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1.

Notes on the Answers

In the pages that follow, I have copied some illustrative answers from the problem sets submitted
to me. In this section, I provide some notes on the answers below as well as on the problems
themselves.
(1)

Basic Comprehension Questions on Relations and Functions
•

Nothing needs to be said for (1a), (1b) and (1d). See the answers copied below for details.

•

Regarding (1c), another way of showing that the two functions are equivalent is by
showing that any pair <x,y> is a member of (g°f )-1 iff it is a member of (f -1)°(g -1):
Let <x,y> be any pair. <x,y> ∈ (g°f )-1
iff
<y,x> ∈ (g°f )
iff
there is a z such that <y,z> ∈ f and <z,x> ∈ g
there is a z such that <z,y> ∈ f-1 and <x,z> ∈ g-1
there is a z such that <x,z> ∈ g-1 and <z,y> ∈ f-1
<x,y> ∈ (f -1)°(g -1)

•

iff
iff
iff

Why did I ask you to assume that f and g are bijections? Really, it was only because in
class I had defined ‘°’ only for functions. Thus, for this problem to well-stated, both f -1
and g -1 would need to be functions, and so f and g would need to be bijections.
o However, Partee et al. (1993) begin by defining ‘°’ for all relations. If you’re
interested, confirm that the proofs above and below also establish that if F and G
are any binary relations, (G°F )-1 = (F -1)°(G -1).

(2)

Proving that Sets are Countable
•

For (2a), it should be noted that the integer powers of 10 include 0.01 (= 10-2), 0.0001
(=10-4) and so on. I recognize that my representation of the set as {10, 100, 1000, … }
was misleading in this regard, and so I still accept your answer even if you assume the set
to be the positive integer powers of ten.

•

For (2a), some folks simply gave the function f(n) = 10n and asserted it to be a bijection
(from ℕ to the integer powers of ten) without actually explaining why it is a bijection.
Although the explanation is trivial, a full answer does require it.

•

Besides the function f(n) = 10n, there’s also another bijection between these two sets, our
old friend ‘log’ (a.k.a. log10, a.k.a. Log). See the answers copied below for the details.
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For (2b), many people answered the problem by showing that the set of all strings of
English characters A is countable. Note, however, that the problem asked you to show
that the set of all English sentences E is countable. To properly finish the proof, you need
only note the following:
(i)
(ii)

| A | = א0
E⊆A

(iii)

| E | ≥ א0

(iv)

Therefore, | E | ≤ | A | = א0

(v)
•

(by aforementioned proof)
(the English sentences are a subset of all possible strings)
(the set of English sentences is infinite)

Therefore, | E | = א0

(by (i) and (ii) together)
(by (iii) and (iv) together)

As detailed in the answers copied below, there are three elegant ways of showing that the
set of all strings of English characters A is countable:
o First, you can use ‘alphabetical order’ to order each set of strings of length n.
Then, one can order all of these finite ordered sets, by beginning with the strings
of length 1, followed by the strings of length 2, and so on. As detailed below, this
easily gives you a bijection from A to ℕ.
o Secondly, one can view each string of English characters as an ‘encoding’ of
some numeral within a base-27 system.
o Finally, one can use the ‘consequence of the fundamental theorem of arithmetic’
mentioned on the problem set to map each string to a unique natural number. Note
that this only provides an injection to ℕ, and so we conclude only that |A| ≤ א0.
However, since we know that A is infinite, |A| ≥ א0, and so we can conclude that
|A| = א0.

(3)

Proofs by Induction
•

For the base step of the induction proof (n = 2), most people simply wrote ‘DeMorgans’,
which I accepted. However, it would be even better to prove the equivalence yourself.
The following would suffice to show that for any x, x ∈ (A ∪ B)´ iff x ∈ A´ ∩ B´
x ∈ (A ∪ B)´
x∉A∪B
x ∉ A and x ∉ B
x ∈ A´ and x ∈ B´
x ∈ A´ ∩ B´

iff
iff
iff
iff
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2.

Illustrative Answers from Submitted Problem Sets

(1)

Basic Comprehension Questions on Relations and Functions
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Proving that Sets are Countable
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Seth’s Comment: Again, the argument above only shows that the set of all strings is
countably infinite. To finish the proof, we need some brief explanation of why it also
follows that the subset consisting of all the sentences of English is countably infinite.
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Seth’s Comment: As mentioned above, this only shows that there is an injection from the
set of English sentences to the natural numbers. However, since we know that the set of
English sentences are infinite it thereby follows that that set is countably infinite.
(3)

Proofs by Induction
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