Exercise 3, p. 272

9/25/01

@ Draw the group operation table for the group of symmetries of the square{l,

R,R,R",H,V,D,D}

I R R’ R” H \ D D’
I I R R’ R” H \Y D D’
R R R’ R” I D D’ \Y H
R’ R’ R” I R \Y H D’ D
R” R” I R R’ D’ D H \
H H D’ \Y D I R’ R” R
\Y \Y D H D’ R’ I R R”
D D H D’ \Y R R” I R’
D’ D’ \Y D H R” R R’ I

(b) There ae different subgroups having exaaly four elements. Find them and
draw their group operation tables.
D (I,R,R,R"},°>
I R R’ R’

I I R’ R’ R’
R R R’ R’ I
R’ R’ R’ I R
R’ R’ I R R’

(2 <{I,R,V, H}, >

I R’ \ H

I I R’ \ H
R’ R’ I H \
\ \ H I R’
H H R l
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(3) <{I,R,D,D}, °>
I R D D’
I I R D D’
R R I D’ D
D D D’ I R
D’ D’ D R I

The following is an example of anon-algebra: The set {I, R, D, D’}is not closed
under ° . For instance, D °R=H,andH 0 {I,R, D, D’}

I R D D’
I I R D D’
R R R’ Vv H
D D H I R’
D’ D’ Vv R’ I

(© There ae five different subgroups having exactly two members. Find them
and draw their tables.
4 {<l,R>"°>
I R’

I I R’
R’ I I




(5) {<I.D}.°>
I D’
I I D’
D’ D’ I
6) {<I.D>,°>
I D
I I D
D I I
(M <{l.H>°>
I H
I I H
H H H
®  <{l.v>°>
I V
I I V
V V I
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The following is an example of anon-algebra, sinceR° R=R and R’ O {l, R’}

I R

I I R

R R R’

(d) Show which of the subgroupsin (b) are isomorphic

The group in (2) and the groupin (3) are isomorphic.
(2 A=<{l,R,H,V}, °>
3 B=<l,R,D,D},°>
The following function f: A - B isan isomorphism

f: {<l,I>, <R ,R'>, <H,D>, <V ,D’>}

a) f isahomomorphism: For any a, bin A, f(a’b) = f(a) ° f(b)

e =) °f()
faen=fq) =1
fayefay=1°1=1

f1°R)=f () °f(R)
fl°R)= f(R)

=
fU)°f(R)=1°R =

R =R’

f(1° V)= (1) ° (V)
fl°V)= f(V)=D'
fa)°f(V)=1°D =D’

f(1° H) = (1) ° f (H)
f(1°H)= f(H)=D
f()°f(H)=1°D=D

fR°1) =f (R) °f (I)
fR°N) = f(R)=R’
f(R)°f()=R °I =R



f(R

f(R

f(R

f(V

f(V

f(v°

f(V°

f(H

f(H

f(H

"R)=(R)*f(R)

f(R°R)= f(l) =1
f(R)°f(R)=R °R =1

°V)=f(R) °f (V)

f(R °V)= f(H) =D
f(R)°f(V)=R °D’ =D

“H) =1 (R)°f (H)

f(R °H)y= f(V)=D’
f(R)°f(H)=R °D=D’

) =f (V) °f(I)
fven= f(V)=D
f(V)°f()=D °1=D’

R)=f (V) °f (R)
f(V°R)= f(H)=D
f(V)°f(R)=D °R =D

V) =f (V) ° (V)
fVeVv)= f(l) =1
f(V)°f(V)=D °D =1

H) =f (V) °f(H)
f(V°H)= f(R)=R
f(V)°f(H) =D °D=R’

) =f(H)f()
f(H°l) = f(H)=D
f(Hy°f()=D°1=D

R') =f(H)*f(R)
fH°R)= f(V)=D'
f(H) °f(R)=D°R =D’

V) =f(H)* (V)
f(H°V)= f(R) =R’
f(H°f(V)=D°D' =R
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f(H° H) = f (H)° f (H)
f(HeH) = f(l) =1
f(Hy°f(H)=D°D=I

b) f is an isomorphism: it is a homomorphism (see aove) and itsinverse f* : {<I,I>,
<R',R’>, <D, H>, <D’, V>} isalso ahomomorphism. That is, for any a, bin B, f
(@ b)=f(@°f (b).

For instance,

f(R° D) =f (R)° f (D)
f(R °D)= f(D')=V
f(R)°f(D)=R °H=V

(the same obtains for the remaining elements of B)

[Question: isthere ay way to show that the algebras in (1) and (3), on the one hand, and

the algebrasin (1) and (2), on the other hand, are not isomorphic? Saying that | could not
find any isomorphism between the mrresponding carriers does not entitle me to conclude
S0, sincel basicdly used atrial-and-error-method. So | guessmy question is: isthere any
general method of finding out how many homomorphisms there ae between the cariers

of two algebras?|

*** - Answers (BHP). In the particular case, yes, and the strategy is general, though there
isn't any algorithm for carrying it out, asfar as| know. Find some properties that some
elements in one algebra have that distinguish it from the other. Inthis case: in the
algebras (2) and (3), which are isomorphic to ead other, ead element is its own inverse.
In the algebra (1), two elements are their own inverses and the other two are inverses of
each other. Given such differences, the two algebras can’t be isomorphic.

What properties will be the arucial ones can vary from case to case, but if they're not
isomorphic there will always be some “structural difference”. ***

(e Show a non-trivial automorphism for one of the subgoups of (b)
The following function is an automorphism of the I, R’, V, H}, °> onto itself
f: {<lI,I>, <R V>, <V, H> <H,R'>}
faen=f()°f()

faen=fq) =1
fayefay=1°1=1
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f1°R)=f() °f(R)
fl°R)= f(R)=V
fa)°f(R)=1°V=V

f(1° V)= 1) ° (V)
f(1° V) =f(V) =H
fy°f(V)=1°H=H

f(1° H) =f (1) ° f (H)
f(1°H)= f(H)=R’
f°f(H=I°R =R

fR°1) =f (R) °f(I)
fR °l) = f(R)=V
f(R)f()=Vel=V

fR°R)=f(R)°f(R)

f(R °R)= f(I) =
f(R)f(R)=V°V=]

f(R°V)=f(R)°f (V)
f(R °V)= f(H) =R
f(R)°f(V)=V°H=R

f(R°H) =f (R) ° f (H)
f(R °H)= f(V)=H
f(R)°f(H)=V°R =H

fVe ) = (V) ° ()
fVeN = f(V)=H
f(V)°f()y=H°I=H

f(VeR)=f (V) °f (R)
f(V°R)= f(H)=R’
f(V) f(R)=H°V =R’

fVe V) = (V) °f (V)



fV°oV)= f(1) =1
f(V)°f(V)=H°H=I

f(Ve H) = (V) ° f (H)
fV°H)= f(R)=V
f(V)°f(H=H°R =V

f(H 1) = £ (H)° £ (1)
f(H°l) = f(H)=R’
f(H°f()=R °I=R

f(H° R') =f (H)° f (R)
f(H°R)= f(V)=H
f(H °f(R)=R°V=H

f(H® V) = (H)° (V)
f(H°V)= f(R)=V
f(H)°f(V)=R°H=V

f(H° H) = f (H)° f (H)
fH°H)y= f(1) =1
f(H°f(H=R°R =1
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) Show a homomorphism of one of the groups of (b) with one of the groups of

(©)

The following function is a homomorphism from{I, R',V, H} to {I,R’}
f: {<l,I>, <R ,R'>, <V,I> <H,R >}

*** Note from BHP. This method of proving that it’s a homomorphism (below) is

completely explicit, sound, and general. But of course tediousto write and to read. Here's

one alternative. Draw the two tables, and use some typographica annotation to

“show” the mapping. E.g. in the big table, make I, V red (or boldface) and R’, H blad (or
italic), and in the little table make | red (bold) and R’ bladk (italic). Then you can say

“Look!”. |.e. you can “see” that red timesred = red etc in both. ** *



f

—~

f

—~

f

—~

o0 =f (1) °f ()

faen=fq) =1
fayefay=1°1=1

1°R) =f(l) ° f (R)

fl°R)= f(R)=R’
f)°f(R)=1°R =R’

1°V)=f (1) °f (V)

f1°V)= f(V)=I
Fay°f(v)=1°1=I

f(°eH)y=f1()°f(H)

f(R®

f(R'®

f(R

f(R®

f(V

fl°H)= f(H) =R’
fa)°f(H)=1°R =R’

) =f(R)°f()
fR °N) = f(R)=R’
f(R)°f()=R °I =R

R)=f(R)°f(R)

f(R°R)= f(l) =1
f(R)°f(R)=R °R =1

*V)=f(R)° (V)

f(R °V)= f(H) =R’

f(R)°f(V)=R °I=R’

H) =f(R") °f(H)
f(R °H)= (V)=
f(R)°f(H)=R °R =1

) =f (V) °f(I)

fVeon = f(V)=I
fV)ef@y=1°1=I
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f(ve

f(ve

f(ve

f(H°

f(H°

f(H°

f(H°

R) =1(V) °f(R)
f(V°R)= f(H) =R’

f(V)°f(R)=I°R =R’

V)=£f(V)°f(V)
fVeoV)= f(l) =1
fV)°f(v)=l1°1=I

H) =f (V) °f(H)
fV°H) = f(R)=R
f(V)°f(H =1°R =R’

) =f(H)> (1)
fHol) = f(H) =R’
f(H°f()=R °I=R

R) =f(H)°f(R)
f(H°R)= (V)=
fH)°fF(R)=R °R =1

V) =f(H)* (V)
f(H°V)= f(R)=R
f(H°f(V)=R °I=R’

H) = (H)° f (H)

f(HeH) = f(l) =1
f(H)°f(H) =R °R =1
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