9.1
=moas Partitions N into classes of natural numbers that are equivalent Mod4
N/=moas = { [[411, [[S1] [[6]1. [[71] }
We are given the operators in Qnump = { ONe, zero, +, x}. We define the operations named
by the members of Qyumy as follows:
zero = [[4]]
one= [[5]]
+= For any x 0 Nat/Zyiea , X + [[4]] =x + [[4]] =x

[[51] + [[3]] = [[6]]

[[611 + [[6]l = [[41]

[[711 + [[711 = [[5]]

[[51] + [[6]] = [[61] + [[5]] = [[71]

[[S1] + [[711 = [[71] + [[5]] = [[4]]

[(611 + [[711 = [[71] + [[6]] = [[5]]
x = For any x 0 Nat/=yiogs , [[4]] times X =[[4]]

For any X [ Nat/=pyoas , [[5]] times x=[[5]]

[[611 x [[61] = [[4]]

(711 x [[71] = [[5]]

[[511 x [[61] = [[6]] x [[3]] = [[6]]

[[S1] x [[71] = [[711 x [[3]1 = [[71]

[[611 x [[711 = [[711 x [[6]] = [[5]]
N/=uoq4 IS the quotient algebra of N by the congruence =y o4 Since the natural mapping N
- Nat/Zyom is a homomorphism.
frat (4 + 5) = frat (4) +nav=mous T (5), i-€. [[5]] = [[5]]
frat (10X 30) = frat (10) +nai=moas T (30), i.€. [[4]] = [[6]] Xnat=moas [[6]]

2. Show that N/=y0q IS isomorphic to M od4

We show that there is a homomorphism f: N/=y0as = Mod4 such that f* is a function and

a homorphism.



Let f: N/=moas > Mod4 = { <[[4]],0>, <[[5]],1>, <[[6]], 2>, <[[7]],3>}

a) f isahomomorphism:

Zero

f(zer onauzmoas) = f([[4]]) = O
one

f(onenay=mos) = f([[5]]) = 1
+

FCLI4] *+nav=mons [[41]) = F([[4]]) +wmoaa f ([[4]]) =0
fCLI4] *+nav=moas [[S]1) = ([[4]]) +moas f ([[5]]) =1
fCLI4] *+nav=moas [[6]1) = f([[4]]) +moas f ([[6]]) =2
FCLI4] *+nav=moas [[711) = F([[41]) +moas f ([[71]) =3
fCLIS]] *+nav=moas [[S]1) = F([[S]]) +moas f ([[5]]) =2
fCLIS]] *+nav=mons [[6]]1) = F([[S]]) +moas f ([[6]]) =3
fCLISI] +nav=mons [[711) = F([[S]]) +wmoaa f ([[71]) =0
(L8]] *+nav=mons [[7]1) = F([[6]]) +moas f ([[7]]) =1
FCII7I +nav=moas [1711) = F(II7ID) +wiose T ([71]) = 2

X

f (L[41] XNa=moaa [[41]) = F(L[41]) Xmoua T ([[4]]) =0
f ([[4]] Xna=moaa [[5]]) = F([[41]) Xmoua T ([[S]]) =0
f (L[4]] Xna=moaa [[6]]) = F([[4]]) Xmoua T ([[6]]) =0
f (L[4] Xna=moaa [[71]) = F(L[41]) Xmoua T ([[7]]) =0
f (L[S]] XNat=moaa [[5]]) = F([[5]]) Xmoas f ([[S]]) =1
f (L[S]] XNat=moaa [[6]]) = F([[5]]) Xwmoaas f ([[6]]) =2
f (L[S]] XNat=moaa [[71]) = F([[S]]) Xwmoas f ([[71]) =3
f (L[6]] XNat=moaa [[71]) = F([[6]]) Xmoaa f ([[7]]) =1
fCL7I] Xna=moaa [[711) = F(L[6]]) Xmoua f ([[7]]) =0

' Since both +nay=mods and +uods are commutative f ( [[6]] +~at=moda [[71]) = f ([[7]] +Nav=moda [[6]])

f([[611) +moas f ([[711) = F([[71]) +moaa f ([[E]]) ..



It can be easily verified that % Mod4 = Nat/=wew= { <0,[[4]],>, <1,[[5]]>, <2, [[6]]>,
<3, [[7]]>} is a homomorphism and a function:
(i) zero

f™* (zer omoas) = Z€r Ona=moaa, Since [[4]] =[[4]]
(if) one

f* (ON@wvods) = ONENay=moas, SiNCE [[5]] =[[5]]
(iii)+

2 (0 +moas 0) = ™ (0) +nav=mona F* (0) = [[4]]
(0 +moar 1) = (0) +navzmona F* (1) = [[5]]
2 (0 +moa 2 ) = (0) +navzmona F* (2) = [[6]]
(0 +mowa3) = (0) +nayzmoan ™ (3) = [[7]]
(1 +moar 1) = (1) +navzmona F (1) = [[6]]
(1 +moar 2 ) = (1) +navzmona T (2) = [[7]]
(1 +moar 3) = (1) +navzmona F (3) = [[4]]
(2 +moar 3) = (2) +navzmona I (3) = [[4]]
2 (3 +moar 3) = (3) +navzmona I (3) = [[5]]
(iii))x

2 (0 Xmoaa 0) = F* (0) Xnayzmoaa F* (0) = [[4]]
(0 Xmoaa 1) = (0) Xna=mioan ™ (1) = [[4]]
1 (0 Xmows 2 ) = (0) Xnav=moas T2 (2) = [[4]]
2 (0 Xmoda 3) = F* (0) Xnayzmoaa F* (3) = [[4]]
(1 Xmoaa 1) = (1) Xnay=mioan ™ (1) = [[5]]
(1 Xmows 2) = F (1) Xnav=moas T2 (2) =[[6]]
(1 Xmoa 3) = (1) Xna=mioan ™ (3) = [[7]]
(2 Xmona 3) = T (2) Xnavzmoaa F* (3) = [[5]]
(3 Xmowa 3) = T (3) Xnavzmoaa F 1 (3) = [[4]]



