HWS5 EXx5 Ansl

Question 5
About power sets

Let B (A) be an algebra & defined on p. 4 of the handout.
Let B,C, D O O (A).

(B1)

(B2)

(B3)

(B4)

(BS)

Associative laws
BnCnD=Bn(Cn D)
(BOC)OD=BO(COD)

Commutative laws
BhnC=CnB
BOC=COB

Distributive laws
BO(CnD)=(BOC)n (BOD)
Bn(COD)=(Bn C)d (BN D)

Top and Bottom Laws

[1]Bn 1=B
[21Bn A=B
[3] And [2] istrue

[1IBn0=0
[2BnO=0
[3] And [2] istrue

[1]BO1=1
[2IBOA=A
[3] And [2] istrue

[1]1BOO=B
[21BOO=B
[3] And [2] istrue

Complementation L aws

[1]1Bn (-B)=0
[21Bn B =0

[3] And [2] istrue

Associative law holds of set intersedion
and union [seePtMW p. 18]

Commutative law holds of set
intersedion and union [seePtMW p. 18]

Distributive law holds of set intersedion
and union [seePtMW p. 18]

Thisiswhat the law states.

Definition of algebrall (A) (1=A)
Identity law for set intersedion — PPIMW
p. 18.

Definition of algebra@l (A) (0=0)
Identity law for set intersedion — PEIMW
p. 18.

Definition of algebrall (A) (1 =A)
[ dentity law for set union — PEIMW p. 18.

Definition of algebra@l (A)  (0=0)
[ dentity law for set union — PEIMW p. 18.

Definition of algebrall (A) (-B=B)

(0=0)
Complement law for set intersedion —
PtMW p. 18.



[1]BO(-B)=1
[2]BOB =A

[3] And [2] istrue

Definition of algebra@ (A)

(-B=8)
(1=A)

Complement law for set intersedion —

PtMW p. 18.

Therefore, (B1) to (B5) holds of @ (A), and B (A) is therefore aBoolean algebra.

*** |ngtructors note: so far, perfed, and probably can't be any shorter. ***

About Truth-Values

Let T be an algebra a defined on p. 4 and 5 of the handout.

(B1)

(B2)

Asciative laws

(101D 01=101=1
(100 01=001=0
(odpoi1=001=0
(oo oi1=001=0

(101)00=100=0
(100)00=001=0
(001) 00=001=0
(000)00=001=0

(101 01=101=1
(100)01=101=1
(001 O1=101=1
(000 01=001=1

(101)00=100=1
(100)00=100=1
(001)00=100=1
(000)00=000=0

*Instructor’s comment: There should be a
shorter way. But | (BHP) can remember
sometimes being caught off guard by
operations that | thought were associative but
didn’t chedk carefully enoughand it turned
out they weren’'t. So unlessyou can find an
argument of some kind, | don’t know any
shortcuts, including with pictures.

Commutative laws
101=1
100=0
00d1=0
0ogo=o0

10(10)=101=1
10(001)=100=0
00(10)=001=0
00(001)=000=0

10(100)=100=0
10(000)=100=0
00(100)=000=0
00(000)=000=0

10(101)=101=1
10(001)=101=1
00(l0)=001=1
000O0)=001=1

10(100)=101=1
10(000)=100=1
00(100)=001=1
00(000)=000=0

101=1
001=0
100=0
000=0



101=1 101=1

100=1 ob1l=1
ob1l=1 100=1
00o0=0 00o0=0

*** | nstructor’s note. This| do know how
to verify with a picture. Draw the operation
table, and olservethat it's ymmetrical in the
diagond axisthat goes from top left to
bottom right. If it is, it must be mmutative.

(B3)

Distributive laws

10(101)=101=1
10(100)=101=1
10001)=101=1
10000 =100=0

00(101)=001=0
00(100)=001=0
0000)=001=0
00(000)=000=0

10(101)=101=1
10(100=100=1
10001)=100=1
10000=100=1

00101 =001=1
00(100)=000=0
00(001)=000=0
00(000)=000=0

(101D 0@Ro0Y=101=1
(101D 0@100=100=1
(100)0(10)=001=1
(100)0(100)=000=0

(0010001 =000=0
(0010000 =000=0
(000)0(001)=000=0
(000)0(000)=000=0

(10)0@Ro0Y=101=1
(101D 0@100=101=1
(100)0(10Y=101=1
(100)0(100)=101=0

(0010001 =101=0
(0010000 =100=0
(000)0001)=001=0
(000)0(0D00)=000=0

*** |nstructor’s note. Here' s a shortcut for al of these in this particular case: T is
isomorphic to the powerset algebra@ (@) , whose members are 0 and {00}, with O for
0, n for 00, O for 0, and {{J} for 1. And you just showed that [ (A) is always a Boolean
algebra. Y ou can show this isomorphism with pictures. And then you can eliminate all of
this sparate proving of properties. But of course we can dothat only becaise you already
went through the proof for 0 (A).



(B4)  Top and bottom laws

101=1 100=0
001=0 00o0=0
100=1 101=1
000=0 ob1l=1

(B5) Complementation laws

10(-=1)=100=0
10(=1=100=1

00(-0)=001=0
00(-0)=001=1

Therefore (B1) to (B5) holds of T, and therefore T is a Boolean algebra.



