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Homework 7: Question 2

Let the domain D range only over people.

General assumption: I interpret the meaning of parent and grandparent here in the
biological sense – i.e. even orphans will have parents and grandparents. Also, I don’t
consider having a parent/grandparent to be dependent on the parent/grandparent being
alive.

In order to answer this question, we will need the additional relation =. This relation can
be defined as follows:

=Def.

= is a binary operation.

Let A be any set. Then ∀x, y ∈ A, x = y iff A = (A – x) ∪ {y}.

Assumption 1: Every person has exactly two parents of which exactly one is a mother.

P(x, y) =Def. x is the parent of y.

M(x, y) =Def. x is the mother of y.

A1: (∀x)(∃y)(∃z)(P(y, x) & ~M(y, x) & M(z, x)  & ~(∃w)(P(w, x) & (~(w=y)  
  ∨ ~(w=z)))

It is not necessary to state that z is also a parent (this follows from a A2). I also don’t
believe that it is necessary to state that z and y are distinct – this follows from the fact that
one of them is a mother and the other not.

Assumption 2: Your mother is also your parent.

A2: (∀x)(∀y)(M(x, y) → P(x, y))

Assumption 3: A parent of any of your parents, is a grandparent of yours.

GP(x, y) =Def. x is the grandparent of y.

A3: (∀x)(∀y)(∀z) ((P(x, y) & P(y, z)) → GP(x, z))

Assumption 4: Nobody who is not a parent to one of your parents, can be a grandparent
of yours.

A4: (∀x)~(∃y) (GP(y, x) & ~(∃z) (P(z, x) & P(y, z)))

Note: I don’t believe that it is necessary to include an axiom that will state that you have
four grandparents of which two will be grandmothers and two will not be grandmothers –
i.e. something similar as what A1 states for parents. Because of A4 you will have no
grandparents except for the parents of your parents. And because of A1 each of your
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parents will have two parents, a mother and a non-mother. From this is follows that you
will have exactly four grandparents of which exactly two will be grandmothers.

Assumption 5: A grandmother of yours is also a grandparent of yours.

GM(x, y) =Def. x is the grandmother of y.

A5:(∀x)(∀y)(GM(x, y) → GP(x, y))

Assumption 6: For every specific grandparent or yours, there is a parent of yours such
that that specific grandparent is the parent of that specific parent.

A6: (∀x)(∀y)(GP(x, y) → (∃z)(P(z, y) & P(x, z)))

A6 cannot be stated as strongly as A3, because each of your parents has a
different set of parents – i.e. it is not the case that any of your grandparents is
necessarily the parent of any of your parents.

Assumption 7: Parenthood is not reflexive.

A7: (∀x)(∀y) (P(x, y) → ~(x=y))

Assumption 8: Parenthood is not symmetric

A8: (∀x)(∀y) (P(x, y) → ~(P(y, x))

Note: It is not necessary to add an axiom stating that grandparenthood is not reflexive.
This follows from A6 and A8. To see that this indeed the case, assume that GP(x, x) was
true.

GP(x, x)

(∃z)(P(x, z) & P(z, x)) [From A6]

But then we have a symmetric parenthood relation, which is not allowed by A8.

However, I was not able to derive the fact that grandparenthood is not symmetric in a
similar way. So, I think that we do need to add an axiom to state this.

Assumption 9: Grandparenthood is not symmetric.

A9: (∀x)(∀y) (GP(x, y) → ~(GP(y, x))

Note: We have to exclude circular relatedness. I don’t believe that it is possible to do this
by using only the four predicates that we have in the system now. The problem is that the
predicates we have can make reference to only two generations at a time. With predicates
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like these it is relatively easy to exclude a relatedness circle with only three generations,
and also even one with four generations.

However, if the circle is closed off by a very distant generation, then it seems impossible
to use only the predicates we have to exclude this. We either need additional predicates
(like A(x, y) = x is an ancestor of y), or we need a way to build recursivity into formulas.

x x

z y y t

z v

Relatively easy to exclude w

Very hard, maybe impossible (?), to exclude

These axioms, of course, don’t exhaust the knowledge we have about these relations. The
axioms above are also based on a rather limited view of what these relations mean – i.e. it
doesn’t allow for adoptive parents, for additional grandparents because remarriage of
grandparents, for cloning, etc.

Homework 7: Question 3

Chapter 7, Question 1

(a) B(x) is a one place predicate, with the meaning “x is black”.

W(x)is a one place predicate, with the meaning “x is white”.

(∀x)(B(x) ∨ W(x))

(f) L(x, y) is a two place predicate with the meaning “x is loved by y”.

P(x) is a one place predicate with the meaning “x is a person”.

(∃x)(P(x) & (∀y)(P(y) → L(x, y)))

(m) P(x) is a one place predicate meaning “x is a person”.

L1(x, y) is a two place predicate with the meaning “x loves y”.

L2(x, y) is a two place predicate with the meaning “x lives in y”.

k is a constant meaning “New York”
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(∀x)((P(x) & L2(x, k)) → L1(x, k))

Chapter 7, Question 3

(a) (∀x)P(x) ∨ Q(x, y)

Free: the x and y in Q(x, y).

Bound: the x in P(x).

(b) (∀y)(Q(x) → (∀z)P(y, z))

Free: x.

Bound: y and z.

(c) (∀x)~(P(x )→ (∃y) (∀z)Q(x, y, z))

Free: none.

Bound: x, y and z.

(d) (∃x)Q(x, y) & P(y, x)

Free: The y in Q(x, y), and both the y and x from P(y, x).

Bound: The x in Q(x, y).

(e) (∀x)(P(x) → (∃y)(Q(y) → (∀z)R(y, z)))

Free: none.

Bound: x, y and z.

Chapter 7, Question 4

In these and later questions all references to Laws are the to the Laws in PtMW Chapter 7.

(a) (∀x)(∃y)F(y, x) & (∀z)(O(z) → I(z))

(1) (∀z)(∀x)(∃y)(F(y, x) & ((O(z) → I(z)))

[1] (∀z)(∀x)(∃y)(F(y, x) & (∀z)(O(z) → I(z)) [Law 2]

[2] (∀x)(∃y)(F(y, x) & (∀z)(O(z) → I(z)) Since z is not free in
the first conjunct.

And therefore this formula is equivalent to (a)
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(2) (∀z)(∃y)(∀x)(F(y, x) & (O(z) → I(z)))

This is not equivalent to (a). This is the translation of the following English
sentence: “There is something that is a father to everything, and all odd
numbers are integers.”

(3) (∀x)(∀z)(∃y)(F(y, x) & (O(z) → I(z)))

[1] (∀z)(∀x)(∃y)(F(y, x) & (O(z) → I(z))) [Law 6]

[2] And this equal to (1), which we have already
seen is equivalent to (a).

Therefore, this formula is equivalent to tge (a)

(b) B(a) → ~(∀x)(M(x) → H(x))

(1) (∀x)(B(a) → ~ (M(x) → H(x)))

[1] B(a) → (∀x)~(M(x) → H(x)) [Law 9]

[2] B(a) → ~(∃x)(M(x) → H(x)) [Law 1]

[3] And this is not equivalent to (a).

(1) can be restated in English as: If Adam is a bachelor, then no men are
husbands.

(2) (∃x)(B(a) → ~ (M(x) → H(x)))

[1] B(a) → (∃x)~ (M(x) → H(x)) [Law 10]

[2] B(a) → ~(∀x)(M(x) → H(x)) [Law 1]

Therefore, (2) is equivalent to (b).

(3) ~(B(a) → (∀x)(M(x) → H(x)))

This is not equivalent to (b). This formula can be rephrased as: “It is not the
case that if Adam is a bachelor, then all men are husbands.”

Consider formula (3) without the initial ~. What will the value of this formula
be when Adam is not a bachelor? Since the “if” part is false, the whole
conditional expression will be true. If we then add the ~ back, it follows that,
whenever Adam is not a bachelor, formula (3) is always false.

Now consider (b), and again the case where Adam is not a bachelor. Since the
“if” part is negative, the whole formula is true.

We therefore see that there are circumstances in which these two formulas
have different truth values, and therefore they are not equivalent.
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(4) B(a) → (∃x)(M(x) & ~H(x))

[1] B(a) → ~(∀x) ~(M(x) & ~H(x)) [Law 1]

[2] B(a) → ~(∀x) (M(x) → H(x)) [Conditional Law]

(4) is equivalent to (b).

(c) (∃x)E(x) → ~B(g)

(1) ~((∃x)E(x) & B(g))

[1] ~((∃x)E(x) & ~ ~B(g)) [Double negation]

[2] (∃x)E(x) → ~B(g) [Conditional Law]

Therefore, (1) is equivalent to (c).

(2) (∀x)(E(x) → ~B(g))

[1] (∃x)E(x) → ~B(g) [Law 12]

Therefore, (2) is equivalent to (c).

Chapter 7, Question 5

(a) (∀x)(I(x) → (∃y)(I(y) & L(y, x)))

(∀x)(∃y)(I(x) → (I(y) & L(y, x))) [Law 10]

(b) ((∀x)(P(x) → O(x)) ∨ (∃y)(I(y) & ~O(y)))

(~(∃x)~(P(x) → O(x)) ∨ ~(∀y)~(I(y) & ~O(y))) [Law 1]

(c) ((∃x)(P(x) & ~O(x)) → (∀y)((P(y) & G(y, 7)) → O(y)))

(∀x)((P(x) & ~O(x)) → (∀y)((P(y) & G(y, 7)) → O(y))) [Law 12]

(∀y)(∀x)((P(x) & ~O(x)) → ((P(y) & G(y, 7)) → O(y))) [Law 9]

(d) Let s = Socrates.

((∀x)(H(x) → M(x)) → M(s))

(∃x)((H(x) → M(x)) → M(s)) [Law 11]
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Homwork 7: Question 4

(a) and (c)

∀x(love(Mary, x) → happy(x) (Formula, R5, S5)

∀x(love(Mary, x) (Set of operations, R7,  S7)              happy(x) (Atomic formula, R1, S1)

 x (Basic, A)           love(Mary, x) (Atomic formula, R1, S1)    happy (Basic, B)             x  (Basic, A)

  love (Basic, B)  Mary (Basic, B)    x (Basic, A)

(b) Semantic Derivation

1. ||∀x(love(Mary, x) → happy(x))||M1,g = 1 iff for each d in D,

   ||love(Mary, x) → happy(x)||M1,g[d/x] = 1

Rule S7 was applied here.

2. That will hold iff for each d in D,

   ||love(Mary, x)||M1,g[d/x] = 0 or ||happy(x)||M1,g[d/x] = 1.

Rule S5 was applied here (actually, the rule from PtMW, and
not from the handout, but they have the same effect.)

3. That will hold iff for each d in D,

  if <||Mary ||M1,g[d/x], ||x||M1,g[d/x]> ∈ ||love||M1,g[d/x], then
||x||M1,g[d/x] ∈ ||happy ||M1,g[d/x].

Rule S1 was applied twice here.

4. And that will hold iff for each d in D,

 if <||Mary ||M1,g[d/x],d>∈||love||M1,g[d/x], then d∈||happy||M1,g[d/x].

Here the Basic A was applied twice, both times to x.

5. I.e., if <I(Mary), d> ∈ I(love), then d ∈ I(happy).

And here Basic B was applies three times, to Mary, love, and
happy respectively.


