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We have studied the syntax and semantics of Statement Logic. We have also studied a proof
system: a natural deduction system for Statement Logic. Now we are going to study a more
complicated logic: Predicate Logic. Statement Logic treats statements as unanalyzed primitives.
Predicate Logic considers the subject-predicate structure of statements. Because of that, we are
going to be able to formalize of arguments like the following:

() . Every man is mortal
. Socrates is a man
. ∴ Socrates is mortal

 Syntax

Predicates vs. terms In PL, a statement is composed of a predicate and a number of terms. For
instance: H(s) is a statement consisting of the predicate H and the term s, L(j,m) is a statement
consisting of the predicate L and the terms j and m.

We have then a set of predicates, represented by upper-case letters, and a set of terms, represented
by lower-case letters. Each predicate must be specified as one-place, two-place, etc. according to
the number of terms it takes. H is one-place: it takes one term. L is two-place: it takes two terms.
We don’t need to impose a limit on the terms a predicate can take.

Are the following expressions well-formed?

() a. H(m, j)
b. L(m, j)
c. H(m)

d. L(j)





Types of terms: constants vs. variables There are two types of terms: individual constants, like
s,m, j. Individuals constants will denote specific individuals. When translating English into PL,
we will map proper names into individual constants.

We also have individual variables, represented by lower-case letters from the end of the alphabet:
v,w, x,y, z, with primes if needed (v ′, v ′′, v ′′′ . . .).

The result of combining a predicate with a term is a statement. The result of combining a
predicate with a variable is an open statement (also known as a propositional function, you’ll see
soon why.)

Can you tell which of the following expressions of PL are statements and which are open statements?

() a. H(x)

b. L(m,y)
c. H(j)

d. L(m, j)

We can transform an open statement into a statement by prefixing it with a quantifier (∃,∀) for
each variable:

() a. H(x) → (∃x)H(x)

b. L(m,y) → (∀y)L(m,y)

The universal quantifier is denoted by “∀”, and the existential quantifier is denoted by “∃”. We can
think of the former as corresponding to English each, all, every and the latter as corresponding to
some, at least one.

Notice that we write a variable close to the quantifier to mark that the quantification is understood
with respect to that variable. This is necessary, since an open statement may contain more than
one variable. If the quantifiers weren’t suffixed with a variable, how could be able to tell which
quantifier is quantifying over which position of the open statement in ()?

() (∀x)(∃x)H(x, x)

Notice that the choice of variable letters is not important in most of the cases:

() a. (∀x)H(x)

b. (∀y)H(y)

But when there is more than one variable, we have to be careful to choose different letters for
variables that could be distinct:

() a. (∀x)(∃y)L(x,y)





b. (∀x)(∃x)L(x, x)

To get a feeling of the type of arguments we can deal with, it is handy to start thinking about how
to translate English sentences like:

() a. Everything is red
b. Something is red
c. Mary loves John
d. Mary loves somebody
e. Everybody loves Mary
f. Mary loves everybody

Connectives Both statements and open statements can be joined by the Statement Logic con-
nectives (¬,→,↔, ∧, ∨):

() a. H(x) ∨ L(j,m)

b. ¬L(j,m)

c. H(y) ∧ ¬L(j,m)

d. ¬(∃z)H(z)

e. ((∀x)H(x) ∧ L(j,m))

The syntax of PL We have illustrated how the PL formulae look like. We can now define
formally the syntax of PL by defining recursively the set of well-formed expressions.

We start by enumerating the lexicon:

() a. Terms:
i. Individual constants: j,m, . . .

ii. Individual variables: x,y, z, x ′,y ′, z ′, x ′′,y ′′ . . .
b. Predicates: P,Q,R . . . (each one with a specified arity)
c. Connectives: ¬,→,↔, ∧, ∨
d. Quantifiers : ∀,∃
e. Parenthesis: (, ), [, ]

Now we define recursively the set of formulas of PL:

() a. If P is an n-ary predicate and t, . . . tn are terms, then P(t, . . . tn) is a formula.
b. If φ,ψ are formulas, then ¬φ, (φ∧ψ), (φ∨ψ), (φ→ ψ), (φ↔ ψ) are formulas.
c. If φ is a formula and v is a variable, then (∀v)φ, (∃v)φ are formulas





d. Nothing else is a formula of PL.

Question : why do we need the last clause in the definition? Question : is (∀x)L(m, j) a formula
of PL?

Scope If x is a variable and φ is a formula to which a quantifier is attached to produce (∀x)φ
or (∃x)φ, we say that φ is the scope of the attached quantifier and that φ lies in the scope of the
quantifier.

() a. (∀y)H(y)

b. (∀y)H(y) → H(y)

c. (∀y)(H(y) → H(y))

d. H(y) → (∀y)H(y)

e. (∀x)(H(x) → (∀y)H(y))

f. (∀x)H(x) → (∀y)H(y)

g. (∀x)(H(x) → (∀x)H(x))

()  .: An occurrence of a variable x is bound if it occurs in the scope of
(∃x), (∀x), otherwise it is free.

Statements, Open statements We can now say that a statement of PL is a formula that does not
contain any free variables in it. A formula with at least one free variable is an open statement.

 Semantics

We will now give an informal account of the semantics of PL.

As in Statement Logic, each statement is mapped to a truth value, a member of {, }.

If a statement is composed of a predicate and a term, then its truth is determined by the semantic
values of its parts (which may or may not be truth values).

Example:

JsK = sandy (the actual individual, not her name)

JHK = { sandy, renée, leonor }

JH(s)K =  iff JsK∈ JHK, i.e. iff sandy ∈ { sandy, renée, leonor }

Note that the truth value of H(s) depends on the semantic values of both s and H. Can you guess
what happens if JHK = {renée, leonor } ?

Notation: JαK is the semantic value of expression α





The semantic value of a two-place predicate is a relation, a set of ordered pairs of individuals. If
D is the set of individuals, we say that the semantic value of a two-place predicate is a subset of
D×D.

Example:
JrK = renée
JlK = leonor
JLK = { 〈leonor, leonor〉, 〈renée, leonor〉}
JL(r, l)K =  iff 〈JrK, JlK 〉 ∈ JLK

Models The semantics of PL depends on a domain of individuals and the semantic values of
the constants and predicates. In the example above, JL(r, l)Kis true, but if we assume that JlK =
renée, then it will be false.

When we fully specify a domain of individuals D and an interpretation for the constants of PL, we
get a model. More specifically, a model M for PL is a pair 〈D, F〉, where D is a set of individuals
and F is a function that assigns

. a member of D to each individual constant

. a subset of D to each one-place predicate

. a subset of D×D to each two-place predicate

. (and in general an n-ary relation to each n-ary predicate)

In order to know whether a statement of PL is true or false, we have to make reference to a model.
Hence, a statement of PL is not simply true or false, but true or false relative to a model. We will
write JαKM for the semantic value of α relative to a model M.

Certain statements will turn out to be true or false irrespective of the model chosen. Consider
for instance H(s) ∨ ¬H(s): it does not matter whether the individual denoted by s is or is not in
the set denoted by H: the statement will always be true. Or take the statement H(s) ∧ ¬H(s): it
does not matter what the semantics values of the predicate and term are: the statement will be
false in every model. The statements that are true or false irrespective of the model chose are the
tautologies and contradictions of PL.

Quantification Let’s now consider expressions of the form (∀x)H(x) or (∃x)H(x). Since they
are statements, they should be true or false with respect to a given model. These quantificational
statements are composed of a certain quantifier (and a variable) and a open statement. But we still
don’t know how to interpret an open statement. Here’s a formula: let the open statement take a
truth value temporarily by letting the variable in the quantifier range over all the individuals in D

and determining the truth value that the open statement would have for each of those individuals.





Example: to determine J(∀x)H(x)KM, we let x range over D and for each assignment of a value to
x we determine the truth value that H(x) would have: true if the individual assigned to x ∈ JHK
and false otherwise. The statement is true if H(x) is true for all the assignments of individuals to
x In a similar fashion, to determine J(∃x)H(x)KM, we let x range over D and for each assignment
of a value to x we determine the truth value that H(x) would have: true if the individual assigned
to x ∈ JHK and false otherwise. The statement is true if H(x) is true for at least one value of x

To illustrate this, let’s evaluate the following statements with respect to the model in the book
(page )

() a. (∀x)H(x)

b. (∀x)M(x)

c. (∃x)M(x)

d. (∃y)(L(s,y)
e. (∀y)(L(y, x)

Here’s a complication: sometimes we have to evaluate expressions in which certain connectives
are within the scope of a quantifier, such as (∀x)(H(x) ∧M(x)). Can you guess what we should
do? We should consider whether the complex open statement (H(x) ∧M(x)) is true for all values
of x, i.e. for all assignments of individuals to x.

Let’s practice again by evaluating the following statements with respect to the model in the book
(page ):

() a. (∀x)(H(x) ∧M(x))

b. (∀x)(M(x) → H(x))

c. (∃x)¬M(x)

d. (∀x)(L(m, x) → H(x))

e. (∀x)(L(m, x) →M(x))

Yet another complication: we can have expressions containing a quantifier in the scope of another
quantifier, such as (∀x)(∀y)L(x,y). What to do? We apply the same procedure from the outside
in. We check whether for all assignments of individuals to x, the statement (∀y)L(x,y) is true,
i.e. we check whether for all individuals d it is true that for all individuals d’, 〈d,d ′〉 ∈ JLKM

Some more practice:

() a. (∀x)(∃y)L(x,y)
b. (∃y)(∀x)L(x,y)

Notice that the order in which quantifiers occur does matter!





Translating quantificational claims We are now ready to translate expressions of English into
PL.

Assume:

() a. cat C

b. JCKM = { d ∈ D: d is a cat }

() a. mammal M

b. JMKM = { d ∈ D: d is a mammal }

How are we going to translate All cats are mammals? Two possibilities are:

() (∀x)(C(x) →M(x))

() (∀x)(C(x) ∧M(x))

Unfortunately, the second possibility does not quite capture the meaning of the English sentence.
The translation says that everything is a cat and a mammal!

What about Some cats are mammals? Two possibilities are:

() (∃x)(C(x) ∧M(x))

() (∃x)(C(x) →M(x))

The second is again wrong. Can you guess why? Hint: evaluate the expression in a model with
no cats whatsoever. It should be false. Is it?

What about No cats are mammals?
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