depending on t,, —t12. This rate, which, vanishes
for Fermions and for equal ¢ values is analogous to a 1/T5
relaxation rate in NMR. For bosons this relaxation rate
occurs in the expression for the monopole mode, which
means the transverse magnetization is not conserved and
also in the expressions for the quadrupole modes, which
drastically affects their diffusive lifetime.

In Fig. 1 we show the imaginary part wy of the
quadrupole diffusive mode frequency as a function of
w,T, , where w, is the frequency in the long axis of the
trap, both with and without the yp rate. With v = 0,
as for fermions, one can show that the quadrupole rate



in the hydrodynamic limit w,7, — 0 is
w = 4w§7'2(i —wpT2)

whereas for bosons one finds that w; ~ ~p in the small
w,T, limit as one can see from the figure. In this there
is a mean-field of frequency wys ~ nt12, which gives rise
to the spin waves.
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FIG. 1: Quadrupole diffusive mode. In the dashed curve the
non-conserving relaxation is neglected. The solid curve shows
the rapid decay when that rate is 0.002/7perp

Our result suggests that in Bose systems with un-

equal scattering lengths spin waves and diffusive behav-
ior will not be possible because of the short lifetime of
this mode—with the magnetization not being conserved,
while for Fermi systems the magnetization is conserved
and spin waves and spin diffusion can exist.
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