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Lecture 12. More algebra:
Groups, semigroups, monoids, strings, concatenation.
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1. Properties of operations and special elements

1.1. Properties of binary operations.

In the previous lectures we considered properties of some operations : operations on sets,
operations of Boolean algebra. Here we repeat certain of these properties in a more abstract way
and consider some other useful properties.

Let us consider abinary operation o on someset 4, i.e.amapping 4~ A® A. We will
use an infix notation for o. [Note']

Anoperation o isassociative iff foral a, b,cin 4, (aob)oc=ao (boc). Settheoretic
intersection and union are associative, as are Boolean operations U and U. Operations of addition
and multiplication on numbers are associative. Functional composition is associative. Examples
of non-associative operations are division and subtraction on real numbers and set-theoretic
difference on sets.

An operation o iscommutative iff for all a, bin 4, a o b = b o a. Set theoretic intersection
and union, Boolean operations U and U, addition and multiplication on numbers are
commutative. Some non-commutative operations are subtraction, division, set-theoretic
difference and function composition.

An operation o iSidempotent iff for al a in 4, a o a = a. Set theoretic intersection and
union are idempotent, as are Boolean operations U and U. But most of the operations we have
considered are not: addition, multiplication, subtraction, division and function composition are
not idempotent operations.

For two binary operations o, and o, both on A4, o, distributes over o, iff for al a, b, cin A,
ao,(bo,c)=(ao,b)o, (ao, c). We have seen that set-theoretic union distributes over
intersection and vice versa. But, although arithmetic multiplication distributes over addition (a
(b+c))=(a” b)+(a” ¢), addition does not distribute over multiplication, since in general, (a +
(b7 )t (a+b)” (ato)

! The operator symbol for agroup is usually written asasmall circle at amid-height level, higher than the letter ‘o’
but lower than the degree symbol °. We have not found that symbol in Word’s symbol repertory, so we are just
using theletter o in asmaller font, o.
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1.2. Special elements.

The next notions are special properties which certain members of a set may have with
respect to some operation defined on the set.

Given aset 4 and abinary operation o on 4, an element ¢, is a left identity element of o iff
forallain 4, e,0a =a. Similarly, e, in A isaright identity element of oiff forallain 4,aoe, =
a. The notation 1, and 1, also used for identity elements: the operation o is considered
metaphorically as multiplication, and “1” is atraditional symbol for an identity element when
thereis only one (“multiplication”) operation.

Aswe saw in Lectures 1-3, for afunction : 4 ® B and the operation of function
composition o, identity functions idz and id, are respectively aleft and right identity elements:

idg.o F=Fand F - id, = F. Subtraction defined on the set of integers and zero has aright identity

element, namely zero itself, sincefor al n, n - 0=n. But thereis no left identity element, i.e.
thereis no element m in the set such that for al n, m - n =n.

For commutative operations, every left identity element is also aright identity element
[proveit as an exercisel]. An element that is both aright and a left identity element is called rwo
sided identity or Smply an identity element. While commutativity of an operation is a sufficient
condition for every right or left identity to be two sided, it is not a necessary condition; atwo-
sided identity may exist for some operations that are not commutative. An example of thisis
found in the operation of composition of functions defined on some set of functions F = { F,G,
H,...}each being afunctioninaset 4. If id, isone of these functions, it is atwo-sided identity,

sinceforeach F1 F, id > F=F - id, =F. But the operation of composition of functionsis not
in general commutative. For addition, the two-sided identity is 0, but for arithmetic
multiplicationitis 1, sinceforal n,n+0=0+n=nandn” 1=1" n =n. Given some
collection of sets, the identity element for intersection is U, the universal set, and for unioniit is
the empty set A (verify!).

Given aset 4 and abinary operation o on 4 with atwo-sided identity element ¢, agiven
element ain Aissaid to have a right inverse a,.iff aoa,=e. A givenelement ain Aissaidto
have a left inverse a, iff a;0a =e. If a *isboth aleft and aright inverseof a,i.e.a*oa=aoa
= ¢, then a"'iscalled arwo-sided inverse of a. When theterm ‘inverse’ is used without further
qualification, we mean that it is two-sided. Note the inverses are a\ways paired in the following
way: b isarightinverse of a iff aisaleftinverse of b, since both statements followed from a o b
= e. One should observe also that the question of the existence of an inverse can be raised with
respect to each element in the set on which the operation is defined. In contrast, an identity
element, if it exists, is defined for the operation as awhole. To illustrate, let addition be defined
inthe set Z of all positive and negative integers and zero. As we have seen, 0 is the two-sided
identity element for this operation. Consider now the number 3, and let us ask if it has an inverse
in Z. Isthere an element z in Z that when added to 3 yields 0? The number - 3 is such an element,
and furthermore, it is both aright and aleft inverse, since 3 + (- 3) = (- 3) + 3=0. From thisit
also followsthat 3 isatwo-sided inverse of - 3. For addition, every number of Z has an inverse,
since to each integer z, except O, there corresponds an integer - z, such that z + (- z) = 0. The
number O isitsown inverse, since0+ 0=0.

1
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2. Groups

2.1. Definitions and examples

A group G isan algebrawith acarrier G and asingle binary operation o on G. To be a
group, G must satisfy the following conditions, the group axioms:

G1: The operation o is associative.
G2: G contains an identity element.
G3: Each element in G has an inverse e ement.

We can consider several signatures for groups: W; = { o}, Wy ={o,1}and

Ws ={0,1, g}. 1isa0-ary operation (constant) which marks an identity element (we show later
that in any group there exists a unique identity element). For the signatures W; and W;- we can
rewrite the axiom G2 as G2':

G2:1lox=x0l=1

The operation q in the signature W = isaunary operation of “taking theinverse”, i.e. the
operation with the axiom G3'':

G3’:xogx=qrox=1

Traditionally instead of gx writex ! and axioms for groups (in the signature W) are usually
written as

Gl’: (xoy)o z = xo0(yoz).

G2':1lox=x0l=1

G3":xox'=xtox=1

The advantage of thisthird signature W isthat now all of the group axioms can be written
directly in terms of operator symbols found in the signature. Now all the axioms can be written
with free variables, which we understand as universally quantified. With the smpler signatures,
we require ‘existence axioms' as well: there exists an identity element; there exist inverses. With
the fuller signatures, the existence claims are in effect put into the signature, although we still
need the axioms to tell us what sorts of things are being claimed to exist —what properties
something must have to be an identity element, or to be an inverse. (Note that certain notations
are traditionally tied to certain such properties; “1”, “0”, x™, etc., have traditional meanings.)

Note that the binary operation o does not have to be commutative. A group whose binary
operation is commutative is a commutative or Abelian group.

Examples.

a. The positive rational numbers with multiplication form a group: first of al, itisan
algebra: the product of any two positive rationals is a unique positive rational ; multiplication
isassociative; 1 isan identity element (of multiplication) and every positive rational p/q has
aninverse: (p/q)"* = g/p. Furthermore, this group is Abelian since multiplication is
commutative.
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b. The set Z of al positive and negative integers and zero with the binary operation of
addition forms a group with 0 as an identity element. Of course, x ! = - x here.
c. The set of al even integers under addition forms a group but the set of all odd

integers does not, since it does not contain an identity element, and it is not closed under
addition (i.e. it isnot even an algebra).

d. Theintegers{0,1,2,3} form a group with the binary operation of addition modulo 4
and 0 as an identity element. [Exercise: how do we define inverse element in this group?].
e. The algebra considered earlier of ‘ symmetries of the square” isagroup (PtIMW, Ch.

10, pp. 256-258). [Are all of its subalgebras also subgroups? Try this as an exercise. Does it
matter with respect to which of our three group signatures we ask this question?]

From the group axioms it is not difficult to prove the following elementary statements
(they are given in PPtMW and we number them here in the same way):

Theorem 10.1. In any group, the equations x o a = b and a o y = b have unique solutions x = b o
atandy=a" ob respectively.

Corollary 10.1. A group has only one identity element.

Corollary 10.2. 4 group has only one inverse a’* for each element a.

Theorem 10.2. 4 groupe with 4 or fewer elements must be commutative.

The proofs are given in PtIMW [but they are recommended as optiona exercises|.

2.2. Subgroups.

We define a subgroup G’ of agroup G as asubalgebraof G whichisitself agroup. Note
that if we consider groups as algebras in the signature W, any subalgebra of group in this
signature will be agroup. [Exercise: but what if we just used the signature Wy ?

Examples.

a. Thegroup of even integers with addition is a proper subgroup of the group of all integers
with addition.

b. The subgroupsof the group of ‘symmetries of the square’ were considered earlier.

¢. Theset of al non-negative integers with addition a subalgebra of the group of al integers
with addition (considered as algebrain the signature W, ). But it is not a subgroup because it
isnot itself agroup: it is associative, and has an identity element O, but al of the members of
its carrier except O lack inverses.

Theorem 10.3. The intersection G’ C G’ of two subgroups G and G’’ of a group G is itself a
subgroup of G.

Proof:

The proof ir trivial if we consider groups as algebras in the signature W;.. Subgroups are
subalgebras and the intersection of subalgebrasis a subalgebrain which all the group axioms
hold.
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3. Semigroups and monoids. Strings over some alphabet, concatenation.
[Read pp.262-263 and pp.431-435 of PIMW]

Homework13.

1. There are quite anumber of good questions in the handout, and theorems whose proofs you
could try. Try some of those.

2. Show that no Boolean algebra can be a group (with one of its operations, e.g. E, as the group
operation.) If it helps, first show it for a specific Boolean algebra— pick your favorite one — and
that should give you ideas about how to show that no Boolean algebra could be agroup. [Thisis
very similar to questions 2e,f in PPIMW, p. 271]

3. Try partsor al of question 5, PPIMW, p. 272.
4. PtMW pp 272-3, question 8.

5. PtMW pp 273, question 9.

6

. Read about integral domainsin PtMW, and then (with just minimal reading) you can try the
nice mathematical induction questions 13a,b on p. 274.



