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Abstract

This paper investigates conditional choice probability estimation of dynamic struc-
tural discrete and continuous choice models. I extend the concept of finite dependence
in a way that accommodates non-stationary, irreducible transition probabilities. I show
that under this new definition of finite dependence, one-period dependence is obtainable
in any dynamic structural model. This finite dependence property also provides a con-
venient and computationally cheap representation of the optimality conditions for the
continuous choice variables. I allow for a general form of discrete-valued unobserved
heterogeneity in utilities, transition probabilities, and production functions. The unob-
served heterogeneity may be correlated with the observablestate variables. I show the
estimator is root-n–asymptotically normal. I develop a newand computationally cheap
algorithm to compute the estimator. I apply our method to estimate a model of educa-
tion and labor supply choices to investigate properties of the distribution of returns to
education, using data from the National Longitudinal Survey of Youth 1979.
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1 Introduction

In this paper, I investigate conditional choice probability (CCP) estimation of dynamic struc-

tural discrete/continuous choice models with unobserved individual heterogeneity. I show

that an extension to the definition of finite dependence proposed in Altug and Miller (1998)

and Arcidiacono and Miller (2011) accommodates general non-stationary and irreducible

transition probabilities, as well as a general form of correlated unobserved heterogeneity in

the utility functions, production functions, and the transition probabilities. I propose a gen-

eralized method of moments (GMM) estimator for the structural parameters of the model

and derive their asymptotic distributions. I also propose asimple algorithm to implement

the estimator. I implement this method to estimate a model ofeducation and labor supply

choices to investigate the distribution of returns to education, using data from the NLSY79.

Since its introduction by Hotz and Miller (1993), CCP estimation of dynamic structural

models has flourished in empirical labor economics and industrial organization, largely be-

cause of its potential for an immense reduction in computational costs compared to the more

traditional backward recursive- and contraction mapping-based full maximum likelihood es-

timation pioneered by Rust (1987), referred to as the nestedfixed-point algorithm (NFXP).

The CCP estimator circumvents having to solve the dynamic programming problem for each

trial value of the structural parameters, by making use of a one-to-one mapping between the

normalized value functions and the CCPs established in Hotzand Miller (1993). Therefore,

nonparametric estimates of the CCPs can be inverted to obtain estimates of the normalized

value functions, which can then be used to estimate the structural parameters.

Empirical application of the early formulation of CCP estimation had important limita-

tions relative to the NFXP method. The emerging literature has focused on separate but

related drawbacks. The first is that nonparametric estimation of the CCPs results in less

efficient estimates of the structural parameters, as well asrelatively poor finite sample per-

formance. The second is the difficulty of accounting for unobserved individual heterogeneity,

mainly due to having to estimate the CCPs by nonparametric methods. A limitation of both

the CCP and NFXP approaches to estimation is that they are largely restricted to discrete

choice, discrete states models.

Aguirregabiria and Mira (2002) proposed a solution to the issue of efficiency and finite
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sample performance of the CCP estimator relative to the NFXPestimator. They show that

for a given value of the preference parameters, the fixed point problem in the value function

space can be transformed into a fixed-point problem in the probability space. Aguirregabiria

and Mira (2002) propose swapping the nesting of the NFXP, andshow the resulting estimator

is asymptotically equivalent to the NFXP estimator. Furthermore, Aguirregabiria and Mira

(2002) show in simulation studies that their method produces estimates 5 to 15 times faster

than NFXP. The method that Aguirregabiria and Mira (2002) propose is restricted to discrete

choice models in stationary environments, and is not designed to account for unobserved

individual heterogeneity.

Recent developments in accounting for unobserved heterogeneity in CCP estimators in-

clude Aguirregabiria and Mira (2007), and Arcidiacono and Miller (2011). Aguirregabiria

and Mira (2007) allow for permanent unobserved heterogeneity in stationary, dynamic dis-

crete games. Their method requires multiple inversion of potentially large dimensional ma-

trices. Arcidiacono and Miller (2011) propose a more general method for incorporating time-

specific or time-invariant unobserved heterogeneity into CCP estimators. Their method mod-

ifies the expectations-maximization algorithm proposed inAcidiacono (2002). However,

Arcidiacono and Miller’s method is only applicable to discrete dynamic models.

Altug and Miller (1998) proposed an approach that allows forcontinuous choices in the

CCP framework. By assuming complete markets, estimates of individual effects and ag-

gregate shocks are obtained, which are then used in the second stage to form (now) ob-

servationally equivalent individuals. These observationally equivalent individuals are used

to compute counterfactual continuous choices. Bajari et al. (2007) modify the methods of

Hotz and Miller (1993) and Hotz et al. (1994), to estimate dynamic games. Their method of

modeling unobserved heterogeneity in continuous choices is inconsistent with the dynamic

selection.

The finite dependence property – when two different policiesassociated with different

initial choices lead to the same distribution of states after a few periods – is critical for the

computational feasibility and finite sample performance ofCCP estimators. Finite depen-

dence combined with the invertibility result of Hotz and Miller (1993) results in a significant

reduction in the computational cost of estimating dynamic structural models. Essentially,

the smaller the order of dependence, the faster and more precise the estimator, because fewer

future choice probabilities have to be estimated or updated, depending of the method of es-
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timation. The concept of finite dependence was first introduced by Hotz and Miller (1993),

extended by Altug and Miller (1998), and further by Arcidiacono and Miller (2011). Despite

these generalizations, the concept of finite dependence is largely restricted to discrete choice

models with either stationary transitions or the renewal property.

This paper makes three separate, but closely related contributions to the literature on CCP

estimation of dynamic structural models. I extend the concept of finite dependence to allow

for general non-stationary and irreducible transition probabilities. Although its definition is

precise and well understood, the strategy to construct finite dependence in dynamic struc-

tural models have been largely ad hoc, and often achieved by relying on assumptions that are

either theoretically unjustified or significantly restricting the data. Altug and Miller (1998),

Gayle and Miller (2003), and Gayle (2006) rely on complete markets and degenerate transi-

tion probability assumptions to form counterfactual strategies that obtain finite dependence.

A key insight of Arcidiacono and Miller (2011) is that: “the expected value of future utilities

from optimal decision making can always be expressed as functions of the flow payoffs and

conditional choice probabilities forany sequence of future choices, optimal or not.” This

insight is the basis of our extension of the finite dependenceproperty. I show the expected

value of future utilities from optimal decision making can be expressed asany linear combi-

nationof flow payoffs and conditional CCPs, as long as the weights sum to one. This insight

converts the difficult problem of finding one pair of sequences of choices that obtains finite

dependence to a continuum of finite dependencies from which to choose.

Given I am now able to choose from a continuum of finite dependence representations,

the question becomes whether a choice of weights exists thatobtains one-period finite de-

pendence. Indeed, one-period finite dependence is achievable regardless of the form of the

transition probabilities. The resulting form of the conditional value function has the advan-

tage of being elegant and intuitive, as well as providing a simple method to accommodate

continuous choices. My approach to accounting for continuous choices does not rely on

first-stage estimation as in Altug and Miller (1998), and Bajari et al. (2007), nor does it re-

quire forward simulation as in Hotz et al. (1994) and Bajari et al. (2007). The proposed

method for estimating discrete/continuous dynamic structural models parallels the method

for estimating discrete/continuous static structural models of Dubin and McFadden (1984),

and Hanemann (1984), operationalized by the inversion result of Hotz and Miller (1993),

Arcidiacono and Miller (2011), and the generalized finite dependence result of this paper.
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The model developed in this paper allows for a general form ofdiscrete-valued, unob-

served heterogeneity in the utility functions, productionfunctions, and the transition prob-

abilities. The distribution of the unobserved random variables may be correlated with ob-

servable covariates of the model. I provide sufficient conditions for identification of all the

parameters of the model: those governing preferences, transitions, production functions, and

the distribution of the unobservable heterogeneity. I propose a GMM estimator for these

parameters and an iterative algorithm to compute them. The algorithm is similar to the one

proposed in Arcidiacono and Miller (2011), except for the method of updating the distribu-

tion of correlated unobservable heterogeneity (types). The approach proposed in this paper

has two advantages. First, my method does not require specifying initial conditions and is

therefore robust to misspecification of initial conditions. Second, my approach to updating

the distribution of types is by iterated projections. This approach allows for the probability

of a potential type to be zero. Therefore, given prior information on the maximum possible

number of types, my method does not just compute the probabilities for a given number of

types, but also computes the number of types.

To illustrate my method, I estimate a model of educational attainment and labor supply

to investigate properties of the distribution of the returns to education, using data from the

National Longitudinal Survey of Youth 1979 (NLSY79). Key features of the model are that:

(1) I allow for individuals to choose to simultaneously participate in the labor market and

enroll in school, (2) I treat hours worked as a continuous choice variable and allow for it

to affect the probability of completing the grade level enrolled in, (3) I allow for psychic

costs of school attendance and labor market activities, and(4) I treat returns to education as

a first-order discrete Markov process with probabilities that depend on race, education, and

labor market experience categories. I find that a moderate amount of hours worked per week

while in school improves the chances of advancing the grade level, whereas working more

than 16 hours per week reduces the probability of advancing the grade level. My estimates

of the psychic costs to schooling is qualitatively large, but imprecisely estimated, whereas

my estimates of the psychic cost of labor market participation is large and significant. I

find significant heterogeneity in the returns to education: the mean returns to education vary

between 0.13 and 0.17. Not only do I find heterogeneity in the returns to education, but I

also find that some groups of individuals face significant uncertainty about the future returns

to education.
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The rest of the paper proceeds as follows. Section 2 outlinesthe class of dynamic struc-

tural models investigated in this paper and presents the newalternative representation of

the value functions that I use to obtain finite dependence. Section 3 then defines general-

ized finite dependence, shows that one period finite dependence can be obtained in my class

of models, and defines first-order conditions for optimal choices. Section 4 outlines my

approach to incorporating correlated unobserved heterogeneity in the model. I propose suf-

ficient conditions for identification of the parameters of the model in section 5. Section 6

proposes a GMM estimator for the parameters. Section 7 outlines the algorithm I propose to

compute the estimator, and section 8 presents the asymptotic properties of my estimator. In

section 9, I implement my method to estimate a model of educational attainment and labor

supply. Section 10 concludes. The Appendix contains the proofs and tables reporting the

estimation results from my empirical application in section 9.

2 Model

2.1 General framework

This section outlines the class of dynamic structural discrete/continuous choice models that

I consider and my alternative representation that extends that of Arcidiacono and Miller

(2011). In each period,t, an individual chooses amongJ discrete, mutually exclusive, and

exhaustive alternatives. Letdt j be 1 if the discrete actionj ∈ {1, · · · ,J} is taken in period

t, and zero otherwise, and definedt = (dt1, · · · ,dtJ). Associated with each discrete alter-

native, j, the individual choosesL j continuous alternatives. Letctl j ∈ ℜ+, l j ∈ 1, · · · ,L j ,

be the continuous actions associated with alternativej, with ctl j > 0 if dt j = 1. Define

ct j = (ct1, · · · ,ctL j ) ∈ℜL j
+ , andct = (ct1, · · · ,ctJ) ∈ℜL

+, whereL = ∑J
j=1L j . Also, let( j,ct j)

be the vector of discrete and continuous actions associatedwith alternativej. The current-

period payoff associated with action( j,ct j) depends on the observed statext ∈ Xt ⊆ ℜDxt ,

whereDx is the dimension ofxt , the unobserved statest ∈ ℜDs, whereDs is the dimension

of st , the unidimensional discrete-choice–specific shockε jt ∈ ℜ, and theL j -dimensional

vector of continuous-choice–specific shocksrt j = (rt1, · · · , rtL j) ∈ ℜL j . Let zt = (xt ,st),

et j = (εt j , rt j), andet = (et1, · · · ,etJ). The probability density function of(zt+1,et+1) given

(zt ,et) and that action( j,ct j) is taken in periodt is denoted byf jt (zt+1,et+1|zt,ct j ,et). The
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vector of shocks,et , are observed to the individual at the beginning of periodt. The individ-

ual’s conditional direct current-period payoff from choosing alternative( j,ct j) in periodt is

denoted byut j(zt,ct j , rt j)+ εt j .

Defineyt j = (dt j ,ct j). The individual chooses the vectoryt = (yt1, · · · ,ytJ) to sequentially

maximize the expected discounted sum of payoffs:

E

{

T

∑
t=1

J

∑
j=1

βt−1dt j [ut j(zt ,ct j , rt j)+ εt j ]

}

, (2.1)

whereβ ∈ (0,1) is the discount factor. In each period,t, the expectation is taken over

zt+1, · · · ,zT andet+1, · · · ,eT . The solution to maximizing expression (2.1) is a Markov deci-

sion rule for optimal choice conditional on the time-specific state vectors and i.i.d. shocks.

Let the optimal decision rule at periodt be given byy0
t = {(d0

t j(zt ,et),c0
t j(zt ,et)), j =1, · · · ,J}.

Let the ex-ante value function in periodt, Vt(zt , rt), be the discounted sum of expected future

payoffs, beforeεt is revealed, given the optimal decision rule:

Vt(zt , rt) = E

{

T

∑
τ=t

J

∑
j=1

βτ−td0
τ j(zτ,eτ)[uτ j(zτ,c

0
τ j(zτ,eτ), rτ j)+ ετ j ]

}

.

As is standard in dicrete/continuous models, the additive separability of the utility func-

tion implies the discrete-choice–specific continuous choices are functions of their associated

shocks and not ofεt . Assumef jt (zt+1,et+1|zt ,ct j ,et) = f jt (zt+1|zt ,ct j , rt j)gr(rt+1)gε(εt+1),

wheregr is the density function ofrt and gε is the density function ofε. The expected

value function in periodt +1, givenzt , rt , the discrete choice,j, and corresponding optimal

continuous choice,c0
t j(zt , rt j), is

V̄t+1, j(zt , rt j) = β
∫

Vt+1(zt+1, rt+1) f jt (zt+1|zt ,c
0
t j(zt, rt j), rt j)gr(rt+1)drt+1dzt+1.
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If a Markov decision rule governs behaviour,Vt(zt, rt) can be written recursively:

Vt(zt , rt) = E

{

J

∑
j=1

d0
t j(zt ,et)

[

ut j(zt,c
0
t j(zt , rt j), rt j)+ εt j +βV̄t+1, j(zt, rt j)

]

}

=

∫ J

∑
j=1

d0
t j(zt ,et)

[

ut j(zt,c
0
t j(zt, rt j), rt j)+ εt j +βV̄t+1, j(zt , rt j)

]

gε(εt)dεt,

=

∫ J

∑
j=1

d0
t j(zt ,et)

[

vt j(zt,c
0
t j(zt , rt j), rt j)+ εt j

]

gε(εt)dεt

where

vt j(zt,c
0
t j(zt , rt j), rt j) = ut j(zt ,c

0
t j(zt, rt j), rt j)+V̄t+1, j(zt , rt j), (2.2)

is the choice-specific conditional value function withoutεt j . The optimal conditional contin-

uous choices, given the discrete alternativej being chosen in periodt, satisfy

∂
∂ctl j

vt j(zt,c
0
t j(zt , rt j), rt j) = 0, (2.3)

for l j =1, · · · ,L j . Given the optimal conditional continuous choice,c0
t (zt, rt)= (c0

tk(zt , rtk),k=

1, · · · ,J), the individual’s discrete choice of alternativej is optimal if

d0
t j(zt,c

0
t (zt, rt),et)=

{

1 if vt j(zt ,c0
t j(zt, rt j), rt j)+ εt j > vtk(zt,c0

tk(zt, rtk), rtk)+ εtk ∀k 6= j

0 otherwise.
(2.4)

Finally, the optimal unconditional continuous choice,ct j(zt , rt j), is given by

c∗t j(zt ,et j) = d0
t j(zt ,c

0
t (zt, rt),et)c

0
t j(zt, rt j). (2.5)

2.2 Alternative representation

The probability of choosing alternativej at timet, conditional onzt , rt , and the vector of

choice-specific optimal conditional continuous choices,c0
t = (c0

t1, · · · ,c0
tJ), is given by

pt j(zt, rt) = E[d0
t j(zt ,c

0
t (zt , rt),et)|zt, rt ] =

∫
d0

t j(zt ,c
0
t (zt , rt), rt,εt)gε(εt)dεt, (2.6)
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so that, for all(zt , rt), ∑J
j=1 pt j(zt, rt) = 1, and pt j(zt, rt) > 0 for all j. Let pt(zt, rt) =

(pt1(zt, rt), · · · , ptJ(zt, rt)) be the vector of conditional choice probabilities. Lemma 1 of

Arcidiacono and Miller (2011) show a functionψ : [0,1]J 7→ ℜ exists such that, fork =

1, · · · ,J,

ψk(pt(zt , rt))≡Vt(zt, rt)−vtk(zt ,c
0
tk(zt , rtk), rtk). (2.7)

Equation (2.7) is simply equation (3.5) of Arcidiacono and Miller (2011), modified so the

choice probabilities and value functions are also conditional on the i.i.d. shocks associated

with the conditional continuous choices. The key insight is: if (2.7) holds fork = 1, · · · ,J,

then for anyJ-dimensional vector of real numbersat = (at1, · · · ,atJ) with ∑J
k=1atk = 1,

Vt(zt , rt) =
J

∑
k=1

atk[vtk(zt ,c
0
tk(zt , rtk), rtk)+ψk(pt(zt , rt))]. (2.8)

Let at+1, j = (at+1,1 j , · · · ,at+1,J, j), possibly depending on(zt · · · ,zT), be the weights associ-

ated with the initial discrete choice,j, in periodt. Substituting equation (2.8) into equation

(2.2) gives:

vt j(zt,c
0
t j(zt , rt j), rt j) = ut j(zt ,c

0
t j(zt, rt j), rt j)

+β
J

∑
k=1

∫
[vt+1,k(zt+1,c

0
tk(zt , rtk), rt+1,k)

+ψk(pt+1(zt+1, rt+1))]at+1,k jgr(rt+1)drt+1 f jt (zt+1|zt,c
0
t j(zt , rt j))dzt+1, (2.9)

Equation (2.9) shows the value function conditional on(zt , rt) can be written as the flow pay-

off of the choice plus any weighted sum of a function of the one-period-ahead CCPs plus the

one-period-ahead conditional value functions, where the weights sum to 1. This extension

of the results of Arcidiacono and Miller (2011) provides a powerful tool for obtaining finite

dependence in any model that can be formulated as the one developed in the previous section.

Clarifying example

To clarify the alternative representation, I provide a “stripped down” example of the model

formation. In this example, I abstract away from the conditional continuous choice and con-

sider the case in whichJ = 2. I also assume the individual-time–specific discrete-choice

shock,εit j , is distributed i.i.d., type 1 extreme value. Under these assumptions, the choice-
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specific conditional value function in equation (2.2) becomes

vt j(zt) = ut j(zt)+V̄t+1, j(zt), (2.10)

where

V̄t+1, j(zt) = β
∫

ln
2

∑
k=1

evt+1,k(zt+1) f jt (zt+1|zt)dzt+1+βγ, (2.11)

andγ is the Euler constant. Equation (2.2) becomes

vt j(zt) = ut j(zt)+β
∫

ln
2

∑
k=1

evt+1,k(zt+1) f jt (zt+1|zt)dzt+1+βγ. (2.12)

Also, the periodt+1 conditional choice probability of alternativej = 1,2 is given by

pt+1, j(zt) =
evt+1, j (zt+1)

∑2
k=1evt+1,k(zt+1)

. (2.13)

From equation (2.13), the following equality holds forj = 1,2:

ln
2

∑
k=1

evt+1,k(zt+1) = vt+1, j(zt+1)− ln pt+1, j(zt+1). (2.14)

Notice equation (2.14) is simply equation (2.7) under the assumptions of this example and

evaluated at periodt +1. Also, note the LHS of equation (2.14) is a term inside the integral

on the RHS of equation (2.11). For alternativej = 1,2, letat+1,k j be weights associated with

alternativej in periodt and alternativek in periodt +1, with at+1,1 j +at+1,2 j = 1, j = 1,2.

Then from equation (2.13),

ln
2

∑
k=1

evt+1,k(zt+1) =
2

∑
k=1

at+1,k j[vt+1,k(zt+1)− ln pt+1,k(zt+1)]. (2.15)

Substituting equation (2.15) into equation (2.11) obtains

V̄t+1, j(zt) = β
∫ 2

∑
k=1

[vt+1,k(zt+1)− ln pt+1,k(zt+1)]at+1,k j f jt (zt+1|zt)dzt+1

+βγ. (2.16)
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Now, substitutingV̄t+1, j from equation (2.16) into equation (2.12), obtains

vt j(zt) = ut j(zt)+β
∫ 2

∑
k=1

[vt+1,k(zt+1)− ln pt+1,k(zt+1)]at+1,k j f jt (zt+1|zt)dzt+1

+βγ. (2.17)

3 Generalized finite dependence

The purpose of this section is to show how the weights,{aτ,k, j ,τ ≥ t +1, k, j = 1, · · · ,J},
may be used to obtain finite dependence. I begin by showing this result holds for the clarify-

ing example.

Clarifying example contd.

Evaluating equation (2.17) at periodt +1, and substituting into equation (2.10) obtains

vt j(zt) = ut j(zt)+β
∫ 2

∑
k=1

[ut+1,k(zt+1)− ln pt+1,k(zt+1)]at+1,k j f jt (zt+1|zt)dzt+1

+β2
∫

Vt+2(zt+2)

[∫ 2

∑
k=1

at+1,k j fk,t+1(zt+2|zt+1) f jt (zt+1|zt)dzt+1

]

dzt+2

+βγ. (3.1)

Equation (3.1) can be used to write the difference in the choice-specific conditional value

function as follows:

vt2(zt)−vt1(zt) = ut2(zt)−ut1(zt)

+β
∫ 2

∑
k=1

[ut+1,k(zt+1)− ln pt+1,k(zt+1)]

× [at+1,k2 f2t(zt+1|zt)−at+1,k1 f1t(zt+1|zt)]dzt+1

+β2
∫

Vt+2(zt+2)

×
[∫ 2

∑
k=1

fk,t+1(zt+2|zt+1)[at+1,k2 f2t(zt+1|zt)−at+1,k1 f1t(zt+1|zt)]dzt+1

]

dzt+2. (3.2)
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Finite dependence is obtained if{at+1,k j, k, j = 1,2} satisfies

∫ 2

∑
k=1

fk,t+1(zt+2|zt+1)[at+1,k2 f2t(zt+1|zt)−at+1,k1 f1t(zt+1|zt)]dzt+1 = 0, (3.3)

2

∑
k=1

at+1,k j = 1, and, (3.4)

at+1,k∗2 f2t(zt+1|zt) 6= at+1,k∗1 f1t(zt+1|zt) for at least onek∗ ∈ {1,2}. (3.5)

The following presents an example of how to find{at+1,k j,k, j = 1,2}, which satisfies equa-

tions (3.3)-(3.5). First, for anyc∈ℜ, settingat+1,11= c, substituting this and equation (3.4)

into equation (3.3), and solving forat+1,12 gives

at+1,12 =
f2,t+1(zt+2|zt+1) f2t(zt+1|zt)+c f1,t+1(zt+2|zt+1) f1t(zt+1|zt)+ (c−1) f2,t+1(zt+2|zt+1) f1t(zt+1|zt)

f2t(zt+1|zt)[ f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)]

at+1,22 = 1− f2,t+1(zt+2|zt+1) f2t(zt+1|zt)+c f1,t+1(zt+2|zt+1) f1t(zt+1|zt)+ (c−1) f2,t+1(zt+2|zt+1) f1t(zt+1|zt)

f2t(zt+1|zt)[ f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)]
.

Second, check if equation (3.5) is satisfied. Indeed, equation (3.5) is satisfied as long as

f1t(zt+1|zt) 6= f2t(zt+1|zt).

Interestingly, for the weights calculated in the previous paragraph,

vt2(zt)−vt1(zt) = ut2(zt)−ut1(zt)

+β
∫ (

[ut+1,1(zt+1)− ln pt+1,1(zt+1)]
f2,t+1(zt+2|zt+1)

f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)

+ [ut+1,2(zt+1)− ln pt+1,2(zt+1)]
f1,t+1(zt+2|zt+1)

f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)

)

× [ f2t(zt+1|zt)− f1t(zt+1|zt)]dzt+1. (3.6)

Note that equation (3.6) holds for anyzt+2, so for any density function,h(zt+2), defined on
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the support ofzt+2,

vt2(zt)−vt1(zt) = ut2(zt)−ut1(zt)

+β
∫ ∫ (

[ut+1,1(zt+1)− ln pt+1,1(zt+1)]
f2,t+1(zt+2|zt+1)

f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)

+ [ut+1,2(zt+1)− ln pt+1,2(zt+1)]
f1,t+1(zt+2|zt+1)

f1,t+1(zt+2|zt+1)+ f2,t+1(zt+2|zt+1)

)

h(zt+2)dzt+2

× [ f2t(zt+1|zt)− f1t(zt+1|zt)]dzt+1. (3.7)

Also, notice that, at least in this example, although the weights depend on the choice ofc,

the difference in the conditional value functions does not.Whether this invariance holds for

the general case, which we now present, is an open question. In what follows, we suppress

the dependence ofc0
t j(zt, rt j) on zt , rt j and reintroduce them when clarity is required.

Define f jt (zt+1|zt) =
∫

f jt (zt+1|zt ,c0
t j , rt j)gr(rt j)drt j . For any initial choice( j,c0

t j), for

periodsτ = {t +1, · · · , t +ρ}, and any corresponding sequenceaτ = {aτk j,k, j = 1, · · · ,J}
with ∑J

k=1 aτk j = 1, define

κτ j(zτ+1, |zt,c
0
t j , rt j) =











f jt (zt+1|zt,c0
t j , rt j) for τ = t∫

∑J
k=1aτ+1,k j fkτ(zτ+1|zτ)κτ−1, j(zτ|zt,c0

t j , rt j)dzτ

for τ = t +1, · · · , t+ρ,
(3.8)

where
∫

κτ j(zτ+1, |zt,c0
t j , rt j)dzτ+1 = 1, because∑J

k=1aτ+1,k j = 1. This restriction does not

requirea j ≥ 0. By forward substitution, equations (2.9) and (3.8) obtain

vt j(zt ,c
0
t j , rt j) = ut j(zt ,c

0
t j , rt j)

+
t+ρ

∑
τ=t+1

J

∑
k=1

∫
βτ−t [uτk(zτ,c

0
τk, rτk)+ψk[pτ(zτ, rτ)]]

×aτk jgr(rτ)κτ−1, j(zτ|zt,c
0
t j , rt j)drτdzτ

+βt+ρ+1
∫

Vt+ρ+1(zt+ρ+1, rt+ρ+1)

×gr(rt+ρ+1)κt+ρ+1, j(zt+ρ+1|zt ,c
0
t j , rt j)drt+ρ+1dzt+ρ+1. (3.9)

Using equation (3.9), the difference in the conditional value functions associated with two

13



alternative initial choices,j and j ′ becomes

vt j(zt,c
0
t j , rt j)−vt j ′(zt,c

0
t j ′, rt j ′) = ut j(zt ,c

0
t j , rt j)−ut j ′(zt,c

0
t j ′, rt j ′)

+
t+ρ

∑
τ=t+1

J

∑
k=1

∫
βτ−t [uτk(zτ,c

0
τk, rτk)+ψk[pτ(zτ, rτ)]]gr(rτ)drτ

× [aτk jκτ−1, j(zτ|zt ,c
0
t j , rt j)−aτk j′κτ−1, j ′(zτ|zt ,c

0
t j ′, rt j ′)]dzτ

+βt+ρ+1
∫

Vt+ρ+1(zt+ρ+1, rt+ρ+1)gr(rt+ρ+1)drt+ρ+1

× [κt+ρ, j(zt+ρ+1|zt,c
0
t j , rt j)−κt+ρ, j ′(zt+ρ+1|zt,c

0
t j ′, rt j ′)]dzt+ρ+1. (3.10)

Therefore, a pair of initial choices,( j,c0
t j) and ( j ′,c0

t j ′), exhibits generalized ρ-period

dependenceif corresponding sequences,(at+1, j , · · · ,at+ρ, j) and(at+1, j ′, · · · ,at+ρ, j ′), exist

such that

κt+ρ, j(zt+ρ+1|zt,c
0
t j , rt j) = κt+ρ, j ′(zt+ρ+1|zt ,c

0
t j ′, rt j ′)

almost everywhere,

J

∑
k=1

aτk j = 1, j = 1, · · ·J, τ = t +1, · · · , t+ρ,

and for at least onek∗ ∈ {1, · · · ,J} andτ ∈ {t+1, · · · , t +ρ},

aτk∗ jκτ−1, j(zτ|zt,c
0
t j , rt j) 6= aτk∗ j ′κτ−1, j ′(zτ|zt ,c

0
t j ′, rt j ′).

I now show that this generalization of the finite dependence property can be used to obtain

one-period dependence for any model that satisfies the setupgiven in the previous section.

For initial choice( j,ct j),

κt+1, j(zt+ρ+1|zt ,c
0
t j , rt j) =

∫ J

∑
k=1

at+1,k j fkt+1(zt+2|zt+1) f jt (zt+1|zt ,c
0
t j , rt j)dzt+1,

14



so for any pair of initial choices,( j,ct j) and( j ′,ct j ′),

κt+1, j(zt+ρ+1|zt,c
0
t j , rt j)−κt+1, j ′(zt+ρ+1|zt ,c

0
t j ′, rt j ′)

=

∫ J

∑
k=1

fkt+1(zt+2|zt+1)[at+1,k j f jt (zt+1|zt ,c
0
t j , rt j)−at+1,k j′ f j ′t(zt+1|zt,c

0
t j ′, rt j ′)]dzt+1.

(3.11)

Then a sufficient condition for one-period dependence is that {(at+1,k j,at+1,k j′), k=1, · · · ,J}
satisfies

∫ J

∑
k=1

fkt+1(zt+2|zt+1)

× [at+1,k j f jt (zt+1|zt,c
0
t j , rt j)−at+1,k j′ f j ′t(zt+1|zt ,c

0
t j ′, rt j ′)]dzt+1 = 0, j,k= 1,2,

J

∑
k=1

at+1,k j = 1, j = 1· · · ,J, and,

at+1,k∗ j f jt (zt+1|zt ,c
0
t j , rt j) 6= at+1,k∗ j ′ f j ′t(zt+1|zt ,c

0
t j ′, rt j ′) for at least onek∗ ∈ {1, · · · ,J}.

Given the volume of alternative choices of weights that obtains one-period finite dependence,

I proceed by assumingρ = 1, so equation (3.9) reduces to

vt j(zt ,c
0
t j , rt j)−vt j ′(zt ,c

0
t j ′, rt j ′) = ut j(zt,c

0
t j , rt j)−ut j ′(zt ,c

0
t j ′, rt j ′)

+β
∫ (∫ J

∑
k=1

[ut+1,k(zt+1,c
0
t+1,k, rt+1,k)+ψk[pt+1(zt+1, rt+1)]]gr(rt+1)drt+1

)

× [at+1k j ft j(zt+1|zt,c
0
t j , rt j)−at+1k j′ ft j ′(zt+1|zt ,c

0
t j ′, rt j ′)]dzt+1. (3.12)

An example of the weights,(at+1, j ′, · · · ,at+ρ, j ′), that satisfy the above three conditions are

found as follows. Setj ′ = 1, andat+1,11 = c. For j = 2, · · · ,J, set {at+1,k j = 0, k =
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1· · ·J, k 6= j}. Solving forat+1, jk, k= 1· · ·J and substituting into equation (3.12) obtains

vt j(zt,c
0
t j , rt j)−vt1(zt,c

0
t1, rt1) = ut j(zt,c

0
t j , rt j)−ut1(zt,c

0
t1, rt1)

+β
∫ {∫

(

[ut+1,1(zt+1,c
0
t+1, j , rt+1,1)+ψ1[pt+1(zt+1, rt+1)]]

×
ft j(zt+1|zt ,c0

t j , rt j)

ft1(zt+1|zt ,c0
t1, rt1)+ ft j(zt+1|zt,c0

t j , rt j)

+ [ut+1, j(zt+1,c
0
t+1, j , rt+1, j)+ψ j [pt+1(zt+1, rt+1)]]

× ft1(zt+1|zt ,c0
t1, rt1)

ft1(zt+1|zt,c0
t1, rt1)+ ft j(zt+1|zt,c0

t j , rt j)

)

gr(rt+1)drt+1

}

× [ ft j(zt+1|zt ,c
0
t j , rt j)− ft1(zt+1|zt ,c

0
t1, rt1)]dzt+1, j = 2, · · · ,J.

3.1 Optimal continuous choice

The alternative representation of the difference in conditional value functions provides a

simple and convenient representation of the condition for optimal conditional continuous

choice,c0
t j , given that alternativej is chosen. The key is to note∂vt j ′(zt,c0

t j ′, rt j ′)/∂ctl j = 0

for j ′ 6= j andl j = 1, · · · ,L j . This equality and equation (3.12) implyc0
t j(zt , rt j) solves

0=
∂

∂ctl j

ut j(zt ,c
0
t j , rt j)

+β
∫ (∫ J

∑
k=1

∂
∂ctl j

[ut+1,k(zt+1,c
0
t+1,k, rt+1,k)+ψk[pt+1(zt+1, rt+1)]]gr(rt+1)drt+1

)

× [at+1k j ft j(zt+1|zt,c
0
t j , rt j)−at+1k j′ ftl (zt+1|zt,c

0
t j ′, rt j ′)]dzt+1

+β
∫ (∫ J

∑
k=1

[ut+1,k(zt+1,c
0
t+1,k, rt+1,k)+ψk[pt+1(zt+1, rt+1)]]gr(rt+1)drt+1

)

× ∂
∂ctl j

[at+1k j ft j(zt+1|zt ,c
0
t j , rt j)−at+1k j′ ftl (zt+1|zt,c

0
t j ′, rt j ′)]dzt+1 (3.13)

The key to this solution is to noteat+1k j′ will typically be a function ofc0
t j ′.

Clarifying example contd.

To continue the clarifying example, suppose a unidimensional continuous choice is associ-
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ated with alternative 2, and period-specific utilities are not functions of lagged continuous

choice. Then equation (3.7) implies the optimality condition forc0
t2(zt, rt2) is

0=
∂

∂ct2
ut2(zt,c

0
t2, rt2)

+β
∫ ∫

[ut+1,2(zt+1,c
0
t2, rt+1,2)− ln pt+1,2(zt+1, rt+1)]

×
(

f1,t+1(zt+2|zt+1,c0
t+1,1, rt+1,1)

f1,t+1(zt+2|zt+1,c0
t+1,1, rt+1,1)+ f2,t+1(zt+2|zt+1,c0

t+1,2, rt+1,2)

)

gr(rt+1)drt+1

× ∂
∂ct2

ft2(zt+1|zt ,c
0
t2, rt j)dzt+1. (3.14)

4 Correlated unobserved heterogeneity

Recall thatzt = (xt ,st), wherext is aDx-dimensional vector of observable state variables and

st is a Ds-dimensional vector of unobserved state variables. Letwt by a subset ofxt , and

assume that forj = 1, · · · ,J,

f jt (zt+1|zt,c
0
t j , rt j) = f jt (xt+1|xt ,st ,c

0
t j , rt j)π(st+1|st ,wt).

Define s= [s1, · · · ,sQ] and assume thatst is discretely distributed withQ support points,

st ∈ {s1, · · · ,sQ}. Let πtq′q(wt) be the probability of being in stateq in period t andq′ in

period t +1, conditional onwt , and letπtq′|q(wt) be the probability of being in stateq′ in

periodt +1 given being is stateq in periodt andwt . Then forq= 1, · · · ,Q, equation (3.12)

obtains

vt j(xt ,sq,c
0
t j , rt j)−vt j ′(xt ,sq,c

0
t j ′, rt j ′) = ut j(xt ,sq,c

0
t j , rt j)−ut j ′(xt ,sq,c

0
t j ′, rt j ′)

+β
Q

∑
q′=1

∫ (∫ J

∑
k=1

[ut+1,k(xt+1,sq′,c
0
t+1,k, rt+1,k)+ψk[pt+1(xt+1,sq′, rt+1)]]gr(rt+1)drt+1

)

× [at+1k j ft j(xt+1|xt,sq,c
0
t j , rt j)−at+1k j′ ft j ′(xt+1|xt ,sq,c

0
t j ′, rt j ′)]dxt+1πtq′|q(wt). (4.1)

Observe that the conditional value function also depends on(s,πt·|q), whereπt·|q=(πt1|1, · · · ,πtQ|q).

We will suppress notation of the dependence until necessitydictates its presence. The prob-
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ability of choosing alternativej at timet, conditional onxt , sq, rt , and the vector of choice-

specific optimal conditional continuous choices,c0
t = (c0

t1, · · · ,c0
tJ), is given by

p0
t j(xt ,sq, rt) = E[d0

t j(zt ,et)|xt,sq, rt ] =
∫

d0
t j(zt, rt ,εt)gε(εt)dεt . (4.2)

The probability of choosing alternativej at timet and the corresponding optimal continuous

choice, conditional onsq andxt , are

p0
t j(xt ,sq) =

∫
p0

t j(xt ,sq, rt)gr(rt)drt . (4.3)

The probability of choosing alternativej at timet and the corresponding optimal continuous

choice,, conditional onxt , are

p0
t j(xt) =

Q

∑
q=1

p0
t j(xt ,sq)πtq(wt), (4.4)

whereπtq(wt) = ∑Q
q′=1πtq′q(wt) is the (marginal) probability of being in stateq in periodt

givenwt .

5 Identification

In this section, we discuss sufficient conditions for identification of the parameters of the

model. Define

s= (s1, · · · ,sQ),

πt(wt) = ({πtq′,q(wt), q′,q= 1, · · · ,Q})′,
πt = {πt(wt)

′,wt ∈ Xt},
π = {πt , t = 2, · · · ,T−1}

Πt·|q = (s,πt·|q),

Πt = (s,πt), and

Π = (s,π).
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Identification is semiparametric in the sense that we imposeparametric restrictions on

ut j , gε, gr , and f jt , but we only impose exclusion restrictions onwt with respect toxt for

the purpose of identifying the conditional distribution ofthe unobserved heterogeneity. The

parametric restrictions are as follows:ut j(zt,sq,ct j , rt j) = ut j(zt,sq,ct j , rt j ;B1,) is known

up to B1 ∈ ℜDB1 ; gr(rt) = gr(rt;B2) is known up toB2 ∈ ℜDB2 ; and ft j(xt+1|xt ,st,ct j) =

ft j(xt+1|xt ,st,ct j ;B3) is known up toB3∈ℜDB3 . DefineB=(B1,B2,B3)∈B ⊆ℜDB1+DB2+DB3 .

For each individual unit, the random variables(dt,ct ,xt), t = 1, · · · ,T are observable.

Hence, in the population, the joint distributionF(dt ,ct ,xt) is observed. Fort = 1, · · · ,T,

j = 1, · · · ,J,k 6= j, define

ut jk(xt ,sq,ct , rt;B1) = ut j(xt ,sq,ct j , rt j ;B1)−utk(xt ,sq,ctk, rtk;B1), and

vt jk(xt ,sq,ct , rt;B,Πt,·|q) = vt j(xt ,sq,ct j , rt j ;B,Πt,·|q)−vtk(xt ,sq,ctk, rtk;B,Πt,·|q). (5.1)

Notice that I make explicit the dependence of the alternative-specific conditional value func-

tion onΠt,·|q, which enters through the continuation value function.

Assumption 5.1.1. β ∈ [0,1) is known.

2. Rank E[x′txt ] = Dxt , Rank E[w′twt ] = Dwt , and the conditional density function of xt given

wt , fxt |wt > 0.

3. ε j and εk are independent and gε is twice continuously differentiable and log-concave

with supportℜ.

4. For each j∈ {1, · · · ,J}, at least one k∈ {1, · · · ,J}\{ j} and at least one t∈ {2, · · · ,T−1}
exist such that

Rank

{(

E

[

∂
∂(B,sq)

vt jk(xt ,sq,ct , rt ;B,Πt,·|q)
])(

E

[

∂
∂(B,sq)

vt jk(xt ,sq,ct , rt;B,Πt,·|q)
])′}

= ℜDB+Ds.

5. ut j(xt ,sq,ct j , rt j ;B1) is strictly increasing, strictly concave, and twice continuously differ-

entiable in ctl j , l j = 1, · · · ,L j , and ft j(xt+1|xt ,sq,ct j ;B3) is twice continuously differentiable

in ctl j , l j = 1, · · · ,L j .

6. For any wt ∈ Xt for some j∗ ∈ {1, · · · ,J} and all k∈ {1, · · · ,J}\{ j∗}, a non-empty set of

xt , X̃t(wt) exists for which the following hold:
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i. Let s̃q be s with sq replaced bys̃q. For any(B,πt,·|q), either

vt j∗k(xt , s̃q,ct , rt;B, s̃q,πt,·|q)> vt j∗k(xt ,sq,ct , rt ;B,Πt,·|q) or

vt j∗k(xt , s̃q,ct , rt;B, s̃q,πt,·|q)< vt j∗k(xt ,sq,ct , rt ;B,Πt,·|q) whenever̃sq > sq.

ii. For (B̃,Π̃t,·|q) 6= (B̄,Π̄t,·|q), for any(c̃t , c̄t), and any rt , (x̃, x̄) ∈ X̃ 2
t (wt) exists for which

vt j∗k(x̃t , s̃q, c̃t , rt; B̃,Π̃t,·|q)< vt j∗k(x̃t , s̄q, c̄t , rt; B̄,Π̄t,·|q), and

vt j∗k(x̄t , s̃q, c̃t , rt; B̃,Π̃t,·|q)> vt j∗k(x̄t , s̄q, c̄t , rt; B̄,Π̄t,·|q).

DefineP(x;B,Π) = (pt j(xt ;B,Π), j = 1, · · · ,J, t = 1, · · · ,T,), where I make explicit the

dependence ofpt j(xt) defined in equation (4.3) on(B,Πt). Let (B0,Π0) be the true parameter

vector; that is, the probabilities generated from the modelat (B0,Π0) coincides with the

population probabilities:P(x;B0,Π0) = P0(x).

Theorem 5.2. Suppose assumption 5.1 holds. Then(B0,Π0) is identified in the sense that

any(B̃,Π̃) satisfyingP(x; B̃,Π̃) = P0(x) implies(B̃,Π̃) = (B0,Π0).

The proof of theorem 5.2 is found in Gayle (2013).

6 Estimator

In this section, I propose a GMM estimator for the parametersof the model,B andΠ. I

choose to propose a GMM estimator instead of the ML estimatorfor two reasons. First,

the definition of the GMM estimator does not require specifying the distribution of measure-

ment errors, which is of particular concern in discrete and continuous choice models because

observed continuous choice variables are often measured with errors. Second, the GMM es-

timator is robust to the initial conditions problem: consistent estimation of the parameters

does not require observing the initialization of(xt ,s) or for it to be specified. My objective

function is constructed in a way that results in a computationally convenient algorithm to

compute the estimator of the parameters with the restriction that the type probabilities sat-

isfy the properties of probability and are not constrained to be strictly positive. I begin by

imposing restrictions onw.

Assumption 6.1.1. The random vector wt belongs to a discrete setWt ⊂ Xt with R distinct

values.

2. The maximum possible number of types Q is known to the investigator.
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Restrictingwt to a discrete set affords the proposal of a relatively simpleimplementation

in estimation and derivation of the asymptotic distribution of the estimator. Under Assump-

tion 6.1.1,Πt consists ofQ((Q− 1)R+ 1) parameters to be estimated. Assumption 6.1.2

says the investigator has prior knowledge of the maximum possible number of types. The

proposed estimator requires this assumption for it to be operational. One can set the maxi-

mum possible number of types to be large, at the cost of increased computational burden.

From here on, the unobserved state vectors and the deep parametersB are treated

symmetrically, and grouping them is convenient for what is to come. To that end, define

θ = (B,s) ∈ Θ = B ×ℜQ. The estimator for the parameters of the model is best framedas

the solution to a constrained optimization problem, where the primary parameter of interest

is θ, and the constraint imposes restrictions onπ. I first define the objective function forθ,

and then define the constraint set.

Supposen observations of the random vectorsyi = {(dit ,cit ), t = 1, · · · ,T} and xi =

{x′it , t = 1, · · · ,T} are accessible to the investigator. For eachi, and for t = 2, · · · ,T − 1,

define the residuals

ρ1it j (yit ,xit ;θ,πt) = dit j − p0
t j(xit ;θ,πt),

ρ2it j (yit ,xit ;θ,πt) = dit j (cit j −c0
t j(xit ;θ,πt)),

where

p0
t j(xit ;θ,πt) = ∑

wt∈Wt

Q

∑
q=1

p0
t j(xit ;θ,πt·|q(wt)) πtq(wt)1{wit = wt}, and

c0
t j(xit ;θ,πt)) = ∑

wt∈Wt

Q

∑
q=1

c0
t j(xit ;θ,πt·|q(wt)) πtq(wt)1{wit = wt}.

Define

ρ1it (yit ,xit ;θ,πt) = {ρ1it j (yit ,xit ;θ,πt), j = 2, · · · ,J}, and

ρ2it (yit ,xit ;θ,πt) = {ρ2it j (yit ,xit ;θ,πt), j = 1, · · · ,J}.
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Define theL+J−1-dimensional residual vector

ρit (yit ,xit ;θ,πt) = (ρ1it (yit ,xit ;θ,πt),ρ2it (yit ,xit ;θ,πt))
′.

Let Xit be a(L+J−1)×NXt matrix of instruments, and define theNXt -dimensional vector.

mit (θ;πt) = X′it ρit (yit ,xit ;θ,πt). (6.1)

Define theNX-dimensional vectormi(θ;π)= (mi2(θ;π2)
′, · · · ,miT−1(θ;πT−1)

′)′, whereNX =

∑T−1
t=2 NXt , and theNX-dimensional vector of momentsm(θ;π) = E[mi(θ;π)]. Let Ω be a

NX×NX-dimensional symmetric, positive definite weighting matrix. The population objec-

tive function is defined as follows.

Sθ(θ;π) = m(θ;π)′Ωm(θ;π). (6.2)

To implement the estimator, let

m̂(θ;π) =
1
n

n

∑
i=1

mi(θ;π). (6.3)

Then the sample objective function is defined as

Ŝθ(θ;π) = m̂(θ;π)′Ω̂m̂(θ;π), (6.4)

whereΩ̂ is a consistent estimator forΩ.

To define the constraint set, for eachi = 1, · · · ,n andt = 2, · · · ,T−1, let

p0
itt+1, jk(xit+1,xit ,sq′,sq;θ,π) = p0

it+1, j(xit+1,sq′;θ,πt+1,·|q′)p
0
it ,k(xit ,sq;θ,πt,·|q), (6.5)

and

p0
itt+1, jk(xit+1,xit ;θ,π) =

Q

∑
q′=1

Q

∑
q=1

p0
itt+1, jk(xit+1,xit ,sq′,sq;θ,π)πtq′q(wit ). (6.6)
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By defining

ptt+1, jk(xit+1,xit ;θ,π) = ({p0
tt+1, jk(xit+1,xit ,sq′,sq;θ,π), q′ = 1, · · · ,Q, q= 1, · · · ,Q}),

I can write

p0
tt+1, jk(xit+1,xit ;θ,π) = ptt+1, jk(xit+1,xit ;θ,π)πt(wit ). (6.7)

For anyθ ∈ Θ and anyπ, defineπt0(wit ;θ,π) as satisfying

E[dit+1, jditk|xit+1,xit ] = ptt+1, jk(xit+1,xit ;θ,π)πt0(wit ;θ,π). (6.8)

The identification conditions in Assumption 5.1 implȳπt0(wit ;θ0,π0) = πt0(wit ). By defin-

ing

νp
itt+1, jk(θ,π) = dit+1, jditk− p0

tt+1, jk(xit+1,xit ;θ,π),

equation (6.8) can be written as

dit+1, jditk = ptt+1, jk(xit+1,xit ;θ,π)πt0(wit ;θ,π)+νp
itt+1, jk(θ,π), (6.9)

where by the law of iterated expectations,E[νp
it ,t+1, jk(θ,π)|ptt+1, jk(xit+1,xit ;θ,π)] = 0. Sim-

ilarly, define

citt+1, jk = dit+1,kcit+1,k⊗dit j cit j ,

c∗itt+1, jk(xit+1,xit ,sq′,sq;θ,π) = dit+1,kc
0
it+1,k(xit+1,sq′ ;θ,πt+1,·|q′)⊗dit j c

0
it j (xit ,sq;θ,πt,·|q),

c∗itt+1, jk(xit+1,xit ;θ,π) =
Q

∑
q′=1

Q

∑
q=1

c∗itt+1, jk(xit+1,xit ,sq′,sq;θ,π)πtq′q(wit )

= c∗itt+1, jk(xit+1,xit ;θ,π)πt(wit ), (6.10)

wherec∗tt+1, jk(xit+1,xit ;θ,π)= ({c∗tt+1, jk(xit+1,xit ,sq′,sq;θ,π)′, q′=1, · · · ,Q, q=1, · · · ,Q}),
and⊗ denotes the Kronecker product. For anyθ ∈Θ andπ, πt0(wit ;θ,π) satisfies

E[citt+1, jk|xit+1,xit ] = c∗itt+1, jk(xit+1,xit ;θ,π)πt0(wit ;θ,π), (6.11)
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and by letting

νc
itt+1, jk(θ,π) = citt+1, jk−c∗itt+1, jk(xit+1,xit ;θ,π),

equation (6.11) implies the following:

citt+1, jk = c∗itt+1, jk(xit+1,xit ;θ,π)πt0(wit ;θ,π)+νc
itt+1, jk(θ,π), (6.12)

where again, under the restrictions of the model and by the law of iterated expectations,

E[νc
itt+1, jk(θ,π)|c∗tt+1, jk(xit+1,xit ;θ,π)] = 0.

Now, define

ditt+1 = ({dit+1, jditk, j = 1, · · · ,J, k= 1, · · · ,J},\{dit+1,1dit1})′,
pitt+1(θ,π) = ({p′tt+1, jk(xit+1,xit ;θ,π), j = 1, · · · ,J, k= 1, · · · ,J}

\{p′tt+1,11(xit+1,xit ;θ,π)})′,
νp

itt+1(θ,π) = ({νp
itt+1, jk(θ,π), j = 1, · · · ,J, k= 1, · · · ,J}\{νp

itt+1,11(θ,π)})′,
citt+1 = ({c′itt+1, jk} j = 1, · · · ,J, k= 1, · · · ,J)′,

c∗itt+1(θ,π) = ({(c∗itt+1, jk(xit+1,xit ;θ,π))′, j = 1, · · · ,J, k= 1, · · · ,J})′,
νc

itt+1(θ,π) = ({(νc
itt+1, jk(θ,π))

′, j = 1, · · · ,J, k= 1, · · · ,J})′.

Let

yitt+1 = (d′itt+1,c
′
itt+1),

Xitt+1(θ,π) = (p′itt+1(θ,π),(c
∗
itt+1(θ,π))

′)′, and (6.13)

νit (θ,π) = ((νp
itt+1(θ,π))

′,(νc
itt+1(θ,π))

′)′. (6.14)

Then, stacking equations (6.10) and (6.12) obtains

yitt+1 = Xitt+1(θ,π)πt0(wit ;θ,π)+νitt+1(θ,π). (6.15)
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Define

M0
t (θ,π) =

{

ξ ∈ℜQ2
: ξ = argmin

ξ̃
Sπ(ξ̃;wt ,θ,π),ξq≥ 0,q= 1, · · · ,Q2,

Q2

∑
q=1

ξq = 1,wt ∈Wt

}

,

where

Sπ(ξ;wt ,θ,π) = E
[

(yitt+1−Xitt+1(θ,π)ξ)′ (yitt+1−Xitt+1(θ,π)ξ)1{wit = wt}
]

. (6.16)

Define analogously

M̂t(θ,π) =

{

ξ ∈ℜQ2
: ξ = argmin

ξ̃
Ŝπ(ξ̃;wt ,θ,π),ξq≥ 0,q= 1, · · · ,Q2,

Q2

∑
q=1

ξq = 1,wt ∈Wt

}

,

where

Ŝπ(ξ;wt ,θ,π) =
1
n

n

∑
i=1

(yitt+1−Xitt+1(θ,π)ξ)′ (yitt+1−Xitt+1(θ,π)ξ)1{wit = wt}. (6.17)

DefineM0(θ,π) =×T−1
t=2 M0

t (θ,π) andM̂(θ,π) =×T−1
t=2 M̂t(θ,π). Then, under the conditions

of Assumption 5.1,(θ0,π0) solves

min
θ∈Θ

Sθ(θ;π)

s.t. π ∈M0(θ,π), (6.18)

and the estimator(θ̂, π̂) for (θ0,π0) solves

min
θ∈Θ

Ŝθ(θ;π)

s.t. π ∈ M̂(θ,π). (6.19)

7 Computing The Estimator

In this section, I present a method for computing the estimator proposed in the previous sec-

tion. I describe the algorithm at theo+1 iteration with(π[o],c∗,[o],p[o],θ[o]) in hand. Each

component of the algorithm is specified for a generic individual i at a generic point of timet.

Computing the algorithm requires integrating over the alternative-specific conditional contin-
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uous choice shocksr. The popular methods for this integration (quadrature and simulation

methods) require evaluating the objective function at discrete points on the support ofr. To

conserve on notation, I will use the subscript′r ′ to denote the discrete point at which the

function is being evaluated, as well as the random variable itself.

7.1 Updatingπ

The approach to updatingπ is to perform a two-step iterated projection. The first step projects

the weights intoℜQ2
, and the second projects the result into theQ2 - dimensional simplex,

thereby obtaining probabilities.

Equation (6.15) implies that, for eacht = 2, · · · ,T−1 andwt ∈Wt , the first-stage pro-

jection obtains

π̄[o+1]
t (wt) =

[

n

∑
i=1

X′itt+1

(

θ[o],π[o]
)

Xitt+1

(

θ[o],π[o]
)

1{wit = wt}
]−1

×
n

∑
i=1

X′itt+1

(

θ[o],π[o]
)

yitt+11{wit = wt}, (7.1)

whereXitt+1

(

θ[o],π[o]
)

is defined in equation (6.13). The second step is to projectπ̄[o+1]
t (wt)

into theQ2- dimensional simplex. To perform the projection, I apply the algorithm devel-

oped by Chen and Ye (2011), which operates as follows:

Algorithm 1

1. Sortπ̄[o+1]
t (wt) in ascending order as̄π[o+1]

t (wt)(1) ≤ ·· · ≤ π̄[o+1]
t (wt)(Q2) and setl =

Q2−1;

2. Computeτl =
∑Q2

l ′=l+1
π̄[o+1]

t (wt)(l ′)
Q2−1 . If τl ≥ π̄[o+1]

t (wt)(l), set τ̂ = τl , and go to Step 4;

otherwise, setl ← l −1 and redo Step 2 ifl ≥ 1 or go to Step 3 ifl = 0;

3. Setτ̄ = ∑Q2

l ′=1
π̄[o+1]

t (wt)(l ′)
Q2 ;
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4. Returnπ̂[o+1]
t (wt) = (π̄[o+1]

t (wt)− τ̂)+ as the projection of̄π[o+1]
t (wt) onto theQ2-

dimensional simplex.

5. Unsortπ̂[o+1]
t (wt) and return as the updated type probabilities

Algorithm 1 defines aQ2-dimensional operatorΓ with

π̂t(θ,wt) = Γ(π̄t(θ,wt)), (7.2)

with πt0(wt) = Γ(πt0(wt)), becauseπt0(wt) ∈ ∆Q2
.

7.2 Updating the alternative-specific continuous choices

For eachj = 1, · · · ,J, andq= 1, · · · ,Q, the alternative-specific continuous choice variables

are updated as follows (see section 3.1):

c0,[o+1]
it jqr = c0,[o]

it jqr

−
[

∂2

∂c2
it jqr

vit j 1(xit ,c
0,[o]
it jqr ,sq, rt; p[o]it+1,θ

[o],π[o+1])

]−1

×
[

∂
∂cit jqr

vit j 1(xit ,c
0,[o]
it jqr ,sq, rt ; p[o]it+1,θ

[o],π[o+1])

]

. (7.3)

Note two key observations from equation (7.3): (i) I make explicit that the dependence on the

(difference in the) periodt conditional value function depends only on thet +1 conditional

choice probabilities, a result obtained from the generalized finite dependency framework

(see equation 4.1), and (ii) Although I assume alternative 1is the normalizing alternative,

any other alternative (other that alternativej) obtains the same result.

7.3 Updating the CCPs

Recall from equation (4.2) that

p0
t j(xt ,sq, rt) = E[d0

t j(zt ,et)|xt,sq, rt ] =
∫

d0
t j(zt, rt ,εt)gε(εt)dεt .
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Define vt(xt ,sq,c0
t , rt) = (vt1(xt ,sq,c0

t1, rt1), · · · ,vtJ(xt ,sq,c0
tJ, rJt)). From the definition of

d0
t j(zt, rt ,εt) in equation (2.4), we haved0

t j(zt , rt,εt) = d0
t j(vt(xt ,sq,c0

t , rt),εt). We can there-

fore write

p0
t j(xt ,sq, rt) =

∫
d0

t j(zt , rt,εt)gε(εt)dεt = Ψ j(vt(xt ,sq,c
0
t , rt)),

whereΨ j is a function of the distribution ofε. For example, ifε is distributed i.i.d. type one

extreme value, then

Ψ j(vt(xt ,sq,c
0
t , rt)) =

evt j (xt ,sq,c0
t j ,rt j)

∑J
k=1evtk(xt ,sq,c0

tk,rtk)
.

Given these definitions, the conditional choice probabilities can be updated as follows:

p[o+1]
it jqr = Ψ j(vit (xit ,sq,c

0,[o+1]
it jqr , rt ; p[o]it+1,θ

[o],π[o+1]). (7.4)

7.4 Updatingθ

Finally, θ is updated as follows:

θ[o+1] = θ[o]

−
[(

∂
∂θ

m(θ[o];π[o+1],c0,[o+1],p0,[o+1]))

)′
Ω̂
(

∂
∂θ

m(θ[o];π[o+1],c0,[o+1],p0,[o+1])

)]−1

×
(

∂
∂θ

m(θ[o]);π[o+1],c0,[o+1],p0,[o+1]
)′

Ω̂ m(θ[o];π[o+1],c0,[o+1],p0,[o+1]). (7.5)

The full algorithm is as follows.

Main Algorithm.

1– Initializeθ[0] ∈ Θ, p0,[0] ∈ [0,1][n(T−2)(J−1)], andc0,[0] ∈ℜn(T−2)L.

2– Foro≥ 1,

2.1– Updateπ[o] using equation (7.1) and Algorithm 1

2.2– Updatec0,[o] using equation (7.3)

2.3– Updatep0,[o] using equation (7.4)

2.4– Updateθ[o] using equation (7.5)
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Until convergence inθ.

The convergent value ofθ is the estimator̂θ, and the corresponding convergent value of

π is our estimator̂π. Notice that steps 2.1-2.3 of the main algorithm is simply evaluating

the objective function at the new trial values ofθ, whereas step 2.4 is a Gauss-Newton step.

Hence, the main algorithm converges, and the convergence rate is at most quadratic.

8 Asymptotic properties of the estmator

To derive the asymptotic properties of the estimator(θ̂, π̂), some regularity conditions are

needed. I use the following notations in all assumptions, theorems, and proofs: supθ =

supθ∈Θ, supπ = supπ∈[0,1]Q2 , and supθ,π = supθ∈Θ supπ∈[0,1]Q2 . The first assumption imposes

the typical random-sampling restriction of the sampling process.

Assumption 8.1.As sample of n independent realizations is drawn from F(d,c,x). For each

i = 1, · · · ,n, (dit ,cit ,xit , t = 1, · · · ,T) is observed.

The next assumption imposes restrictions on the parameter space, and the admissible

functional forms of the utility functions.

Assumption 8.2.1. The setsX andΘ are compact; and 2.supθ,π
∥

∥E
[

ct(xit ,sq, rt ;θ,π)
]
∥

∥<

∞ for t = 2, · · · ,T.

Assumption 8.3. Ω̂ is symmetric and positive definite with‖Ω̂−Ω‖= op(1).

The proof of the following consistency theorem is in Appendix A.1.

Theorem 8.4.Suppose (i) Assumption 5.1 holds, (ii) Assumption 6.1 holds, and (iii) Assump-

tions 8.1, 8.2, and 8.3 hold. Thenπ̂ p−→ π0 andθ̂ p−→ θ0.

Definemi =mi(θ0;π0), Mθi = ∂mi(θ0;π0)/∂θ, Mθ =E[Mθi], Mπt i = ∂mi(θ0;π0)/∂πt(wit ),

Mπt = E[Mπt i ],

ait = Xitt+1(θ0,π0)
′ (yitt+1−Xitt+1(θ0,π0)πt0(wit )) .
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Theorem 8.5. Suppose the conditions of theorem 8.4 hold, andθ0 is in the interior ofΘ.

Then, √
n(θ̂−θ0)

p−→N(0,V),

where V= (M′θΩMθ)
−1(M′θΩΣΩMθ)(M′θΩMθ)

−1, and

Σ = E

[{

mi +
T−1

∑
t=2

Mπt ait

}{

mi +
T−1

∑
t=2

Mπt ait

}′]

.

The proof of Theorem 8.5 is in Appendix A.2.

In practice, a consistent estimator for the asymptotic varianceV is required. One can be

obtained via the plug-in approach, where the parameters inV are replaced with their respec-

tive estimators, and the expectations are replaced with sample averages. The proof for con-

sistency of this plug-in estimator is standard and can also be found in Newey and McFadden

(1994).

9 Education and Labor Market Choices and the Risky Re-

turns to Education

In this section, I implement the method developed in the previous sections to investigate

the life-cycle educational and labor market choices of a sample of young men from the

1979 cohort of the National Longitudinal Survey of Youth (NLSY79), and the resulting long-

run “ex-ante” returns to education. Key ingredients of the theoretical model are as follows:

I allow for the decision to work while enrolled in school, forhours worked to affect the

likelihood that an individual will advance a grade level, and for uncertainty in the returns to

education, which may be dependent on observed characteristics of the individual.

The inadequacy of the classical Mincer equation to obtain policy-relevant estimates of the

returns to education has been well documented over the last two decades (see Heckman et al.

(2006) for a review of the relevant literature). Heckman et al. (2008) cite notable extensions

to the classical Mincer wage equation that are likely to reduce the biases in estimates of

returns to education. These extensions include direct and psychic costs of schooling, non-
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separability between experience and schooling, heterogeneity in returns to education, and

disentangling marginal and average returns to schooling. Other important factors that may

affect estimates of the returns to education include the endogeneity of schooling and work

experience choices, uncertainty about the returns to education, and uncertainty about the

completed level of education.

9.1 The theoretical model

The structural model specified below incorporates psychic costs of schooling and working.

It accounts for direct benefits from working; the income earned from working and the ad-

ditional years of experience gained. Nonseparability between working and schooling is ac-

counted for by the simultaneity of these choices and dynamicselection. The specification of

the log wage equation allows for the returns to education to vary across race, education, and

labor market categories. Furthermore, we disentangle ex-ante and ex-post returns to educa-

tion by allowing the returns to education to be uncertain over the work life, and by allowing

for individual-period specific shocks to wages.

The environment that a generic individual faces is modeled as follows. In each period,t,

the individual is endowed with a fixed amount of time that is normalized to 1. He is presented

with four mutually exclusive and exhaustive alternatives,j: to stay home (j = 1); to attend

school and not work (j = 2); to work and not attend school (j = 3); and to both work and

attend school (j = 4). Let dt j be equal to 1 if the individual chooses alternativej in period

t, and zero otherwise. If the individual chooses to work in period t, he must decide how to

allocate his time endowment between leisure,lt , and labor supply,ht , so thatlt +ht = 1. If

the individual chooses not to work in periodt, thenlt = 1 (ht = 0). Definedh
t to be equal to

1 if the individual chooses to work in periodt, and zero otherwise.

If the individual decides to work in periodt, he gains an additional year of experience.

If he decides to enroll in school, he advances the grade levelwith probabilityFt(ht ,xa
t ;θa),

wherexa
t = (ht,dh

t ,BLACK,AGEt ∗EDUt,AFQT), whereBLACK is equal to 1 if the individ-

ual is black, and zero otherwise,AGEt is his age at periodt, EDUt is his years of education

at periodt, andAFQT is his Armed Forces qualification test score. This specification of the

grade-level advancement probability allows for labor market activities to affect the chances

the individual advances the grade level at both the intensive and extensive margins, and it is
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a key (though not only) source of uncertainty about completed level of education. The indi-

vidual considers the benefits from working while in school, which include income generated

and the level of labor market experience earned, to the costs, which include loss of leisure

time and the potentially negative impact of working while inschool on the probability of

advancing the grade level.

In each period, the individual receives a wage offerwt , which is parameterized as follows:

ln(wt) = θw
1 +θw

2 EXPERt +θw
3 EXPER2

t +θw
4 AFQT+θw

6 BLACK+stEDUt + rw
t +νw

t ,

(9.1)

whereEXPERt is his years of experience as at periodt, st is period-specific returns to his

level of education in periodt, rw
t is the period-specific shock to his log wage offer, andνw

t

represents measurement errors in log wages. The individualobservesst andrw
t at the begin-

ning of periodt, but do not observe their future realizations. We assume returns to education,

st , are discretely distributed with at mostQ support points,st ∈ {s1, · · · ,sQ}. Therefore, in

this empirical analysis,πq′q(xs
t ) is the probability that the individual’s returns to education

aresq in periodt andsq′ in periodt+1 given characteristicsxs
t . To account for the extensions

to the classical Mincer equation noted by Heckman et al. (2008), I selectxs
t to represent four

categories of education (less than high school graduate, high school graduate, some college,

and college graduate) and two categories of labor market experience (less than 10 years and

at least 10 years). Furthermore, I allow the type probabilities andθw to differ by race. I

assumerw
t is independently distributed normal over time with zero mean and varianceσw.

I assume the period specific utility is strictly increasing and strictly concave in consump-

tion and leisure. I allow for psychic costs of schooling and working. Specifically, the con-

temporaneous utility function is given by

ut(zt) = exp(θu
1xc

t )(wtht −wtht ln(ht))+exp(θu
2xl

t)(lt− lt ln(lt))+θu
3dE

t xE
t +θu

4dh
t xh

t +dtεt ,

(9.2)

wherexc
t ,x

l
t ,x

E
t , and xh

t are observed demographic characteristics that capture individual

variation in consumption, leisure, the psychic costs of schooling, and the psychic costs

of working, respectively.dE
t is equal to 1 if the individual enrolls in school at periodt,

and zero otherwise,dt = ({dt j}, j = 1, · · · ,4), wheredt j is equal to 1 if the individual
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chooses alternativej in period t, andεt = ({εt j}, j = 1, · · · ,4)′, whereεt j is the alterna-

tive j specific shock to utility. To see that the period-specific utility is strictly increas-

ing and strictly concave in consumption,ct = wtht , rewrite the utility of consumption as

wtht −wtht ln(ht) = wtht(1+ ln(wt))−wtht ln(wtht), and recall thatht ∈ [0, 1]. Another at-

tractive feature of this specification of the utility function is that it ensures that for any choice

of the model parameters, the optimal hours that the individual chooses to work lies in the in-

terior of the unit interval. This property of the period-specific utility function is expected to

improve the numerical stability of the algorithm.

9.2 Data

The data are taken from the 1979 youth cohort of the National Longitudinal Survey of Labor

Market Experience (NLSY79), a comprehensive panel data setthat follows individuals over

the period 1979 to 2000, who were 14 to 21 years of age as of January 1, 1979. The data set

initially consisted of 12,686 individuals: a representative sample of 6,111 individuals, a sup-

plemental sample of 5,295 Hispanics, non-Hispanic blacks,and economically disadvantaged,

non-black, non-Hispanics, and a supplemental sample of 1,280 military youth. Interviews

were conducted on an annual basis though 1994, after which they adopted a biennial inter-

view schedule. This study makes use of the first 27 years of interviews, from 1979 to 2006.

The data are restricted to include non-Hispanic males and respondents with missing obser-

vations on the highest grade level completed that cannot be recovered with high confidence

from other data information. For further details on the sample restrictions, see Gayle (2006).

9.3 Estimation

The estimator implemented is the one developed in the previous sections, with a few caveats.

First, as is typically done in estimation of dynamic structural models, I estimate the grade-

transition probability outside of the model. Second, I preset the support of the distribution re-

turns to education. I choose five equally spaced grid points from zero to two,{0,0.5,1.0,1.5,2.0}.
One can reasonably assume the returns to education are non-negative and not greater than 2.

This restriction also assumes that each observable category, xs
t , has at most five types of in-

dividuals in the population with respect to their returns toeducation. I say at most five types

33



because, unlike the EM likelihood method of Arcidiacono andMiller (2011), the method

developed to estimate the conditional type probabilities does not restrict the type transition

matrix to be saturated.

9.4 Results

9.4.1 Grade-promotion probability

Table 1 presents the results from estimation of the grade-transition probability under the as-

sumption of a logit probability of advancing to the next grade level given enrollment. The

results indicate that given employment, additional hours worked reduces the probability of

advancing to the next grade level. However, a positive and statistically significant extensive

margin of employment also exists, which is captured by the coefficient ondh
t . These two

results capture the crowding-out and congruence hypothesis. The former hypothesis states

that working while enrolled in school crowds out time spent on school activities, thus re-

ducing the chances of completing the grade level. The latterhypothesis states that working

moderate hours while enrolled in school improves organization skills, which results in more

efficient school activities and higher chances of completing the grade level. The results im-

ply that, ceteris paribus, working more than 16 hours per week during the school year has a

negative total impact on the probability of completing the grade level. In the data, approx-

imately 23% of black males work more than 16 hours per week while enrolled in school,

whereas 77% of white males work for more 16 hours per week while enrolled in school.

However, for any given level of hours worked, the probability of completing the grade level

is higher for whites than for blacks because of the higher level of the AFQT score, which has

a positive and significant coefficient. This result suggeststhat white males take advantage

of their higher abilities or better preparedness, as measured by the AFQT score, by working

more hours while enrolled in school, knowing that the net effect of their labor market activ-

ities on the chances of them advancing the grade level is mitigated by their higher average

abilities/preparedness.
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9.4.2 Period-specific utility

Table 2 presents the estimates of the parameters governing the period-specific utility. The

key quantity of interest is the psychic costs of school attendance and labor market participa-

tion. As Heckman et al. (2008) discuss, the existence of psychic costs of schooling drives a

wedge between the Mincer rate of return and the internal rateof return to education. Indeed,

Heckman et al. (2008) show that if psychic costs of schoolingare significant and ignored, the

Mincer coefficient is expected to be larger than the internalrate of return. Although my point

estimates of the psychic cost of school attendance is large,they are estimated imprecisely.

Performing the same analysis as done in Heckman et al. (2008)where the psychic cost of

working is included shows this cost also drives a wedge between the Mincer coefficient and

the internal rate of return to education. However, the size of the Mincer coefficient relative

to the internal rate of return is ambiguous. The estimates inTable 2 suggest the existence

of significant psychic costs to labor market participation for individuals with more than nine

years of experience.

9.4.3 Returns to education

Table 3 reports the estimates of the mean and variance of the returns to education. The

mean returns to education vary from 0.13 to 0.17, implying myestimates of the returns

to education lie within the higher end of the estimates from other studies that implement

instrumental variables methods and data from similar time periods (see Card (1999) for a

review of these studies), but also at the lower end of estimates produced in Heckman et al.

(2008).

Table 3 indicates heterogeneity in the expected returns to education across race and labor

market experience. Specifically, I find that the expected returns to education for individuals

with 10 years of labor market experience or less is greater for whites than blacks. On the

other hand, the expected returns to education for individuals with more than 10 years of

experience is greater for blacks than for whites. I also find that expected the returns to

education is greater for whites with at most 10 years of experience than whites with more

than 10 years of experience. This pattern reverses for blacks, for whom the expected returns

to education for at most 10 years of experience is less than returns for more than 10 years of
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experience.

I do not find any significant patterns in the expected returns to education across education

levels for whites. However, I find the expected returns to education for black college grad-

uates is greater than for blacks with any other level of educational attainment. Indeed, the

expected returns to education for black college graduates is greater than the expected returns

to education for any other level of education for both whitesand blacks. These results run

contrary to the option-values argument of Heckman et al. (2008) that returns to education

for high school graduates should be greater than for collegegraduates, because high school

graduates possess the option of going to college, which theywould act on if they found it

beneficial. However, the model of Heckman et al. (2008) has features that are not included

here. In particular, this model does not contain direct costs of schooling such as tuition costs.

Further analysis of the returns to education can be done by directly investigating its con-

ditional distribution. One issue is the distinction between unobserved heterogeneity and

uncertainty in the returns to education. Recall the estimator jointly estimates the number of

types of individuals in the population, along with their probabilities. We find that, except

for college graduates with more than 10 years of experience,two types of white males are

in the sample: those with returns to education equal to 0.1 and others with returns to ed-

ucation equal to 0.2. The probabilities of all other types are equal to zero. Furthermore,

these transition matrices are diagonal, implying these males do not face uncertainty in their

returns to education, and their returns to education can be modeled as permanent unobserved

heterogeneity. The transition matrix for white college graduates is not diagonal. Indeed, the

chance that the returns to education of a white male college graduate will transition from 0.2

in any year to 0.15 in the following yearn is 11%. Symmetrically, the chance that a white

college graduate will transition from having returns to education of 0.15 in any year to 0.2

in the following year is 11%. These results indicate both thepossibility of skill appreciation

and depreciation for white male college graduates.

The story somewhat reverses for black males: the type-transition matrices for black males

with at least some college education and black high school graduates with at most 10 years

of experience are diagonal with nonzero probabilities onlyfor returns of education equal to

0.1 and 0.2. Therefore, the results do not provide evidence of uncertainty in the returns to

education for these individuals. However, the type-transition matrices for the other groups

of black males are significantly more populated, implying significant uncertainty about their
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returns to education. However, more stayers than movers exist, meaning the main diagonal

elements of these type-transition matrices are large relative to the off-diagonals.

This empirical application indicates the existence of bothunobserved heterogeneity in

and uncertainty about the returns to education. Although the former has been extensively

investigates, the latter has received significantly less attention. However, the economic im-

plications of uncertainty in the returns to education are important. If individuals are risk

averse, large uncertainty about their returns to educationmay have the consequence of them

choosing lower levels of education than otherwise. This intuition my depend on the lev-

els of education that are relatively risky. The potential importance of uncertainty in returns

warrants further investigation and is left for future research.

10 Conclusion

CCP estimation of dynamic structural models has flourished over the last 20 years, largely

because of the potential to dramatically reduce computational costs. The current state of art

shows the expected value of future utilities from optimal decision making can always be ex-

pressed as functions of the flow payoffs and conditional choice probabilities for any sequence

of future choices. Any future choice sequence chosen for a given initial choice generates a

corresponding sequence of distributions of states. The term ρ-period finite dependence is ob-

tained if two distinct initial choices with two corresponding future choice sequences can be

constructed so that their respective distributions of states are the same afterρ-periods in the

future. The smallerρ is, the better, in that the computational cost reduces and, in many cases,

the accuracy of the estimator improves. Though innovative,this property is restrictive and

application of the CCP method often requires strong assumptions about the choice sequence,

or the state transition probabilities, or both.

I generalize the concept ofρ-period dependence in a way that overcomes these two issues.

I show that my generalization obtains one-period dependence (ρ = 1) in a large class of

dynamic structural models that includes most models that have been estimated using the CCP

method. Moreover, our method imposes no restrictions on thestate transition probabilities,

greatly increasing the scope of models the CCP method can estimate.

The class of models I consider is not restricted to models of discrete choices, but also
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includes models of both discrete and continuous choices. The representation developed in

this model allows for a simple and elegant optimality condition for the continuous choices.

I show how to include discrete-valued unobserved heterogeneity into my model. I allow

for the distribution of the unobserved heterogeneity to depend on observed covariates of the

model. I provide sufficient conditions for identification ofall the parameters of the model,

including the conditional distribution of unobserved heterogeneity, and I propose a GMM

estimator for these parameters. I propose an algorithm to compute the estimator. A key

feature of the algorithm is how the distribution of unobserved heterogeneity is updated. I

propose an iterated projection method, which jointly estimates the number of types. I am not

aware of other methods with this property.

I implement my method to estimate a dynamic structural modelof educational attain-

ment of labor supply using data from the NLSY79 with the ultimate goal of estimating the

distribution of the returns to education. My results show that, indeed, significant heterogene-

ity exists in the returns to education, with a range that aligns with studies of IV estimation

of the returns to education, using the same data set as well asother data sets with compa-

rable cohorts. The distribution depends on categories of race, education, and labor market

experience. Particulary, I find returns to education vary between 0.13 and 0.17. I also find

evidence of both (permanent) unobserved heterogeneity anduncertainty in the returns to

education. Although the unobserved heterogeneity has beenextensively investigated and ac-

cepted in the literature on the returns to education, the existence, significance, and economic

implications of uncertainty regarding the returns to education are relatively unexplored and

warrant further investigation.
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A LEMMA AND THEOREMS

A.1 Proof of Theorem 8.4

Proof. Consistent with equation (7.1), for anyθ ∈ Θ, π, andwt ∈Wt , π̄(wt ,θ,π) solves

0= Ŝπ
1(π̄(wt ,θ,π);wt,θ,π)

=
1
n

n

∑
i=1

X′itt+1(θ,π)(yitt+1−Xitt+1(θ,π)π̄(wt ,θ,π)) Iit (wt) (A.1)

identically overθ overΘ, whereIit (wt) is equal to 1 ifwit =wt , and zero otherwise. Standard

linear regression calculations obtain.

By the mean value theorem, equation (A.1) obtains

π̄t(wt ,θ,π)−πt0(wt ,θ,π)

=

[

1
n

n

∑
i=1

X′itt+1(θ,π)Xitt+1(θ,π)Iit(wt)

]−1
1
n

n

∑
i=1

X′itt+1(θ,π)νit ,t+1, jk(θ,π)Iit(wt)

=
1
n

n

∑
i=1

at(yi ,xi;wt ,θ,π), (A.2)

whereνit ,t+1, jk(θ,π) is defined in equation (6.14), and

at(yi ,xi ;wt ,θ,π) =

[

1
n

n

∑
i=1

X′itt+1(θ,π)Xitt+1(θ,π)Iit(wt)

]−1

× 1
n

n

∑
i=1

X′itt+1(θ,π)νit ,t+1, jk(θ,π)Iit(wt), (A.3)

By Assumption 5.1.4 (continuity of the conditional valuation function for eachθ ∈ Θ), As-

sumption 5.1.5 (strict concavity of the period-specific utility function), and Assumption 8.2,

at(yi ,xi ;wt ,θ,π) is continuous at eachθ ∈ Θ, two positive and finite constants,T1 andT2,

exist such that

‖at(yi ,xi ;wt ,θ,π)‖< T1+T2yitt+1, and E[yitt+1]< ∞. (A.4)
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By the law of iterated expectations,E[at(yi ,xi ;wt ,θ,π)] = 0. Therefore,at(yi ,xi ;wt ,θ,π)
satisfies the conditions of Theorem 2.4 of Newey and McFadden(1994), implying

sup
θ,π
‖π̄(wt ,θ,π)−π0(wt ,θ,π)‖

p−→ 0 (A.5)

for eachwt ∈Wt. Also, by the continuous mapping theorem,

sup
θ,π
‖π̂(wt ,θ,π)−π0(wt ,θ,π)‖

p−→ 0 (A.6)

for eachwt ∈Wt.

Now, by continuity ofŜθ(θ;π) in π andθ, and by Assumption 8.2, a positive and finite

constantT3 < ∞ exists for which

∥

∥

∥
Ŝθ(θ; π̂)−Sθ(θ;π0)

∥

∥

∥
< T3sup

θ,π

∥

∥

∥

∥

∂
∂π

S̃θ(θ;π)
∥

∥

∥

∥

max
wt∈W

sup
θ,π
‖π̂(wt ,θ,π)−π0(wt ,θ,π)‖= op(1),

(A.7)

where the last inequality follows from equation (A.6). It isstraightforward to show that

Ωmi(θ;π) satisfies the conditions of Theorem 2.6 of Newey and McFadden(1994), from

which we conclude

θ̂ p−→ θ0. (A.8)

Finally, byat(yi ,xi ;wt ,θ,π), differentiable at each(θ,π)with supθ,π ‖∂at(yi ,xi ;θ,wt)/∂(θ,π)‖<
∞, equations (A.6) and (A.8) imply

π̂(wt) = π̂(wt , θ̂, π̂)
p−→ π0(wt) = π0(wt ,θ0,π0)

for eachwt ∈Wt.
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A.2 Proof of Theorem 8.5

Proof. DefineM̂θ(θ;π) = ∂m̂(θ;π)/∂θ, wherem̂(θ;π) is defined in equation (6.3). Then̂θ
solves

0=
∂

∂θ
Ŝθ(θ̂; π̂) = M̂θ(θ̂; π̂)′Ω̂m̂(θ̂; π̂). (A.9)

The standard linearization procedure of equation (A.9), first inθ and then inπ, obtains

√
n(θ̂−θ0) =

[

M̂θ(θ̃; π̂)′Ω̂M̂θ(θ̃; π̂)′
]−1

M̂θ(θ0; π̂)′Ω̂

× 1√
n

n

∑
i=1

{

m̂(θ0;π0)+
T−1

∑
t=2

∑
wt∈Wt

M̂πt (θ0, π̃)at(yi,xi ;wt ,θ0,π0)Iit (wt)

}

,

where θ̃ and π̃ are mean values,̂Mπt (θ,π) = ∂m̂πt (θ,π)/∂πt(wt), andat(yi ,xi ;wt ,θ,π) is

defined in equation (A.3). Under the conditions of the theorem, it is straightforward to

verify m̂(θ0;π0) satisfies the conditions of Theorem 3.4 of Newey and McFadden(1994).

Therefore, Theorem 6.1 of Newey and McFadden (1994) obtainsthe result.
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B Tables

Table 1: Probability of Grade Promotion
Variable Estimate Std. Err.
Constant 1.1802 0.1932
Hours worked (ht) -2.6194 0.5173
Employment (dh

t ) 0.1740 0.0734
Education (EDUt) -0.0979 0.0345
Age× Education (AGEtEDUt) -0.0144 0.0072
Black 1.3192 0.0917
AFQT 0.0692 0.0193

Table 2: Period-specific Utility
Variable Estimate Std. Err.
Utility of consumption exp(θu

1xc
t )(wtht−wtht ln(ht))

Age 0.1067 0.0006

Utility of leisure exp(θu
2xl

t)(lt− lt ln(lt))
Constant 3.9049 0.0487
Black 4.6626 5.8436
Age 0.0919 0.0010

Psychic cost of school attendanceθu
3dE

t xE
t

Constant -8.5048 11.2848
Education 0.7346 0.8167

Psychic cost of workingθu
4dh

t xh
t

Constant -5.0435 2.2737
Experience 0.5250 0.1894

42



Table 3: Mean and variance of returns to education
White Black

Mean Variance Mean Variance

At most ten years of experience
Some high School 0.1481 0.0025 0.1334 0.0038
High school graduate 0.1495 0.0025 0.1381 0.0035
Some college 0.1465 0.0025 0.1389 0.0036
College graduate 0.1443 0.0025 0.1550 0.0025

More than ten years of experience
Some high School 0.1438 0.0025 0.1469 0.0028
High school graduate 0.1366 0.0023 0.1579 0.0024
Some college 0.1332 0.0022 0.1539 0.0025
College graduate 0.1412 0.0026 0.1654 0.0023

Table 4: Wage equation
Variable Estimate Std. Err.
Constant -0.1751 0.0281
Experience (EXPERt) 0.0082 0.0002
Squared experience (EXPER2

t ) -0.0005 0.00001
Black 0.5753 1.7772
AFQT 0.0075 0.00001
Wage shock St.Dev 0.2118 0.0013
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