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Abstract

This paper investigates identification and estimation of discrete and continuous out-
come models with nonseparable unobserved heterogeneity, without assuming that: (i)
the regression function is strictly monotone in the unobservables, (ii) the joint distri-
bution of the unobservables is independent of any of the observed regressors, or (iii)
the observed regressors are continuous random variables. We show that a popular form
of semiparametric restriction on the regression function satisfies two key properties.
These restrictions are used to obtain identification of the regression function and the
conditional distribution of the unobservables. We show, byway of examples, how these
restrictions may be informed by economic theory. We investigate application of the
identification results to models of dynamic panel data. We propose simple kernel-based
estimators of all the parameters of interest, as well as the structural derivative. We derive
uniform rates of convergence for the estimators and, in the case where the unobserved
effect is discrete, we derive the asymptotic distribution of the structural function and the
structural derivative. The results of a small Monte-Carlo study are presented.
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1 Introduction

In this paper we develop methods for identifying and estimating models of discrete and

continuous outcomes with nonseparable unobserved heterogeneity of the form

E[Yj |X = x,U = u] = mj(x,u), j = 1, · · · ,J, (1.1)

whereX is aK-dimensional vector of observed explanatory variables,U is anL-dimensional

vector of unobserved explanatory variables, andYj is the j-th outcome variable which may

be discrete or continuous. In particular, we are interestedin identifying and estimating the

functions,mj , j = 1, · · · ,J, and the joint distribution of the the unobserved random variables,

U , without assuming: (i) thatmj is strictly monotone inU , (ii) that the joint distribution of

U is independent of any of theXs, or (iii) thatX is a vector of continuous random variables.

In both the cross-section and panel data contexts, there is alarge and growing literature on

nonparametric identification and estimation of features ofthe model defined in, or similar to

equation (1.1).1 These papers obtain identification by imposing one, or a combination of the

following assumptions: strict monotonicity of the structural functionm in the unobservables;

conditional independence; and index restrictions on the conditional distribution of the unob-

servables given the observables. In the cross-section setting, recent papers that investigate

nonparametric identification of features (such as the average partial effect) of the structural

function include Chesher (2003), Blundell and Powell (2004), Graham and Powell (2008),

and Hoderlein and Mammen (2007). Studies that consider identification of the structural

function and the conditional distribution of the unobservables in the cross-section setting

include Matzkin (2003), Newey and Powell (2003), and Matzkin (2008).

The approach taken in this paper is most closely related to the work of Matzkin (2003)

in that we consider identification of the functionm, as well as the conditional distribution of

the unobservables. However, unlike Matzkin (2003), we do not impose strict monotonicity

assumptions of the structural function, nor do we assume that the unobservables are inde-

pendent of a subset of the observed regressors, given the other observed regressors. Similar

to Matzkin (2003), we can learn about the structural function m from prior knowledge of a

subset of the population of interest. Matzkin (2003) assumes knowledge of structural func-

1See Matzkin (2007) for a survey of this literature.
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tion for a known subset of the population and leaves the function generally unspecified for

others in the population, except for monotonicity and smoothness constraints. In this paper,

we impose index restrictions so that the unobservables do not enter the structural function for

a subset of the population. We provide examples where the investigator has prior knowledge

of the subpopulation, and where the subpopulation is unknown to the investigator. In the

latter case, we derive sufficient conditions for identifying the subpopulation.

There are numerous possible restrictions that deliver identification in this paper, and the

choice of the restriction will depend on the application of interest. However, in this paper,

all possible restrictions that deliver identification havetwo key properties, which we out-

line in the next section. The most popular form of this restriction found in the literature is

the single, linear index, (partial) random coefficients restriction. While the random coeffi-

cients restriction is popular in the literature, it is less understood relative to the fixed and

random effects restrictions. Recent papers that investigate identifiability in these models in-

clude, among others, Chamberlain (1992), Hsiao and Pesaran(2004), Wooldridge (2005),

Hoderlein and Mammen (2007), Graham and Powell (2008), and Arellano and Bonhomme

(2009). However, the observation that the single index, partial random coefficient model

satisfies the two key properties that are exploited in this paper seem to be novel.

While the method to identify the structural functions is thesame whether the outcome

variables are discrete or continuous, identification of theconditional distribution of the un-

observables depends on whether the outcome variables are discrete or continuous. The iden-

tification results derived in this paper show how the dimension of the unobservables are

restricted byJ, the number of equations. Without further assumptions, themodel can accom-

modate only discrete-valued unobservables when the outcome variables are discrete-valued.

Identification of the unobservable random vector’s conditional distribution fail in discrete

outcome models when the number of support points of the unobserved random vector is

too larger relative to the number of alternatives. In these cases, we discuss two additional

restrictions that increases the number of unobservables that the model can handle. These

restrictions are the conditional independence and conditional exchangeability restrictions.

The results developed in this paper extend directly to nonlinear panel data models. Re-

cent studies that investigate identifiability in panel datamodels with nonseparable unob-

served heterogeneity include Manski (1987), Newey (1994a), Honoré and Lewbel (2002),

Arellano and Carrasco (2003), Altonji and Matzkin (2005), Gayle and Viauroux (2007), Lewbel
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(2005), Wooldridge (2005), Graham and Powell (2008), Bester and Hansen (2009), Evdokimov

(2009), Arellano and Bonhomme (2009), Hoderlein and White (2009), Gayle and Namoro

(2010), and Gayle (2010). Among these papers, only a few consider dynamic panel data.

Without further restrictions, the discussion in the above paragraph carry over to the dynamic

panel data context. In addition, we show that the existence of panel data provides an ad-

ditional source of identification of the conditional distribution of the unobservables if it is

assumed to be stationary.

The rest of the paper is organized as follows: In the next section, we motivate the model

and present the identification results. Section 3 presents estimators for the structural function,

the conditional distribution of the unobservables, and thestructural derivative. Section 4

presents the asymptotic properties of the proposed estimators. Section 5 presents the results

of a limited simulation exercise, and Section 6 concludes. The Appendix contains the proofs

of the asymptotic results.

2 Model

The basic model of interest is given by

E[Yj |X = x,U = u] = mj(x,u),

E[Yj |X = x] =
∫

mj(x,u)dFU |X=x(u), j = 1, · · · ,J, (2.1)

wheremj : X ×U → M ⊂ ℜ with X ∈ X ⊂ ℜK andU ∈ U ⊂ ℜL. Y andX are observable,

andU is unobservable with a conditional distributionFU |X that potentially depends on all of

X.

3 Identification

Before developing the general identification results, it isuseful to consider the problem of

identifyingm(x,u) in a single-index, (partial) random coefficients framework. SupposeJ =
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1, X = (Z,V), whereZ andV are unidimensional,U is unidimensional, and the conditional

expectation in equation (2.1) is given by

E[Y|X = x,U = u] = m(z+u ·v). (3.1)

Supposev = 0 is in the support,V , of V, and the support,Z, of Z is such that for some

values(z,v,u) in X ×U, z′ := z+ u · v ∈ Z.2 Then the model given by equation (3.1) has

two properties that are critical for what is to come. The firstis that, for any valuez of Z, the

functionm does not vary withU whenV = 0, or equivalently,

Property 1: Y is mean independent ofU givenV = 0 and any valuezof Z.

This observation obtains:E[Y|Z = z,V = 0,U = u] = E[Y|Z = z,V = 0] = m(z). There-

fore, the structural functionm can be recovered from the subpopulation that hasV = 0.

Casual inspection reveals that the multiplicative specification is not the only specification

that generates this property. For example, this property holds if instead,m(x,u) = m(z+vu),

with V = 0, orV = 1. Define the value(s) ofV for which Property 1 hold as ¯v.

Property 2: For (z,v,u) ∈ X × U, with z′ := z+ u · v ∈ Z, E[Y|Z = z,V = v,U = u] =

m(z+u ·v) = m([z+u ·v]+0) = E[Y|Z = z′,V = 0,U = u].

This second property is an equivalence or transferability condition. The interpretation is

that the expected outcome of a unit with values of(Z,V,U) equal to(z,v,u) is the same as

the expected outcome of a unit with values of(Z,V,U) equal to(z+u·v,0,u). Again, casual

inspection reveals that this index restriction is not the only one that generates the second

property. Indeed, the restrictionm(x,u) = m(z+ vu) has this property withZ = z′ = z+ uv

andV = 0, or withZ = z′t = z+uv−1 andV = 1.

There are index restrictions for which the second property is maintained, but the first is

not, and vice versa. For example, ifm(x,u) = m(z+αv+u), then the second property holds

with z′ = z+ αv and v̄ = 0, but the first does not. Also, ifm(x,u) = m(zvu), then the first

property holds with ¯v= 0, but the second does not. However, these two properties in concert

2Because the unknown link function,m, is not assumed to be strictly increasing (or strictly decreasing),
assuming that the coefficient onz is 1 is innocuous.
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obtains:

m(x,u) = E[Y|Z = z,V = v,U = u] = E[Y|Z = z′,V = 0,U = u] = E[Y|Z = z′,V = 0].

Therefore, given the restrictions implied by equation (3.1), the regression functionm(x,u)

can be recovered from the distribution of the observable random variables.

The results from this example can be extended in a variety of directions. Two relevant

directions are extensions to other specifications of the index, and to multiple unobserved

regressors. Examples of other index restrictions that havethe two key properties described

above are:m(x,u) = m(zexp(u · v)), with v̄ = 0 andz′ = zexp(u · v); m(x,u) = m(z1+u·v),

with v̄ = 0 andz′ = z1+u·v; andm(x,u) = m(zvu
+vu), with v̄ = 1, andz′ = zvu

+vu−1. An

extension to multiple unobserved regressors is:

m(x,u) = m(z1+u1 ·v1,z2+u2 ·v2, · · · ,zk +uk ·vk),

with z′k = zk +uk ·vk, andv̄k = 0, k = 1, · · · ,K.

To formally state the restrictions imposed onm, let X = (W,Z,V) with W ∈ W ⊂ ℜKw,

Z ∈ Z ⊂ ℜKz, andV ∈ V ⊂ ℜKv, so thatKw +Kz+Kv = K. Recall thatU ∈ U ⊂ ℜL. For

j = 1, · · · ,J, let g j : Z ×V ×U → ℜ be a known function. The restrictions imposed on

mj , j = 1, · · · ,J are:

Assumption 3.1.For all x ∈ X and u∈U, mj(x,u) = mj(w,g j(z,v,u)).

Assumption 3.2.For some given valuēv of V and all values z of Z, gj(z, v̄,u) does not vary

with u.

Assumption 3.3. The function g is such that, for any value(z,v,u) of (Z,V,U), there is a

value z′j depending on(z,v,u) such that gj(z,v,u) = g j(z′j , v̄,u).

Assumption 3.1 requires that the investigator possess prior information on the wayZ,V,

andU enter the functionm = (m1, · · · ,mJ). In many cases, the form of the functiong =

(g1, · · · ,gJ) may be dictated by economic theory. In other cases, it may be astatistical

restriction that is informed by the investigator’s knowledge of the problem being studied.

Assumption 3.2 imposes additional restrictions on the functionsg. The key implication

of Assumption 3.2 is that the outcomeYj is mean independent of the unobservablesU con-
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ditional on all values ofX, Z, andV = v̄, for some value ¯v. We will assume that ¯v is known

to the investigator while discussing identification ofm andFU |X. At the end of this section,

we provide conditions under which ¯v is identified.

Assumption 3.3 implies a form of substitutability betweenZ, V andU in the functions

g. This condition is implicit in many semiparametric models such as single, linear index,

(partial) random coefficient models. The choice of the function g j imposes restrictions on

the subset ofZ ×V ×U on whichmj is identifiable. In particular,mj is identifiable only at

values(z,v,u) of (Z,V,U) wherez′j(z,v,u) ∈ Z.

While Assumptions 3.1-3.3 may be implied by economic theory, it is rarely the case that

economic theory imposes restrictions on the distribution of the unobservables,U , conditional

on the observable regressors. In these cases, the estimation strategy proposed in this paper

may prove to be fruitful. To help elucidate Assumptions 3.1-3.3 and illustrate the results of

this paper, we provide some examples where these assumptions hold. The first example is a

case where it is likely that the investigator knows ¯v. The second example is one where it is

less clear that ¯v is known to the investigator. In this case, identifiability of v̄ becomes a more

critical issue.

EXAMPLE 1: Discrete/Continuous Choice of Vehicle Usage. Engers et al. (2009)

establish the importance of perceived vehicle reliabilityon usage, measured by annual miles

driven. In their work, vehicle dependability is proxied by the age of the vehicle. Engers et al.

(2009) do not allow for correlation between observed and unobserved household-car specific

heterogeneity in perceived reliability. Also, they do not account for the joint decisions of

milage and household-car portfolio, which are likely to be correlated. Failure to account for

these sources of endogeneity may lead to inconsistent estimates and erroneous conclusions.

This example extends the discrete/continuous choice models of Dubin and McFadden (1984)

and Hanemann (1984), using the method proposed in this paperto account for both sources

of endogeneity.

Consider a typical household choosing amongJ vehicle brands and usage (miles driven).

Let y j denote usage of brandj, j = 1, · · · ,J. Defined j = 1{y j > 0}, where 1{·} is the

indicator function, equal to 1 if its argument is true, and 0 otherwise. The household’s utility
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(reward) function is given by

R= R̄(c,y1, · · · ,yJ,a1, · · · ,aJ)+
J

∑
j=1

d jε1 j ,

wherec is the numeraire good,a j is the (perceived) quality of carj, andε1 j is an alternative

specific taste shifter that is assumed to be independent of(c,y1, · · · ,y j ,a1, · · · ,a j). Denote

y= (y1, · · · ,yJ). The household chooses(c,y) to maximizeRsubject to the budget constraint

∑J
j=1 p jy j +c = I , wherep j denotes the price of carj, andI is household income; and the

non-negativity constraints:y j ≥ 0, j = 1, · · · ,J, andc ≥ 0. Assume thatd = (d1, · · · ,dJ)

represent mutually exclusive and exhaustive choices so that ∑ j d j = 1, and that the quality

of brand j is relevant only if brandj is consumed, so that

y j = 0⇒ ∂R
∂a j

= 0.

The conditional direct utility of vehiclej is given by

Rj(c,y j ,a j ,ε1 j) = R̄(c,0, · · · ,0,y j ,0, · · · ,0,a1, · · · ,aJ,)+ ε1 j ,

= R̄j(c,y j ,a j)+ ε1 j .

Assume thatR̄j is twice continuously differentiable, strictly increasing, strictly concave in

(c,y j). Assume also that bothc andy j are essential with respect tōRj . Then optimal usage

of car j is obtained by maximizinḡRj(I −p jy j , y j , a j) overy j > 0, obtaining the conditional

ordinary demand for carj miles and the numeraire good:

y∗j = ȳ j(p j , I ,a j),

c∗j = I − p jy
∗
j .

The corresponding conditional indirect utility function is

ν j = R̄j(I − p j ȳ j(p j , I ,a j), ȳ j(p j , I ,a j), a j)+ ε1 j ,

= ν̄ j(p j , I ,a j)+ ε1 j .
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The optimal discrete choice of car typej is therefore given by

d∗
j = 1{ν j ≥ νk, ∀k},
= 1{ν̄ j(p j , I ,a j)+ ε1 j ≥ ν̄k(pk, I ,ak)+ ε1k, ∀k}.

Now, suppose that householdi’s perceived quality of carj depends on miles-per-gallon,

zi j , other exogenous vehicle characteristics,bi j , household characteristics,hi, the age of the

car,vi j , and household-car specific heterogeneity in perceived reliability, ui j :

ai j = ā j(bi j ,hi ,zi j +ui j vi j ).

This specification possesses two economic restrictions. First, given the observed character-

istics of the household and car, unobserved household-car specific perceptions in car quality

are relevant only for older cars. In other words, observationally equivalent households have

the same perception of the reliability of observationally equivalentnewcars. Second, con-

sumers consider miles per gallon and the age of the car as substitutes, where the degree of

substitutability depends on their unobserved household-car specific perception of the relia-

bility of a usedcar.

Assume that observed miles traveled by householdi with car j are measured with er-

ror, ε2i j , so thatyi j = y∗i j + ε2i j . Denotewi j = (pi j , Ii ,bi j ,hi), andxi j = (wi j ,zi j ,vi j ). Define

ε1i = (ε1i1, · · · ,ε1iJ), ε2i = (ε2i1, · · · ,ε2iJ), andεi = (ε1i ,ε2i). Assume thatεi has mean zero,

andεi ⊥ (xi ,ui), wherexi = (xi1, · · · ,xiJ), andui = (ui1, · · · ,uiJ). Then the conditional ex-

pectation of observed miles traveled by householdi with car j is given by

E[Yi j |Wj = wi j ,Z j = zi j ,Vj = vi j ,U j = ui j ] = ȳ j(pi j , Ii, ā j(bi j ,hi,zi j +ui j vi j )),

= m1 j(wi j ,zi j +ui j vi j ).

Also, the conditional choice probability that householdi chooses carj is given by

E[d∗
i j |W = wi ,Z = zi ,V = vi ,U = ui ]

= Pr(ν̄ j(wi j ,zi j +ui j vi j )+ ε1i j ≥ ν̄k(wik,zik +uikvik)+ ε1ik, ∀k),

= m2 j(wi ,zi +uivi),
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wherewi = (wi1, · · · ,wiJ), zi = (zi1, · · · ,ziJ), vi = (vi1, · · · ,viJ), ui = (ui1, · · · ,uiJ), andzi +

uivi = (zi j +ui j vi j , j = 1, · · · ,J).

The conditional expectationsm1 j andm2 j satisfy Assumption 3.1 withg j(zj ,v j ,u j) =

zj +v ju j . They satisfy Assumption 3.2 for ¯v j = 0, and Assumption 3.3 withz′(zj ,v j ,u j) =

g(zj ,v j ,u j). Note that this model allows for correlation across the unobserved household-

car specific perceptions of car reliability. Also it allows for the unobserved household-car

specific effects to be correlated with all the other regressors of the model, including prices

and the exogenous observable characteristics of cars. Notealso that the conditional choice

probabilities are generally not strictly monotonic in the unobserved household-car effects.

EXAMPLE 2: Dynamic Employment Decision with Unobserved Heterogeneity. Let

(Yt ,Xt) be observable random variables composed of employment decisions,Yt , and observed

explanatory variables,Xt , including tenure in the current job,V1t , age,V2t , accumulated hours

worked,Zt , and other standard regressors such as education, lagged employment decision,

and IQ score,Wt . Suppose employment decision of individuali in periodt is determined by:

Yit = 1{h[Wit β+Zit +U1itV1it +U2itV2it (v̄2−V2it )]− εt > 0}, (3.2)

whereh is an unknown function, andεt is an unobserved noise term assumed to be inde-

pendent of all the other regressors, with a strictly increasing and continuous CDFFε. The

normalization of the coefficient onZt is without loss of generality because the functionh is

unknown.

U1it captures individual heterogeneity in the returns to tenure. In the case where the

individual is deciding whether to work in a new job, tenure inthat new job is zero, and the

decision does not depend on individual heterogeneity in returns to tenure. BecauseU1it is

allowed to depend on all the other regressors, including tenure, the model allows for returns

to tenure to depend on experience in the particular job.

U2it captures individual heterogeneity in the effect of age on employment decisions. It is

a stylized fact that, after a certain age, the probability ofemployment becomes decreasing in

age. The specification in equation (3.2) captures this pattern. Because the turning point age,

v̄2, will be different depending on the population being investigated, it is not clear that the

investigator will know ¯v2 before hand. As such, being able to identify ¯v2 becomes relevant

in this context.
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From equation (3.2), we obtain

E[Yit |Xit ,Uit ] = m(Wit β+Zit +U1itV1it +U2itV2it (v̄2−V2it )), (3.3)

wherem= Fε ◦h. Equation (3.3) satisfies Assumption 3.1 with

g(zt,vt ,ut) = zit +u1it v1it +u2it v2it (v̄2−v2it ).

Assumption 3.2 is also satisfied for ¯v1 = 0 andv̄2. Finally, equation (3.3) satisfies Assump-

tion 3.3 withz′ = g(zt ,vt ,ut). The regression function,m, can be identified only at values of

accumulated hours worked,zt tenure,v1t , age,v2t , and unobserved types(u1t ,u2t), for which

the subpopulation of individuals with accumulated hours equal toz′ = g(zt ,vt ,ut), starting a

new job, and are of age ¯v2, has positive density.

The above examples show that Assumptions 3.1 - 3.3 are satisfied for a large class of

models. The following theorem states formally that, under Assumptions 3.1 - 3.3, the func-

tion m := (m1, · · · ,mJ) is identified. Note that identification does not smoothness or isotonic

constraints onm.

Theorem 3.4.Let Assumptions 3.1 - 3.3 be satisfied. Suppose that, for fixed(x,u) = (w,z,v,u)

of (X,U), z′(z,v,u)∈Z. Then the function m is identified at(x,u), and is given by mj(x,u) =

E[Yj |W = w,Z = z′j ,V = v̄], j = 1, · · · ,J.

Proof.

mj(x,u) = E[Yj |W = w,Z = z,V = v,U = u] = mj(w,g j(z,v,u)) = mj(w,g j(z
′
j , v̄,u))

= E[Yj |W = w,Z = z′j ,V = v̄,U = u] = E[Yj |W = w,Z = z′j ,V = v̄],

where the second equality is implied by Assumption 3.1, the third equality is implied by

Assumption 3.3 and the fifth by Assumption 3.2. Hence,mj(x,u) is equal toE[Yj |W =

w,Z = z′j ,V = v̄], which is a function of the distribution of the observables.

The theorem states that the conditional expectation ofY given the values the partial ob-

servables(w,z,v,u) of (W,Z,V,U) is equal to the conditional expectation ofY given the

values(w,z′, v̄) of the observables(Z,X,V). The functiong(Z,V,U) dictates which valuesz′
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of Z andv̄ of V correspond to(z,v,u) for this equality to hold. If the model under investiga-

tion imposes further restrictions on the conditional expectation, then additional assumptions

will generally be needed to identify these additional parameters.

EXAMPLE 2 CONTINUED : Theorem 3.4 shows that the “type-specific” probability

of employment is identified. Assuming that0∈ W , and thatFε is a known, continuous, and

strictly increasing CDF, the functionh is identified as follows:

h(z) = F−1
ε (E[Yt |Wt = 0,Zt = z,Vt = v̄]).

Sufficient conditions for identification ofβ are thatE[W′
t Wt ] is invertible, and thath is not

periodic on its domain. Specifically, conditioning on(Wt = w,Zt = z,Vt = v̄) obtains

h(z+wβ) = F−1
ε (E[Yt|Wt = w,Zt = z,Vt = v̄]),

which holds for all values ofZt and any fixedw of Wt . Suppose there is another parameter

vector, β̄, for which this holds. Then byh identified and not periodic on its domain, we

have thatwβ = wβ̄, which holds for all valuesw, so thatWtβ = Wt β̄. Finally, invertibility

of E[W′
t Wt)] implies thatβ = β̄. This result generalizes the results of Ichimura (1993) to a

setting that accounts for correlated unobserved heterogeneity.

The identification result in Theorem 3.4 is the same for models of discrete and continuous

outcomes. However, identification of the distribution ofU conditional onX depends on

whetherY is continuous or discrete. We will provide sufficient conditions for three cases.

The following results may be extended in a variety of directions. We discuss some of these

possibilities as we go along.

3.1 Case 1: Discrete Y and Discrete U

Consider the discrete response model withJ possible outcomes. DefineYj to be one if alter-

native j is chosen, and zero otherwise, with∑J
j=1Yj = 1. We make the following assumption

about the support ofU .

Assumption 3.5. For l = 1, · · · ,L, the random variable Ul takes values in the known set

Ul = {u1
l , · · · ,u

Rl
l } with ur

l 6= ur ′
l for r 6= r ′.
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Let R= ∏L
l=1Rl , so that the random vector,U , takes values in the setU = ×L

l=1Ul =

{u1, · · · ,uR}. Let the probability associated with typer conditional onX = x be given

by πr(x), so that∑R
r=1πr(x) = 1. Then we have thatmj(x) = ∑R

r=1mj(x,ur)πr(x). By

∑R
r=1πr(x) = 1,πR(w) = 1−∑R−1

r=1 πr(x), so thatH j(x) := mj(x)−mj(x,uR) = ∑R−1
l=1 [mj(x,ur)−

mj(x,uR)]πr(x). Further, define theR−1 dimensional row vector

Q j(x) = [mj(x,u1)−mj(x,uR), · · · ,mj(x,uR−1)−mj(x,uR)],

theR−1 dimensional column vectorπ(x) = [π1(x), · · · ,πR−1(x)]′, and the(J−1)× (R−1)

matrix Q(x) = [Q1(x)′, · · · ,QJ−1(x)′]′. Finally, let H(x) := [H1(x), · · · ,HJ−1(x)]′. We are

now in a position to state the identification result for discreteY andU .

Theorem 3.6. Suppose that, for given x of X, the rank of Q(x)′Q(x) is R−1. Suppose the

conditions of Theorem 3.4 and Assumption 3.5 hold. Then[π1(x), · · · ,πR(x)] is identified and

is given by

π(x) = [Q(x)′Q(x)]−1Q(x)′H(x), πR(x) = 1−
R−1

∑
l=1

πr(x).

Proof. For givenx in X, we have thatH(x) = Q(x)π(x). Note thatH(x) andQ(x) are both

identified from Theorem 3.4. Pre-multiplying this equationby Q(x)′ obtains

Q(x)′H(x) = Q(x)′Q(x)π(x).

If the rank condition of the Theorem is satisfied atx, then

π(x) = [Q(x)′Q(x)]−1Q(x)′H(x).

Finally, we haveπR(x) = 1−∑R−1
l=1 πr(x).

A necessary condition forQ(x)′Q(x) to be of rankR−1 is the order condition thatJ≥ R,

implying that at mostJ type probabilities are identified. This approach to identifying the

mixture distribution is used in Bajari et al. (2008) to nonparametrically identify the probabil-

ities of equilibrium selection in static and dynamic games.However, in Bajari et al. (2008),

the equilibrium specific CCPs are assumed to be known up to a vector of finite dimensional

parameters. The results of Theorem 3.4 and 3.6 provides a wayto generalize the results of
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Bajari et al. (2008).

An important implication of Theorem 3.6 is that the conditional distribution ofU given

X is not identified for values ofx for whichv= v̄. To gain further insight to this implication,

supposeL = 1 andR= J = 2, so that from Theorem 3.6

π1(x) =
m1(x)−m1(x,u2)

m1(x,u1)−m1(x,u2)
, π2(x) = 1−π1(x).

Supposeg(z,v,u) = z+u ·v. Then in this case,

m1(x,u1) = E[Y1|X = x,U = u1] = E[Y1|W = w,Z = z+u1 ·v,V = 0]

6= E[Y1|W = w,Z = z+u2 ·v,V = 0] = E[Y1|X = x,U = u2] = m1(x,u2),

where the second and third equalities are obtained from Theorem 3.4. In this example, the

rank condition of Theorem 3.6 is equivalent to: for any fixedw of W and forV = 0, varying

Z from z+u1 ·v to z+u2 ·v must result in a change in the regression function. This condition

fails if v= v̄. However, forv 6= v̄, as long asZ is relevant in the conditional expectation ofY,

this condition holds.

3.2 Case 2: Continuous Y

In the case where outcomes are continuous, we assume thatY is generated by the following

model:

Yj = mj(X,U)+ ε j, j = 1, · · · ,J. (3.4)

We make the following assumption on the distribution ofε = (ε1, · · · ,εJ)
′:

Assumption 3.7. ε is independent of(Z,V,U), conditional on W, with conditional mean

zero.

This conditional independence assumption can be relaxed sothat the conditional den-

sity of ε depends on(Z,V,U) as: fε|X,U = fε|W,g(Z,V,U), with E[ε|X,U ] = 0. This alternative

restriction holds ifε is considered to be reduced form errors. The additive separability as-

sumption may also be relaxed using methods of Matzkin (2003). The strategy of identifying
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FU |X depends on whetherU is discrete or continuous. We first investigate identification

whereYj is discrete.

3.2.1 Discrete U

In order to prove identification ofFU |X when the outcomes are continuous andU is discrete,

it is sufficient to consider a single outcome variableY, that is,J = 1. Choose−∞ < a1 <

· · · < aS < ∞ and defineA1 = (−∞,a1], As = (as,as+1],s= 2, · · · ,S−1, andAS = (aS,∞).

Defineds = 1{Y ∈ As} where 1{·} is the indicator function which is equal to 1 if the its

argument is true and 0 otherwise. DefineYs = Y · ds,s = 1, · · · ,S. Because of the as-

sumptions placed on the distribution ofε, ms(x,u) := E[Ys|X = x,U = u] inherits the in-

dex restrictions fromm(x,u), so thatms(x,u) = ms(w,g(z,v,u)). Therefore, under the as-

sumptions of Theorem 3.4ms(x,u) is identified. Let the support ofU take the form pre-

sented in Assumption 3.5. As in Case 1, letms(x,ur) = E[Ys|X = x,U = ur ] andms(x) =

E[Ys|X = x]. Then we have thatms(x) = ∑R
r=1ms(x,ur)πr(x). Define Hs(x) = ms(x)−

ms(x,uR) = ∑R−1
l=1 [ms(x,ur)− ms(x,uR)]πs(x). Further, define theR− 1 dimensional row

vectorQs(x) = [ms(x,u1), · · · ,ms(x,uR−1)]−ms(x,uR), theR−1 dimensional column vector

π(x) = [π1(x), · · · ,πR−1(x)]′, and the(S−1)×(R−1) matrixQ(x) = [Q1(x)′, · · · ,QS−1(x)′]′.

Finally, letH(x) := [H1(x), · · · ,HS−1(x)]′.

Theorem 3.8. Suppose that, for given x of X, the rank of Q(x)′Q(x) is R−1. Suppose the

conditions of Theorem 3.4, Assumption 3.5, and Assumption 3.7 hold. Then[π1(x), · · · ,πR(x)]

is identified and is given by

π(x) = [Q(x)′Q(x)]−1Q(x)′H(x), πR(x) = 1−
R−1

∑
l=1

πr(x).

Again the order condition requires thatS≥ R. However, unlike the case with discrete

outcomes, this condition is easily satisfied since the investigator chooses the partition ofY .

3.2.2 Continuous U

The approach to identifyingfU |X whenU is continuous requires first identification offε|W,

whereε = (ε1, · · · ,εJ). Identification ofFε|W=w is obtained from the fact that under Assump-
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tion 3.1, for fixedW = w,Z = z,V = v̄, variation inYj is generated only by variation inε.

DefineY = (Y1, · · · ,YJ). Then for fixedε = (e1, · · · ,eJ),

Fε|W=w(e) = Pr(ε ≤ e|W = w) = Pr(ε ≤ e|W = w,Z = z,V = v̄)

= Pr(ε+m(w,z, v̄) ≤ e+m(w,z, v̄)|W = w,Z = z,V = v̄)

= Pr(Y ≤ e+m(w,z, v̄)|W = w,Z = z,V = v̄)

= FY|w,z,v̄(e+m(w,z, v̄)), (3.5)

where the third equality follows from Assumption 3.7. Because the last term in the series of

equalities is identified from the observables, so isFε|W=w. Therefore, we have that

fε|W=w(e) = fY|w,z,v̄(e+m(w,z, v̄)).

For fixedx of X with v 6= v̄, defineP = P(U) = m(x,U). Next, we establish that the

probability density function (pdf),fP|X=x, is identified. To do so, additional restrictions

are required. For any probability density functionq : ℜJ → ℜ let F [q](t) be the Fourier

transform ofq given by

F [q](t) =
∫

eit ·aq(a)da.

We make the following assumptions that are standard in the deconvolution literature.

Assumption 3.9. |F [ fε|W=w](t)|> 0, for all real t.

Assumption 3.10.

sup
t

∣

∣

∣

∣

F [ fY|X=x](t)

F [ fε|W=w](t)

∣

∣

∣

∣

< ∞;
∫

∣

∣

∣

∣

F [ fY|X=x](t)

F [ fε|W=w](t)

∣

∣

∣

∣

dt < ∞.

From equation (3.4), the conditional density functionY givenX = x is given by

fY|X=x(y) =
∫

fε|W=w(y− p) fP|X=x(p)dp. (3.6)

It is important to note that, because equation (3.6) is beingevaluated at points wherev 6= v̄,

the function fY|X=x is not equal to the functionfε|W=w = fY|w,z,v̄. As such, the integral

equation (3.6) is a Fredholm equation of the first kind, and not of the second kind (see
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Robinson (1968)). Therefore, the standard convolution property for Fourier transforms can

be used to solve equation (3.6) forfP|X.

The convolution property of Fourier transforms obtains

F [ fY|X=x](t) = F [ fP|X=x](t) ·F [ fε|W=w](t).

Under Assumptions 3.9 and 3.10, the invertibility of Fourier transforms obtains

fP|X=x(p) = F −1

[

F [ fY|X=x]

F [ fε|W=w]

]

(p). (3.7)

Finally, we show that the conditional density ofU can be recovered fromfP|X=x. At this

stage, we will assume thatL = J, so that the dimension of the random vector,U , is equal

to the number of equations. This is with little loss of generality because ifJ < L, then new

random variables can often be constructed so thatJ = L. These new equations however must

satisfy the assumptions set out so far. Typical constructedrandom variables that satisfy the

assumptions set out areYj ′′ = Yj +Yj ′ andYj ′′ = Yj −Yj ′ for ( j, j ′) <= J, j 6= j ′.

Partition U = {U1, · · · ,UR} so thatPj = mj(x,U), j = 1, · · · ,J defines a one-to-one

transformation of eachUr ontoM . Let Pr = mr(x,U) denote the transformation fromUr

onto M . Then, by the standard transformation of random variables (see Theorem 14 of

Mood et al. (1974)) we have that foru∈ U,

fU |X=x(u) =
R

∑
r=1

|Jr | fP|X=x(P
r(u)), (3.8)

whereJr is the Jacobian of the transformation given byJr = Det[∇umr(x,u)].

3.3 Restrictions onFU |X

This section investigates what is gained by imposing restrictions onFU |X. The two restric-

tions considered are conditional independence and conditional exchangeability restrictions.

We will consider only the case where the outcomes,Y, and the unobserved effects,U , are

discrete valued, because this is the case that imposes the most restrictions on the dimension
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and cardinality ofU .

To investigate identifiability under conditional independence, partitionX = (X1,X2),

whereX1 is a discrete valued, unidimensional random variable withK1 points of support.

We make the following assumption:

Assumption 3.11.U is independent of X1 conditional on X2.

Let xk
1, k = 1· · ·K1, be the support points ofX1. For fixedxk

1 of X1 andx2 of X2, define

H(xk
1,x2) andQ(xk

1,x2) as in Section 3.1. Vertically stacking the(J−1)× (R−1) matrices

Q(xk
1,x2), k = 1, · · · ,K1 obtains the(J−1)K1× (R−1) matrix Q(x2). Vertically stacking

H(xk
1,x2) also obtains the(J−1)K1×1 matrixH(x2). By Assumption 3.11,π(x) specializes

to π(x2).

Theorem 3.12.Suppose the rank of Q(X2)
′Q(X2) is R−1. Suppose the conditions of Theo-

rem 3.4, Assumption 3.5, and Assumption 3.11 hold. Then[π1(X2), · · · ,πR(X2)] is identified.

The proof of Theorem 3.12 is the same as that of Theorem 3.6. Theorem 3.12 shows that

at most(J−1)K1+1 type probabilities can be identified under the conditions of the theorem.

The number of type probabilities that can be identified increases linearly inJ andK1.

Another restriction that can be imposed onFU |X to accommodate identification of a larger

number of type probabilities is the conditional exchangeability condition used in Kyriazidou

(1997) and Altonji and Matzkin (2005), among others. To expound, consider again the case

whereX1 is discrete, and further partitionX = (X1,X2,X3), whereX2 is also unidimensional

and discrete with the same support points asX1. For any two fixed values(x,x′) in the

support ofX1 assume thatπr(x,x′,x3) = πr(x′,x,x3), r = 1, · · · ,R, for all valuesx3 of X3. If

mj(x,x′,x3,u) 6= mj(x′,x,x3,u) for x 6= x′ and any(x3,u) of (X3,U), then for these events, at

most 2J−1 type probabilities can be identified. The proof of this statement is exactly as the

proof of Theorem 3.6 and is therefore omitted.

3.4 Panel Data

In this section, we investigate identification of the parameters of the model in the panel data

context. We focus on the case where the outcome and unobserved variables are discrete
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valued, with the model given by

Et [Yt |Xt = xt ,Ut = ut ] = mt(xt ,ut), t = 1, · · · ,T, (3.9)

whereYt is a J dimensional binary random vector. In the dynamic panel dataframework,

lagged values ofYt are included inXt. Note thatmt is identified under the restrictions of

Assumptions 3.1-3.3. However, the rank condition of Theorem 3.6 may not be satisfied in

many applications. To see why, consider Example 2. Theorem 3.6 shows that without further

restrictions, the distributionFUt |Xt=xt
is not identified sinceJ = 2 and, even ifU1 andU2 are

binary random variables,R= 4.

The question of interest is if the panel data structure provides any information to help

identify the distribution of the unobserved effects. Without any additional restriction, the

answer is no. This is because equation (3.9) places no restrictions onmt or fUt |Xt=x over

time.

In cases where the rank condition fails, the conditional independence and conditional

exchangeability restrictions discussed in Section 3.3 maybe sufficient satisfy the rank con-

dition needed to identifyfUt |Xt
. However, there are some restrictions familiar in the panel

data literature that increases the number of type probabilities that can be identified. One

such restriction is to assume that the conditional distribution of the unobservables is station-

ary over time, that isFUt |Xt=x = FUt′ |Xt′=x for all (t, t ′). This assumption is also employed in

Arellano and Carrasco (2003) and Graham and Powell (2008). It is restrictive in that it rules

out time-specific heteroskedasticity. Under this restriction, Theorem 3.4 can be adopted to

show that at most(J−1)T +1 type probabilities can be identified as long as the intersection

of the time-specific supportsXt is non-empty.

EXAMPLE 2 CONTINUED: Suppose the model given in equation (3.2) containsq

lags of the dependent variable. Then the discussion above suggests that if the conditional

distribution of the unobservables is stationary, then at most T +1−q type probabilities are

identified. Indeed, this requires that the support the ofXts to at least overlap. An example

where this restriction may be violated is in cases where the data set only contains a single

cohort so that the support of age, education and experience changes over time.
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3.4.1 Identifying transition probabilities

In the panel data context, it is often of interest to identifythe transition probability of the

unobservables. To investigate identification of transition probabilities in our framework, we

continue to focus on the discrete outcome model. Also, for parsimony, we focus on the single

lagged dependent variable model and, separateYt−1 from Xt. The transition probability of

interest is the first-order Markov transition probability given byP(Xt,Ut|Yt−1,Xt−1,Ut−1) =

FXt ,Ut |Yt−1,Xt−1,Ut−1
. We make the following limited feedback assumptions.

Assumption 3.13.

fYt |Yt−1,Yt−2,Xt ,Xt−1,Ut ,Ut−1
= fYt |Yt−1,Xt ,Ut

,

and

fUt |Yt−1,Yt−2,Xt ,Xt−1,Ut−1
= fUt |Yt−1,Xt ,Ut−1

.

Under Assumption 3.13, we have

fYjt ,Yj′t−1|Yt−2,Xt−1
= (3.10)

∫

fYjt |Yj′t−1,Xt ,Ut
· fYj′t−1|Yt−2,Xt−1,Ut−1

· fUt−1|Yt−2,Xt−1
· fXt ,Ut |Yj′t−1,Xt−1,Ut−1

·d(Xt,Ut,Ut−1).

First consider identification offXt ,Ut |Yj′t−1,Xt−1,Ut−1
under the assumption thatXt is discrete

valued with cardinality|X |, and maintaining Assumption 3.5. LetΛ := U ×U ×X , with

typical elementλd = (ur ′1,ur ′2,xl ′)′. D = R2|X | is the number of elements inΛ. For λd =

(ur ′1,ur ′2,xl ′)′ let

ϕ jd(Yj ′t−1,Yt−2,Xt−1) :=

fYjt |Yj′t−1,Xt=xl ,Ut=ur1 · fYj′t−1|Yt−2,Xt−1,Ut−1=ur2 · fur2|Yt−2,Xt−1
/ fYj′t−1|Yt−2,Xt−1

and

πd(Yj ′t−1,Xt−1) := fxl ,ur1|Yj′t−1,Xt−1,Ut−1=ur2 .
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Then equation (3.10) and∑D
d=1 π jd(Yj ′t−1,Xt−1) = 1 obtains

fYjt |Yj′t−1,Yt−2,Xt−1
−ϕ jD(Yj ′t−1,Yt−2,Xt−1) =

D−1

∑
d=1

[ϕ jd(Yj ′t−1,Yt−2,Xt−1)−ϕ jD(Yj ′t−1,Yt−2,Xt−1)]πd(Yj ′t−1,Xt−1). (3.11)

Define theD−1 dimensional row vector

Q j(Yj ′t−1,Yt−2,Xt−1) =

[ϕ j1(Yj ′t−1,Yt−2,Xt−1), · · · ,ϕ j ,D−1(Yj ′t−1,Yt−2,Xt−1)]−ϕ jD(Yj ′t−1,Yt−2,Xt−1),

and the(J−1)× (D−1) matrix

Q(Yj ′t−1,Yt−2,Xt−1) = [Q′
1, · · · ,Q′

J−1]
′,

where we use the shorthand notationQ j = Q j(Yj ′t−1,Yt−2,Xt−1). Finally, define theJ(J−
1)× (D−1) matrix

Q(Yj ′t−1,Xt−1) = [Q(Yj ′t−1,{Y1,t−2 = 1},Xt−1)
′, · · · ,Q(Yj ′t−1,{YJ,t−2 = 1},Xt−1)

′]′.

Theorem 3.14.For fixed values yj ,t−1 of Yj ,t−1 and xt−1 of Xt−1, suppose the rank of

Q(y j ,t−1,xt−1)
′Q(y j ,t−1,xt−1)

is D− 1. Suppose the conditions of Theorem 3.1, Assumptions 3.5, and 3.13 hold. Then

πd(y j ,t−1,xt−1), d = 1, · · · ,D are identified.

Proof. Under Assumptions 3.1-3.3,Q(y j ,t−1,xt−1) andϕ jD(Yj ′t−1,Yt−2,Xt−1) are identified.

The rest of proof is the same as that of Theorem 3.6.

The necessary condition for the rank condition in Theorem 3.14 is thatJ(J− 1) ≥
R2|X | − 1, andT ≥ 3. This condition will almost certainly not hold in practice, particu-

larly becauseJ is typically small relative to|X |. Therefore, one will often need to impose

more structure in order to achieve identification. We consider two additional restrictions.

The first is:
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Assumption 3.15.

FXt ,Ut |Yt−1,Xt−1,Ut−1
= FXt |Yt−1,Xt−1,Ut ·FUt |Yt−1,Xt−1,Ut−1

and

FXt |Yt−1,Xt−1,Ut
= P(Xt|Yt−1,Xt−1,Ut) = P(Xt|Yt−1,Wt−1,gx(Zt−1,Vt−1,Ut)),

where gx(Zt−1,Vt−1,Ut) satisfies Assumptions 3.2 and 3.3.

Under the second part of Assumption 3.15,FXt |Yt−1,Xt−1,Ut
is identified using the strategy

outlined in this paper. Note that we no longer require thatXt be discrete-valued. Following

the strategy outlined in this section, it can be shown that, with the addition of Assumption

3.15, the necessary condition for identification of the typeprobabilities is thatJ(J−1) ≥
R2−1 with T ≥ 3, which is easier to satisfy in practice. For example, in panel data, discrete

outcome models with a single binary type, identification requires thatJ ≥ 3 andT ≥ 3.

Second, we consider adding the following conditional stationarity assumption.

Assumption 3.16.For all t ,s, and values(y,x,u) of (Yt−1,Xt−1,Ut−1),

FUt |Yt−1=y,Xt−1=x,Ut−1=u = FUs|Ys−1=y,Xs−1=x,Us−1=u.

It can be shown that by adding Assumptions 3.15 and 3.16 to Theorem 3.14, the neces-

sary condition for identification of the type probabilitiesis that(T −2)J(J−1) ≥ R2−1,

which is relatively easy to satisfy in practice. For example, for panel data, binary outcomes

models with binary types, identification requiresT ≥ 4.

EXAMPLE 3: Conditional Choice Probability (CCP) Representation of Dynamic Dis-

crete Choice Models with Correlated Unobserved Heterogeneity. Accounting for unob-

served heterogeneity when estimating CCP models is known tobe difficult, and until re-

cently, considered to be impossible. In a recent paper, Kasahara and Shimotsu (2009) pro-

posed a method of identifying the relevant CCPs jointly withthe distribution of the unob-

served heterogeneity in a finite mixture framework. The identification strategy employed by

Kasahara and Shimotsu (2009) requires that the unobserved effects are time-invariant, and

independent of all the observed regressors, except for the initial conditions. Arcidiacono and Miller

(2010) propose a method of estimating the type specific CCPs and the preference parameters
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by employing a suitable adaptation of the Expectation-Maximization (EM) algorithm. This

method allows for time-varying unobservable covariates with transition probabilities that are

independent of the observed covariates. They also allow forcorrelated initial conditions.

The algorithm presented in Arcidiacono and Miller (2010) iscomputationally intensive rel-

ative to the case estimating the same model without unobservable heterogeneity. The results

presented in this section provides a computationally simple methodology for accounting for

correlated unobserved heterogeneity in the CCP framework.It requires no additional tech-

nology to what is proposed in Altug and Miller (1998). The reason for the simplicity of the

method proposed in this paper is that the type-specific CCPs are directly identified from the

distribution of the observables if Assumptions 3.1 - 3.3 aresatisfied. Therefore, the goal

of this example is to derive sufficient conditions for which the type specific CCPs satisfy

Assumptions 3.1 - 3.3. Further notation is required to set upthe environment.

Keeping the notation of Section 3.1, defineYjt to be one if alternativej is chosen in period

t ∈ 0, · · · ,T, and zero otherwise with∑J
j=1Yjt = 1. LetYt = (Y1t , · · · ,YJt). The individual

chooses{Yt , t = 0, · · · ,T} to maximize the expected lifetime utility

E0

{

T

∑
t=0

J

∑
j=1

βtYjt [U jt (Xt ,U)+ ε jt ]

}

,

whereU jt (Xt ,U)+ε jt is the alternative-period specific utility,β ∈ (0, 1) is the time discount

factor, Xt is the observed state vector, andU is the permanent unobserved heterogeneity.

Assume thatεt = (ε1t, · · · ,εJt) is independently and identically distributed over time. Let Yo
t

be the optimal decision rule at timet. Then the type-r specific expected value of lifetime

utility at periodt, given the stateXt is

Γt(xt ,u
r) = Et

{

T

∑
s=t

J

∑
j=1

βs−tYo
js[U jt (Xs,U)+ ε js]|Xt = xt ,U = ur

}

.

The type-r specific conditional valuation function is therefore givenby

ν jt (xt ,u
r) = U jt (xt ,u

r)+β
∫

X
Γt+1(Xt+1,U)dFjt (Xt+1|xt ,u

r),

wheredFjt (Xt+1|xt ,ur) is the alternative-period-type-r specific transitional probability of the

state vectorXt.
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Given the form of the type specific conditional valuation function, sufficient conditions

for ν jt (Xt,U) = ν jt (Wt ,g(Zt,Vt ,U)) are that the state dependent, alternative-period specific

utility U jt (Xt ,U) =U jt(Wt ,g(Zt ,Vt,U)), andFjt (Xt+1|Xt,U) = Fjt(Xt+1|Wt,g(Zt ,Vt ,U)). Then

assuming that the distribution ofεt has continuous support, the type-r specific CCP has the

form

Pjt (Xt ,ur)

= E
[

1{ε jt − εkt ≥ νkt(Wt,g(Zt ,Vt ,ur))−ν jt (Wt,g(Zt ,Vt ,ur)) ∀ k = 1, · · · ,J}|Wt ,g(Zt,Vt ,ur)
]

= Pjt (Wt ,g(Zt,Vt ,ur)).

Therefore, the type-specific CCPs inherit the restrictionsimposed on the utility function and

the transition probability, and ifg satisfies Assumptions 3.1-3.3, then the type specific CCPs

are identified. Furthermore, one can use the results of Section 3.1 or 3.2 to identify the

distribution on types. Notice that this approach allows forthe type specific CCPs and the

type distribution to be time specific. Also, notice that eventhough assuming thatU jt (Xt,U)

andFjt (Xt+1|Xt ,U) are strictly increasing inU implies thatν jt (Xt,U) is strictly increasing in

U , it does not imply thatPjt (Xt,U) is strictly increasing inU . Therefore, methods that rely on

strict monotonicity are generally not available in this framework. Extending the framework

presented here to allow for continuous choices is straightforward. Furthermore, assuming

that the disturbances,ε, are drawn from the generalized extreme values distribution, and

thatUJ,t(Xt,U) = 0, the utilities associated with the other alternatives areidentified without

further substantive restrictions. This result is derived directly from the inversion theorem of

Hotz and Miller (1993).

3.5 Identifying v̄

Perhaps the most restrictive assumption made so far is that ¯v is known to the investigator.

This assumption may limit the scope for application of the results obtained so far. Recall

that in Example 2, we argued that the investigator may not have prior information about the

turning point age, ¯v2, in the model of employment decisions. For models such as Example 2

to be useful, it is important that ¯v is identifiable. This section presents sufficient conditions

under which ¯v is identified.

For any square integrable vector of random variables,A, let ‖A‖2
X,U := E[A′A|X,U ]. For
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j = 1, · · · ,J, define

s2
j (X,U) = ‖Yj −mj(X,U)‖2

X,U.

Assumption 3.17.For j = 1, · · · ,J, s2j (X,U) = s2
j (W,g j(Z,V,U)).

Assumption 3.18.There is a subset̄X of X so thatv̄∈ V̄ and for any u inU and z ofZ̄,

z′(z,v,u) ∈ Z for any v∈ V̄ .

Assumption 3.17 imposes the same index restriction on the conditional variance ofYj

given (X,U) as that imposed on the conditional mean ofYj given (X,U). An alternative

restriction that obtains identification of ¯v is thats2
j (X,U) = s2

j (W), that is, the conditional

variance ofYj is independent of(Z,V,U) given W. This alternative assumption may be

more appealing in cases whereY is a continuous vector. Indeed, this condition is implied

by Assumption 3.7. However, this assumption is violated ifY is a vector of binary random

variables. In binary choice models such as Example 2, Assumption 3.17 is implied by the

model specification. Assumption 3.18 is used to ensure that,to find v̄, one needs only to

search over the subset̄X that does not result inz′(z,v,u) 6∈ Z.

The key result to identifying ¯v is the following lemma.

Lemma 3.19.Suppose Assumptions 3.1 - 3.3, 3.17, and 3.18 hold. Then, forany v∈ V̄ ,

‖Y−E[Y|W,Z,V = v,U ]‖2
v = ‖Y−E[Y|W,Z,V = v̄]‖2

v̄

Proof. For any(x,u) of (X,U) satisfying Assumption 3.18, we have

‖Y−E[Y|X = x,U = u]‖2
x,u =

J

∑
j=1

‖Yj −E[Yj |W = w,Z = z,V = v,U = u]‖2
x,u =

J

∑
j=1

‖Yj −E[Yj |W = w,Z = z′j(z,v,u),V = v̄,U = u]‖2
w,z′j(z,v,u),u =

J

∑
j=1

‖Yj −E[Yj |W = w,Z = z′j ,V = v̄]‖2
w,z′j ,v̄

25



Therefore, we have that

‖Y−E[Y|W,Z,V = v,U ]‖2
v =

E[‖Y−E[Y|X = x,U = u]‖2
x,u|V = v] =

J

∑
j=1

E[‖Yj −E[Yj |W = w,Z = z′j ,V = v̄]‖2
w,z′j ,v̄

|V = v̄] =

J

∑
j=1

‖(Yj −E[Yj |W,Z,V = v̄]‖2
v̄ =

‖Y−E[Y|W,Z,V = v̄]‖2
v̄

Theorem 3.20.Let Assumptions 3.1 - 3.3, 3.17, and 3.18 hold. The function

‖Y−E[Y|W,Z,V = v]‖2
v (3.12)

obtains a unique minimum with V= v̄.

Proof. For anyv∈ V̄ , v 6= v̄, we have

‖Y−E[Y|W,Z,V = v]‖2
v = ‖Y−E[Y|W,Z,V = v,U ]‖2

v

+‖E[Y|W,Z,V = v,U ]−E[Y|W,Z,V = v]‖2
v

= ‖Y−E[Y|W,Z,V = v̄]‖2
v̄

+‖E[Y|W,Z,V = v,U ]−E[Y|W,Z,V = v]‖2
v

> ‖Y−E[Y|W,Z,V = v̄]‖2
v̄

= ‖Y−E[Y|W,Z,V = v̄]‖2
v̄

+‖E[Y|W,Z,V = v̄,U ]−E[Y|W,Z,V = v̄]‖2
v̄

= ‖Y−E[Y|W,Z,V = v̄]‖2
v̄.

The first equality follows from the Pythagorean theorem (seeMammen et al. (2001)), and the

second equality follows from Lemma 3.19. For the strict inequality, note that‖E[Y|W,Z,V =

v,U ]−E[Y|W,Z,V = v]‖2
v > 0 for anyv 6= v̄. Equality holds if, and only ifv= v̄ since by as-

sumption, it is in, and only in this case,E[Y|W = w,Z = z,V = v̄,U ] = E[Y|W = w,Z = z,V =
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v̄]. This obtains the second-to-last equality, and the last equality is again by the Pythagorean

theorem.

The intuition behind Theorem 3.20 is as follows. Conditional of anyv of V, variation inY

comes from variation in the other observed explanatory variables, the residual, and variation

in U . This holds for every subpopulation except for those withV = v̄, in which caseY does

not vary withU . This argument is similar to the arguments presented in Ichimura (1993) to

motivate the semiparametric least squares estimator.

Because it is possible that multiple values ofv satisfy Assumptions 3.1 and 3.2, the

solution to equation (3.12) may be set valued. This does not create a problem, because any

element of the solution set may be used to identifym and fU |X. Earlier, one such example

was given, wherem(x,u) = m(z+uv). In this case, the solution to the minimization problem

in Theorem 3.20 is ¯v = {0,1}.

4 The Estimator

This section presents estimators of them(X,U) and fU |X=x for the case whereY andU are

both discrete. Estimation under the case whereY is continuous andU is discrete is a simple

modification of the estimators presented here. We can also propose an estimator offU |X for

the case where bothY andU are continuous. This would amount to plugging sample analogs

for the unknown quantities in the definition offU |X. However, the asymptotic properties of

such an estimator are non-standard given that we would have the empirical Fourier transform

of an estimated density in the denominator of an integral equation. Given that finite mixture

models are most widely employed specification in empirical work, we choose to concentrate

of the case whereU is discrete, and leave estimation offU |X whenU is continuous for future

work. An estimator for ¯v is proposed at the end of this section.

Throughout the remainder of this paper, we focus on the case wherev̄ is in the interior of

V . Estimation of the parameters of interest for cases where ¯v is on the boundary ofV can

be defined using boundary kernel methods, reflection methods, transformation methods, or a
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hybrid of these alternatives.3 Addressing the additional complications that these alternative

present is beyond the scope of this paper.

Suppose the investigator has data{yi ,xi}n
i=1. Let X be a compact, connected set such that

the density functionfX is bounded away from zero onX . Define the function

Kσ(a−ai) :=
da

∏
k=1

σ−1
k K((ak−aik)/σk),

whereda is the dimension ofa, K : ℜ → ℜ is a kernel, andσ is the bandwidth, so that

Kσ : ℜda → ℜ. The following estimated density offX(w,z,v) will be used repeatedly to

define different estimators.

f̂X(w,z,v) =
1
n

n

∑
i=1

Kσ(w−wi)Kσ(z−zi)Kσ(v−vi).

4.1 Estimation ofm(X,U)

For fixedx = (w,z,v) of X and fixedu of U , let z′(z,v,u) and v̄ satisfy the conditions of

Theorem 3.1. Then, the estimator formj(x,u) is given by

m̂j(x,u) =
1
n

n

∑
i=1

yi j Kσ(w−wi)Kσ(z′j −zi)Kσ(v̄−vi)/ f̂X(w,z′j , v̄). (4.1)

The estimation ofmj(x) is given by

m̂j(x) =
n

∑
i=1

yi j Kσ(x−xi)/ f̂X(x). (4.2)

4.2 Estimation ofFU |X=x under Case 1

Recall that Case 1 is the case where both the outcome variableY, and the unobservables,U ,

are discrete withU = {u1, · · · ,uR}. Recall also thatπr(x) := Pr(U = ur |X = x), mj(x,ur) =

3See Zhang et al. (1999) for references.
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E[Yj |X = x,U = ur ], andmj(x) = E[Yj |W = x]. In the proof of Theorem 3.6, it is shown that

π(x) = [Q(x)′Q(x)]−1Q(x)′H(x),

whereH(x) = [H1(x), · · · ,HJ−1(x)]′, H j(x) = mj(x)−mj(x,uR), Q(x) = [Q1(x)′, · · · ,QJ−1(x)′]′,

Q j(x) = [mj(x,u1), · · · ,mj(x,uR−1)]−mj(x,uR), andπ(x) = [π1(x), · · · ,πR−1(x)]′. Kernel

estimates ofH(x) andQ(x), denoted byĤ(x) andQ̂(x) respectively, can be constructed from

m̂(x,u) andm̂(x) obtained from equations (4.1) and (4.2). Then, for givenx of X with v 6= v̄,

the estimator̂π(x) is given by

π̂(x) = [Q̂(x)′Q̂(x)]+Q̂(x)′Ĥ(x),

where[Q̂(x)′Q̂(x)]+ is the generalized inverse of[Q̂(x)′Q̂(x)].

4.3 Estimation of the Structural Derivative

A statistic of particular interest is the structural derivative, that is, the derivative of the

structural functionmj(x,u) with respect to a particular explanatory variablexk (denoted by

mjk(x,u)), averaged over the distribution of the unobservables:

β jk(x) =
R

∑
r=1

mjk(x,ur)πr(x), where mjk(x,u) =
∂

∂xk
mj(x,u).

To present an estimator ofβk(x), further notation is required. For a given(x,u) of (X,U), let

q̄ = q̄(x) = (w,z′(z,v,u)). Using this notation, we have

mjk(x,u) =
∂

∂q̄
mj(q̄, v̄) · ∂

∂xk
q̄(x).

In what follows, we will suppress thej index and use the notations: ¯x = (q̄, v̄); mk(x̄) =

mk(x,u). Let

Kσ,k(x−xi) = σ−2
k K

′((xk−xik)/σk)K((x−k−xi,−k)/σ),
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whereK
′ denotes the derivative ofK and x−k denotes the vectorx with the k-th element

deleted. Let

ĥ(x) =
1
n

n

∑
i=1

yiKσ(x−xi),

ĥk(x) =
n

∑
i=1

yi
∂x̄r

∂xk
Kσ,k(x−xi),

f̂k(x) =
n

∑
i=1

yi
∂x̄r

∂xk
Kσ,k(x−xi).

Then an estimator formk(x) is given by

m̂k(x̄) = f̂−1
X (x̄)

[

ĥk(x̄)− f̂k(x̄)ĥ(x̄)
]

.

Finally, an estimator forβk(x) is given by

β̂k(x) =
R

∑
r=1

π̂r(x)m̂k(x̄r).

4.4 Estimation of v̄

Assume that̂fX is bounded away from zero on the setX̄ , and defineτi = 1{xi ∈ X̄ }. Theorem

3.20 suggests that an estimator for ¯v, denoted by ˆv, can be defined as minimizing

1
n

n

∑
i=1

τi [yi − m̂(wi ,zi,v)]
′ [yi − m̂(wi ,zi,v)]Kσ(v−vi)

overX̄ . Because ¯v∈ V̄ by assumption, it is sufficient to search over the setX̄ for v̄, as long

as it is known before hand that ¯v∈ V̄. Because of this flexibility the choice of̄X , it can be

chosen so the boundedness assumption onf̂X is satisfied.
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5 Asymptotics

In this section, we derive asymptotic results for the estimators proposed in the previous

section. In order to do so, additional regularity conditions are required. The regularity

conditions that are presented below are stronger than what are needed if the estimators are

the final quantities of interest. However, these conditionsare typically required if the es-

timators are intermediate (plug-in) estimators used in a second stage estimation strategy

(see Newey and McFadden (1994) and Newey (1994a) for examples). Example 3 is one

such case, where the parameters of the utility functions arethe ultimate quantities of in-

terest. The regularity conditions are taken primarily fromNewey and McFadden (1994)

and Newey (1994a). In keeping with their notation, leth j(x) = E[Yj |X = x] fX(x), and

γ j(x) = ( fX(x),h j(x))′.

Assumption 5.1. 1. K(·) is differentiable of order d≥ 2, the derivatives of order d are

bounded,K(·) is zero outside a bounded set,
∫

K(a)da= 1, and there is a positive integer s

such that for all l< s,
∫

K(a)alda= 0.

2. fX(x) is bounded away from zero onX , and for j= 1, · · · ,J, there is a version ofγ j(x) that

is continuously differentiable of order d with bounded derivatives on an open set containing

X .

3. There is p≥ 4 such that E[‖Y‖p] < ∞ and[‖Y‖p|X = x] fX(x) < ∞.

4. For k= 1, · · · ,K, the bandwidthσk = ckσ, whereσ = σ(n) satisfies n1−2/pσK/ lnn→ ∞.

Assumption 5.2.For j = 1, · · · ,J, gj(z,v,u) is so that z′j(z,u,v) is continuously differentiable

of order d≥ 2 with bounded derivatives on an open set containingZ ×V ×U.

Theorem 5.3. Suppose Assumptions 3.1-3.3, 5.1 and 5.2 hold. Then for d≥ l +s and fixed

values(x,u) of X,U, and for j= 1, · · · ,J,

sup
x,u

∥

∥

∥
∇l m̂j(x,u)−∇lmj(x,u)

∥

∥

∥
= Op

(

ln(n)1/2(nσ2l+K)−1/2 +σs
)

.

The proof is given in Appendix A.

Theorem 5.4. Suppose the conditions of Theorem 5.3 and Assumption 3.5 hold. Then for
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r = 1, · · · ,R,

sup
x

∥

∥

∥
∇l π̂r(x)−∇l πr(x)

∥

∥

∥
= Op

(

ln(n)1/2(nσ2l+K)−1/2 +σs
)

.

For fixed(x,u) of (X,U), and recall ¯x= x̄(x) = (w,z′(z,v,u), v̄). Let c̄= ∏K
k=1 ck, µ2(K) =

∫

a2
K(a)da, R(K) =

∫

K
2(a)da, and lets2

j (x̄) = Var(Yj −mj(x̄)|X = x̄) for j = 1, · · · ,J.

Theorem 5.5.Suppose Assumptions 3.1-3.3, and 5.2 hold. Suppose Assumption 5.1 hold for

d ≥ s, s= 2. Letσ2 → 0, lnn/(nσK)→ ∞, and(nσK)1/2σ2 → κ . Then for fixed values(x,u)

of (X,U), and for j= 1, · · · ,J,

(nσK)1/2[m̂j(x,u)−mj(x,u)]
d→ N

(

b j(x̄),
R(K)Ks2

j (x̄)

c̄ fX(x̄)

)

,

where

b j(x̄) = κµ2(K)
K

∑
k=1

c2
k

(

f−1
X (x̄)

∂
∂xk

mj(x̄)
∂

∂xk
fX(x̄)+

1
2

∂2

∂x2
k

mj(x̄)

)

.

The form of the asymptotic bias and variance in Theorem 5.5 are precisely those obtained

by Ruppert and Wand (1994), specialized to the choice of kernel and bandwidth of this paper.

As is standard, the asymptotic bias can be eliminated by the choice ofK that satisfies part

1 of Assumption 5.1 withs> 2 andd ≥ s, or by undersmoothing. However, the form of

the bias given in Theorem 5.5 is relatively simple to compute. Unfortunately, the asymptotic

bias of the estimator of the structural derivative is quite complicated. In this case, we will

impose assumptions that ensure that the limiting bias is zero.

Theorem 5.6. Suppose Assumptions 3.1-3.3,and 5.2 hold. Let either: (i) Assumption 5.1

hold for d≥ 3, s= 2, σ2 → 0, lnn/(nσK+2)→∞, and(nσK+2)1/2σ2 → 0; or (ii) Assumption

5.1 hold for d> 3, s= 3, σ3 → 0, lnn/(nσK+2) → ∞, and (nσK+2)1/2σ3 → κ1; Then for

fixed values(x,u) of (X,U), and for j= 1, · · · ,J,

(nσK+2)1/2[β̂ j(x)−β j(x)]
d→ N

(

0,R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2 π2
r (x)s

2
j (x̄r)

c2
kc̄ fX(x̄r)

)

,

where R1(K) =
∫

(K′(a))2da.
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The proof of Theorem 5.6 is in Appendix C.

Remark5.7. Because the estimation of ¯v is anL-dimensional problem, it is easier to estimate

than the other parameters, since they are of dimension greater thanL. Indeed, the results

of Newey (1994b) can be adopted to show that, under a suitablechoice of the smoothing

parameter, the estimator ˆv converges to ¯v at a fast enough rate so that its estimation does not

affect the results derived above.

6 Monte Carlo Study

In this section, we investigate the small sample performance of the proposed estimator via a

small Monte Carlo experiment. The model investigated here is the one where the outcome

and unobserved variables are discrete valued. The model design is as follows.

Y∗
j = h j(Z+U ·V)+ ε j , j = 1, · · · ,4,

Yj = 1{Y∗
j > Y∗

k , k 6= j},

h1(a) =
1
2

a2−1, h2(a) = 1− 1
2

a2, h3(a) = a, h4(a) = 0,

Z ∼U [−3,3], V ∼U [−1,1],

U ∈ {0, 0.5, 1}, Pr(U = ur |Z,V) =
exp(V +urZ)

∑R
l=1exp(V +ul Z)

,

Fε j (e) = exp(−exp(−e)), ε j⊥εk, j 6= k.

The functions are chosen so that the conditional expectations are highly nonlinear inU ,

while allowing us to calculate them without the need for simulations. We perform 500 simu-

lations of 500 and 1000 individuals. For each simulation thealternative-type specific condi-

tional choice probabilities,mj(·,ur) = mjr , are calculated on a fixed grid of 100 points over

[−2.5, 2.5]× [−1, 1]. This ensures that for each point in the grid, the index is in the support

of Z. To estimate the functions, we use the normal kernel and the Silverman’s rule of thumb

bandwidth.

Table 1 presents the mean absolute bias,|bias|, the variance, var, and the mean squared

error, mse, of the conditional expectationsmj(·,ur) and the type probabilitiesπr . Figure
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1 presents plots of the mean, median, 5th and 95th percentileof selected alternative-type

specific choice probabilities.

Table 1: Estimation of the Euler equation with habit formation1

U=0 U=0.5 U=1
|bias| var mse |bias| var mse |bias| var mse

N=500
m1 0.0348 0.0015 0.0020 0.0351 0.0016 0.0021 0.0364 0.0017 0.0023
m2 0.0635 0.0028 0.0062 0.0639 0.0027 0.0062 0.0639 0.0026 0.0062
m3 0.0453 0.0020 0.0036 0.0455 0.0022 0.0037 0.0453 0.0020 0.0037
m4 0.0453 0.0022 0.0036 0.0454 0.0022 0.0037 0.0453 0.0022 0.0037
π 0.2064 0.0397 0.0642 0.1587 0.0273 0.0377 0.2446 0.0586 0.0913

N=1000
m1 0.0274 0.0010 0.0013 0.0278 0.0010 0.0013 0.0230 0.0010 0.0014
m2 0.0509 0.0018 0.0039 0.0510 0.0018 0.0039 0.0507 0.0017 0.0039
m3 0.0371 0.0014 0.0024 0.0374 0.0014 0.0025 0.0374 0.0014 0.0025
m4 0.0349 0.0013 0.0022 0.0351 0.0013 0.0022 0.0350 0.0013 0.0022
π 0.2030 0.0382 0.0625 0.1606 0.0288 0.0386 0.2370 0.0550 0.0859

7 Conclusion

In this paper, we investigated identification and estimation of discrete and continuous out-

come models with nonseparable unobserved heterogeneity without assuming: (i) that the

regression function is strictly monotone in the unobservables; (ii) that the joint distribution

of the unobservables is independent of any of the observed regressors; or (iii) that the ob-

served regressors are continuous random variables. In the case where the unobservable are

discrete, we derived estimators for the identified parameters, and show that these estima-

tors are consistent and asymptotically normal. The resultsfrom a small simulation exercise

indicate that the proposed estimator works well in small samples.
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Figure 1: Plot of selected estimates of type-specific conditional choice probabilities. True
, Mean− −, Median− · −, 5th and 95th percentile· · ·.
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A Proof of Theorem 5.3

Proof. Under Assumption 5.1, Newey (1994b) shows that ford ≥ r +s,

sup
x

∥

∥

∥

∥

∂r

∂xr m̂j(x)−
∂r

∂xr mj(x)

∥

∥

∥

∥

= Op

(

ln(n)1/2(nσ2r+K)−1/2+σs
)

.

Assumptions 3.1 - 3.3, and the definition of ˆmj(x,u) obtain

mj(x,u) = mj(w,z′j(z,v,u), v̄) and m̂j(x,u) = m̂j(w,z′j(z,v,u), v̄).

Therefore

‖m̂j(x,u)−mj(x,u)‖ = ‖m̂j(w,z′j(z,v,u), v̄)−mj(w,z′j(z,v,u), v̄)‖
≤ sup

x
‖m̂j(x)−mj(x)‖,

so that

sup
x,u

‖m̂j(x,u)−mj(x,u)‖ ≤ sup
x
‖m̂j(x)−mj(x)‖

= Op

(

ln(n)1/2(nσK)−1/2 +σs
)

.

Now
∂

∂w
mj(x,u) =

∂
∂w

mj(w,z′j(z,v,u), v̄),

and, fora = (z,v,u),

∂
∂a

mj(x,u) =
∂

∂z′j
mj(w,z′j(z,v,u), v̄)

∂
∂a

z′j(a).

The same holds for the derivative of ˆmj(x,u). Therefore,

∥

∥∇m̂j(x,u)−∇mj(x,u)
∥

∥ ≤ sup
x

∥

∥

∥

∥

∂
∂x

m̂j(x)−
∂
∂x

mj(x)

∥

∥

∥

∥

sup
a

∥

∥

∥

∥

∂
∂a

z′j(a)

∥

∥

∥

∥

≤ Csup
x

∥

∥

∥

∥

∂
∂x

m̂j(x)−
∂
∂x

mj(x)

∥

∥

∥

∥

,
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so that

sup
x,u

∥

∥∇m̂j(x,u)−∇mj(x,u)
∥

∥ ≤ Csup
x

∥

∥

∥

∥

∂
∂x

m̂j(x)−
∂
∂x

mj(x)

∥

∥

∥

∥

= Op

(

ln(n)1/2(nσ2+K)−1/2+σs
)

.

The proof forr > 1 follows the same arguments.

B Proof of Theorem 5.4

Proof. For the results of Theorem 5.3 we have that

sup
x

∥

∥∇rQ̂(x)−∇rQ(x)
∥

∥= Op

(

ln(n)1/2(nσ2r+K)−1/2 +σs
)

,

and

sup
x

∥

∥∇rĤ(x)−∇rH(x)
∥

∥= Op

(

ln(n)1/2(nσ2r+K)−1/2 +σs
)

.

Now,

Q̂(x)′Ĥ(x)−Q(x)′H(x) = (Q̂(x)−Q(x))′(Ĥ(x)−H(x))

+ (Q̂(x)−Q(x))′H(x)+Q(x)′(Ĥ(x)−H(x)),

so that

sup
x

∥

∥Q̂(x)′Ĥ(x)−Q(x)′H(x)
∥

∥ ≤ sup
x

∥

∥Q̂(x)−Q(x)
∥

∥sup
x

∥

∥Ĥ(x)−H(x)
∥

∥

+ sup
x

∥

∥Q̂(x)−Q(x)
∥

∥sup
x
‖H(x)‖

+ sup
x
‖Q(x)‖sup

x

∥

∥Ĥ(x)−H(x)
∥

∥ ,

= Op

(

ln(n)1/2(nσK)−1/2 +σs
)

. (B.1)

The same operation, and continuity of the inverse obtains

sup
x

∥

∥[Q̂(x)′Q̂(x)]−1− [Q(x)′Q(x)]−1
∥

∥= Op

(

ln(n)1/2(nσK)−1/2 +σs
)

. (B.2)
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Again, the same operation, along with equations (B.1) and (B.2) obtain

sup
x
‖π̂(x)−π(x)‖ = Op

(

ln(n)1/2(nσK)−1/2 +σs
)

.

From this we have that

sup
x
‖π̂R(x)−πR(x)‖ ≤

R−1

∑
r=1

sup
x
‖π̂r(x)−πr(x)‖ = Op

(

ln(n)1/2(nσK)−1/2+σs
)

.

The proof for ther-th derivative follows the same lines.

C Proof of Theorem 5.6

Proof. The standard decomposition into the stochastic and expectations parts is as follows

β̂k(x)−βk(x) = β̂k(x)−E[β̂k(x)|X]+E[β̂k(x)|X]−βk(x).

Consider first̃βk(x)−E[β̃k(x)|X], whereβ̃k(x) = ∑R
r=1πr(x)m̃k(x̄r), and

m̃k(x̄) = f−1
X (x̄)

[

ĥk(x̄)− fk(x̄)ĥ(x̄)
]

.

By yi = m̄(xi)+ εi, with m̄(xi) = E[m(X,U)|X = xi ] andE[εi |X] = 0, we have

β̃k(x)−E[β̃k(x)|X] =
1
n

n

∑
i=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r)εiKσ,k(x̄r −xi)

− 1
n

n

∑
i=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r) fk(x̄r)εiKσ(x̄r −xi),
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so that

(nσK+2)1/2
[

β̃k(x)−E[β̃k(x)|X]
]

=

(ckc̄)
−1√n

(

1
n

n

∑
i=1

R

∑
r=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r)εiσK/2
K((x̄rk −xik)/σk)K((x̄r,−k−xi,−k)/σ)

)

−

c̄−1σ
√

n

(

1
n

n

∑
i=1

R

∑
r=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r) fk(x̄r)εiσ−K/2K((x̄r −xi)/σ)

)

=

(ckc̄)
−1 1√

n

n

∑
i=1

H1i + c̄−1σ
1√
n

n

∑
i=1

H2i.

By E[εi |X] = 0, the Law of iterated expectations obtainsE[H1i ] = 0. For the variance,

Var(H1i) =

E



ε2
i

(

R

∑
r=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r)K
′
(

x̄rk −xik

σk

)

K

(

x̄r,−k−xi,−k

σ

)

)2

σ−K



=

c̄
∫

(

R

∑
r=1

∂x̄r

∂xk
πr(x) f−1

X (x̄r)s(x̄r −σur) f 1/2
X (x̄r −σur)K

′(urk)K(ur,−k)

)2

du=

c̄
R

∑
r=1

∫

(

∂x̄r

∂xk

)2

π2
r (x) f−2

X (x̄r)s
2(x̄r −σur) fX(x̄r −σur)(K

′(urk))
2(K(ur,−k))

2du+

2c̄
R−1

∑
r=1

R

∑
l=r+1

∫ ∂x̄r

∂xk

∂x̄r

∂xl
πrπl f−1

X (x̄r) f−1
X (x̄l )s(x̄r −σur)s(x̄l −σul)×

f 1/2
X (x̄r −σur) f 1/2

X (x̄l −σul )K
′(urk)K

′(url )K(ur,−k)K(ur,−l). (C.1)

By the uniform boundedness conditions,
∫

K(a)da= 1,
∫

aK(a)da= 0,
∫

K
′(a)da= 0, and

∫

K
′(a)da = −∫ a2

K(a)da, obtain that the second term on the RHS of equation (C.1) is

O(σ), while the first is

c̄R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2

π2
r (x) f−1(x̄r)s

2(x̄r)+O(σ).

Therefore

Var(H1i) → c̄R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2

π2
r (x) f−1(x̄r)s

2(x̄r)
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asn→ ∞. The same conditions are implemented to show that

1
n

n

∑
i=1

|H1i |2+δ → 0 as n→ ∞,

so that, by the Liapunov central limit theorem,

(ckc̄)
−1 1√

n

n

∑
i=1

H1i
d→ N

(

0,R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2 π2
r (x)s

2(x̄r)

c2
kc̄ fX(x̄r)

)

.

The same arguments can be used to show that

1√
n

n

∑
i=1

H2i = Op(1),

so that ¯cσn−1/2 ∑i H2i → 0. By the arguments of Pagan and Ullah (1999), the asymptotic

distribution of

(nσK+2)1/2
[

β̃k(x)−E[β̃k(x)|X]
]

is the same as that of(ckc̄)−1n−1/2 ∑i=1H1i , obtaining

(nσK+2)1/2
[

β̃k(x)−E[β̃k(x)|X]
]

d→ N

(

0,R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2 π2
r (x)s

2(x̄r)

c2
kc̄ fX(x̄r)

)

.

Under the conditions of the theorem, the following hold uniformly in x

f̂X(x) = fX(x)+Op(ln(n)1/2(nσK)−1/2+σ2),

f̂k(x) = fk(x)+Op(ln(n)1/2(nσK+2)−1/2 +σ2),

π̂r(x) = πr(x)+Op(ln(n)1/2(nσK)−1/2 +σ2).

From this, it is straightforward to show that, under the conditions of the theorem,

π̂r(x) f̂−1
X (x̄r)

πr(x) f−1
X (x̄r)

p→ 1,

π̂r(x) f̂−1
X (x̄r) f̂k(x̄r)

πr(x) f−1
X (x̄r) fk(x̄r)

p→ 1.
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Therefore, application of the Slutsky theorem obtains

(nσK+2)1/2
[

β̂k(x)−E[β̂k(x)|X]
]

d→ N

(

0,R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2 π2
r (x)s

2(x̄r)

c2
kc̄ fX(x̄r)

)

.

While standard, the proof that

(nσK+2)1/2[E[β̂k(x)|X]−βk(x)]
p→ 0 as n→ ∞

under the conditions of the theorem is messy, and is therefore omitted. Putting these together,

conclude that

(nσK+2)1/2[β̂k(x)−βk(x)]
d→ N

(

0,R1(K)R(K)K−1
R

∑
r=1

(

∂x̄r

∂xk

)2 π2
r (x)s

2
j (x̄r)

c2
kc̄ fX(x̄r)

)

.
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