
II. Go through this argument with an example, using a version of statement logic with just two 
sentential constants p and q. You should end up with sixteen equivalence classes. 
 
Let Atom = {p,q}. 
Then WΩBA(Atom) = {p,q, p∨ q, p∧ q, ¬ p, ¬ q, ¬ (p∨ q), ¬ (p∧ q), ¬  p∧  q, ¬  p∨  q, p∧¬  q , p∨¬  q, 
(p∧ q)∨¬ ( p∨ q), (¬  p∧  q)∨ (p∧¬  q)…} 
 

p q p∧ p ¬ p ¬ q p∨ q p∧ q ¬ (p∨ q) ¬ (p∧ q) … 
1 1 1 0 0 1 1 0 0  
1 0 1 0 1 1 0 0 1  
0 1 0 1 0 1 0 0 1  
0 0 0 1 1 0 0 1 1  

 
The mapping f: Atom → {0,1} corresponds to the columns shaded in light grey in the truth table 
above.  
 
! Instructors' note:  There are in fact four distinct possible mappings f: Atom --> 
{0,1}.  We can call them f1, f2, f3, f4.  
f1: {<p,1>, <q,1>}.   
f2: {<p,1>, <q,0>}. etc for the two others.  
Each f corresponds to one possible assignment of truth values to the atoms. Then for 
each f, its extension f# does indeed correspond to a whole infinite truth-table row as 
you have indicated in your diagram. What you said about that is correct. There are 
four such f#'s, so we might want to call them f1

#, f2
#, etc. Similarly, where you write 

below "Ker1 f" it might better be "Ker f1". 
 
The congruence defined by the homomorphism (f’s extension)  f#: WΩBA(Atom) → T corresponds 
to an individual row in the truth table above: it assigns truth values to formulas under a particular 
assignment (of truth values to the atomic formulas). The equivalence classes it gives us therefore 
depends on the particular assignment (i.e. they are limited to that row in the truth table).  
 Let’s take the row in darker gray as an example and call the congruence defined by that 
row Ker2f. Ker2f = {<p, p∧ p>,<p, ¬ q>,<p, p∨ q>,…}. Moving on to the row below it, and calling 
the congruence it defines Ker3f. Ker3f = {<p, p∧ p>,<p, p∨ q>,…}. Similarly for the other rows: 
Ker1f = {<p,q>,<p, p∧ p>,<p, p∨ q>,…} and Ker4f = {<p,q>,<p, p∧ p>,<p, p∨ q>,…}. Some pairs, 
such as <p, p∧ p>, are in all of those sets. Those are ∩ f Ker f. 
 Each row corresponds to different assignments of truth values (i.e. different models).  
∩ f Ker f is the set of ordered pairs with the same truth values in all models, and is therefore 
(logically) equivalent to logical equivalence.  
 


