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1. Ordered-Pairs

After the concepts of set and membership, the next most important concept of set theory is the
concept of ordered-pair. We have aready dealt with the notion of unordered-pair, or doubleton. A
doubleton is unordered insofar as the following is a theorem.

(t1) {ab} ={b,a}

For, x 1 {a,b} iff x=a or x=b,and x 1 {b,a} iff x=b or x=a. But‘x=a or x=b’ and ‘x=b or x=a’
arelogicaly equivalent (by SL).

Thus, we cannot magically order the elements of a set smply by ordering the names of its
elements. We need a further set-theoretic device; in particular, we need a method of aggregating thingsin
which the order of aggregation makes a difference.

For the moment at least, we propose the following informal definition of the two-place function-
sign ‘op(,)’.

(d1) op(a,b) : the ordered-pair whose first component is a and whose second component is b

This simply presents an additional primitive symbol. In order to flesh out the idea, we propose the
following principle.

The Fundamental Principle of Ordered-Pairs

(POP) op(a,b) = op(p,q) « . a=p & b=¢q

In other words, ordered-pairs are individuated according to their respective components: ordered-pairs p
and g are identica if and only if the first component of p isidentical to the first component of g and the
second component of p isidentical to the second component of g. This can also be written as follows; see
later section for official definitions of ‘OFP’, ‘1st’, and ‘2nd’.

(POP*) OP[p] & OP[q]l & p=q .—. 1s(p)=1s(q) & 2nd(p)=2nd(q)

Thisis completely analogous to the individuation of words: words w; and w, are the same word if
and only if their respective first, second, third, etc., letters are the same.

Before continuing, it is important to note that (POP) divides naturally into two halves.

(P1) op(a,b) =op(p,q) —. a=p & b=q;
(P2) a=p & b=q .— op(a,b) = op(p.q).

(P2) is atheorem of identity logic, and accordingly need not be separately postulated. On the other hand,
(P1) isnot alogical truth; to seethis, smply interpret ‘op(,)’ as‘the quotient of _and .
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2. Reducing Ordered-Pairs to Unordered-Pairs

In the development of the concept of ordered-pair, there are essentially two approaches.
According to the first approach, one posits ‘op(,)’ as an additional primitive expression of set theory, on a
par with epsilon. In this case, one further postulates principle (POP) — or equivalently, (P1) — as an
additional non-logical axiom of set theory.

According to the second approach, one defines op(a,b) to be a special sort of (unordered!) set, but
in a way that the order information is "coded in". The trick, then, is to come up with a definition that
enables one to deduce (POP) from the definition and the prior axioms of set theory.

Each approach has its shortcoming. The problem with the first approach is that it is not as
conceptually economical as the second approach. The problem with the second approach is that, no
matter how we define op(a,b), we end up ascribing adventitious properties to it (see below).

If one regards set theory as essentially reductionistic, or foundational, in nature (the idea being to
construct as much of mathematics as possible from as few primitive concepts as possible), then one will
likely opt for reducing ordered-pairs to unordered sets. On the other hand, if one regards set theory to be
just another branch of mathematics, not essentially different from anaysis, agebra, geometry, etc., then
there seemsto be no harm in treating the concept of ordered-pair as yet another primitive.

Our own approach is largely foundational in character. We ultimately want to show how
mathematics reduces to set theory. Accordingly, in keeping with our reductionistic orientation, we opt for
defining ordered-pairsin terms of already existing concepts.

That leaves us with the task of producing an adequate definition. To say that a definition of
op(a,b) is adequate is just to say that one can deduce the non-logical half of principle (POP) from the
definition.

For example, neither of the following definitions is adequate.

(d1) ops(a,b) =« {a,b}
(d2) opAab) =« {a{b}}

The inadequacy of (d1) has already been seen; demonstrating the inadequacy of (d2) isleft as an exercise.

By contrast, both of the following definitions are adequate in the sense explained (exercise).

(d3)  opsab) =« {{a.A,{b{A}}
(d4)  op4ab) =« {{a}{ab}}

At this point, we have two viable definitions, (d3) and (d4), so we need to make achoice. So long
as Principle (POP) can be deduced, our choice is largely arbitrary. In light of the relative smplicity of
(d4), we make that our choice.

Furthermore, we introduce new notation, in keeping with mathematical custom, for ordered-pairs,
given asfollows.

(D1) (ab) =« {{a}{ab}}

In other words, (a,b) is the ordered-pair whose first component is a and whose second component is b.
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Before continuing, we note that the following notation is aso common in the literature.
(a,b)

However, we propose to employ corner-bracket notation for a closely related concept, that of sequence,
which is defined in terms of functions, which are defined in terms of ordered-pairs, and which will be
discussed in Chapter 3. Although there is a "practica" identity between (a,b) and &a,bii they are
technically speaking distinct.

As mentioned earlier, the definitional approach to ordered-pairs has a number of odd
consequences. Welist afew.

(01) al (ab); bl (ab);
(02) {a}1 (ab);{b}1 (ab);
©03) {ab}l (ab).

These are dl true, but they compose the irrelevant part of the definition (model) of ordered-pairs.
Basically, the only relevant feature of an ordered-pair isthat Principle (POP) is satisfied.

Having defined ordered-pairs, we turn briefly to ordered-triples, ordered-quadruples, etc., which
are also useful in mathematics and logic. There are a number of approaches to these additiona concepts.
The following are afew.

D One can introduce each as a further primitive (with its corresponding axiom).

2 One can define al of them in terms of ordered-pairs (taken as primitive or not).

(3 One can give separate definitions for each in terms of unordered-pairs.

4 One can define them in terms of sequences, which are defined in terms of functions, which
are defined in terms of relations, which are defined in terms of ordered-pairs.

We follow course (4), which is conceptually most economical (see Chapter 3). However, the
reader isinvited to propose analyses aong the lines of (1), (2), and (3).

3. The Cartesian Product

Once we have the notion of ordered-pair, we can define numerous other set-theoretic notions. The
first oneisthe Cartesian product.

René Descartes (a.k.a. Cartesius) observed that the Euclidean plane can be coordinatized by the
real numbers. This means that every spatial point can be labeled, i.e., assigned coordinates, which are
simply ordered-pairs of real numbers. Beginning with this observation, Descartes showed how the
Euclidean plane can be replaced by (reduced to) the set of ordered-pairs of real numbers. Thus cameinto
being the field of anaytic geometry, which was essential to the development of the differential and
integral calculi, which were essential to the development of physics.

Indeed, the reduction of geometry to analysisis so natural that we are led to identify the Euclidean
points with (not smply by) their Cartesian coordinates.

The set of ordered-pairs of real numbers is a prominent and historically important example of a
Cartesian product. In particular, it isthe Cartesian product of theset R of real numbers with itself.
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More generaly, for any sets A and B, we can form their Cartesian product in accordance with the
following definition.

(D2) AXB =« {(xy):x1 A & y1 B}.

This definition involves a generalized set-abstract. For adetailed general presentation of general
set-abstract notion, see Appendix 1. Expanding this particular generalized set-abstract yields the fol-
lowing alternative definition in terms of the corresponding simple set-abstract.

(D20 AXB =« {w:$xy[x] A & yl B & w=(xy)]}
Alternative definitions of ‘ A X B’ use the defined terms ‘OF’, ‘1st’, and ‘2nd’.

(D3) OP[d] =« $x$y[a = (xy)]
(D4) 1st(a) =« 1x$y[a = (x,y)]
(D5) 2nd(a) =« 1y$x[a = (x,y)]

[Notice that if a is not an ordered-pair then it has neither a first nor a second component, in which case
1st(a)=X, and 2nd(a)=X.] (D3)-(D5) enable usto rewrite (D2) asfollows.

(D26®) AXB =« {x:O0P[x] & 1st(x)T A & 2nd(x)1 B}

(D26 provides the most explicit definition; it saysthat A XB consists of ordered-pairs whose respective
first components are in A and whose respective second components are in B. For example, if A={a,b},
and B={c,d},then AXB = {(a,c), (a,d), (b,c), (b,d)}.

Insofar as the set-abstract is legitimate (which we haven't demonstrated yet), we can prove the
following theorems.

(t1) (ab)T AXB «.al A & bl B
(t2) pl AxB « $xy[x1 A & yl B & p=(xy)]
3 pi AXB « . OP[p] & 1si(p)T A & 2nd(p)1 B

The question remains whether AXB is a set. Can we prove the set-abstract in question is
legitimate, or do we have to postulate it existence by way of an additional axiom. Wéll, as it turns out,
given our definition of ordered-pairs, and given our earlier axioms — in particular the Axiom of
Separation, the Axiom of Simple Union, and the Axiom of Powers — we can prove that the set-abstract in
(D2) islegitimate.

(t4) Su$xy[x1 A & yl B & u=(xy)]

To see this obtains, suppose A and B are sets. Is there at least one set that contains all the
ordered-pairs (a,b) for which al A and bl B? Suppose al A and bl B. Then (a,b) is by definition
{{a} {a,b}}. Consider the set ©(£(AEB)), which is legitimatized by the Axiom of Simple Unions and
the Axiom of Powers. Now, al A,andbl B,soa,b1 AEB,so{a},{ab} 1 ©(AEB), so{{a} {a,b}}
T ®(P(AEB)). Thus, every ordered-pair (a,b) for which al A and bl B is an dement of ©(P(AEB)).
There are many other dements in ©(©(AE B)) besides, so appealing to the Axiom of Separation, we
separate off those that have the appropriate property, thus obtaining A XB.
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By way of concluding this section, we observe that, agebraically speaking, the Cartesian product
leaves much to be desired. For example, it is neither commutative, nor even associative: the following
are not theorems.

(X) AXB=BXxA
(X) (AXB)XC = AX(BxC(C)

On the other hand, the Cartesian product interacts with the earlier operations in a sensible way, as
illustrated in the following theorems.

t5) AX(BCC)
(t6) AX(BEC)
(t7)  Ax(B-C)
(t8) A xN(O)
t9) A xU(C)

(AXB) C (AXC)
(AXB) E (AxC)
(AXB) - (AXC)
MAXX: X1 C}
U(AXX: X1 C}

4., Relations

The next order of business in the development of set theory is the analysis of (binary) relations as
set-theoretic objects. The basic intuition is that just as a property has an extension, which is a set, a
(binary) relation has an extension, which isalso aset. Of course, we are already wise to the fact that not
every property has an extension (Russell’ s Paradox), so we should be constantly on the lookout for similar
problems with extensions of relations.

WEéll, what is the extension of arelation? Consider the relation implicitly defined by the following
open formula.

Xx isaman, and y isawoman, and x ismarried to y

The extension of this relation is the set of all those ordered-pairs that satisfy this formula, which isto say
those ordered-pairs (a,b) such that a isaman, b isawoman, and a is married to b.

More generaly, we have the following informal definition.
(d1) ext(R) =« {(a,b): abearsR to b}

Now, set theory concentrates on extensions, so by a process of abstraction, set theory identifies a
relation with its extension. In particular, set theory defines a relation to be (merely) a set of ordered-
pairs. Thisideaisformally presented asfollows.

R[A] A isarelation
(D6) R[A] « " x(x1 A - OP[x])
(D6 R[A] =« "x(xT A - $y$z[x=(y,2)])

This saysthat set A isarelation iff every element of A is an ordered-pair — more briefly, A isaset of
ordered-pairs.

Given this definition of relations, to say that element a bears relation R to element b isjust to say
that the ordered-pair (a,b) isan element of R:

(d2) abeasRtob =« (ab)1 R
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Thelogica form of the definiendum involves the three-place predicate
__bears__to___

which is filled by three singular-terms. It is common practice in set theory to smplify this notation vastly
by entirely eliminating explicit display of the predicate, which leaves the singular-terms in stark
juxtaposition, as follows.

(d3) aRb =« abearsRtob
Thus, we have the following official definition.

(D7) aRb =+ (ab)] R

5. When Relations Aren’t Relations

The notation ‘aRb’, introduced in the previous section, is very fruitful, but can be the source of
grammatical confuson. We should regard the notation as metaphorical; like most metaphors, it is
suggestive but at the same time (potentially) mideading. It is useful because it suggests an intimate
connection between set-theoretic relations and two-place predicates. It is potentially misleading because
it suggests that they are identical. In particular, it suggests that ‘aRb’ has the same logical form as, say,
‘al b’. But this could not be farther from the truth.

Notwithstanding the suggestiveness of the typographical convention, the expression ‘aRb’ consists
of three singular-terms simply juxtaposed. Thereis additionally a predicate, but it is suppressed, as noted
earlier. From the viewpoint of elementary logic, whereas the logical form of ‘al b’ is E[a,b], thelogical
formof ‘aRb’ is B[a,r,b].

To put this point in bold relief, observe carefully that the following is a perfectly valid instance of
the definition.

(i) a{b}c =« (a,c)1 {b}

Of course, the definiensistrue only if (a,c) = b, which may or may not betrue. Inany case, (i) illustrates
how ‘aRb’ hasalogica form quite different from ‘al b’.

At this point, the reader is likely to ask: doesn’t the formula ‘xT y’ implicitly define a binary
relation, indeed, a very important set-theoretic relation. And, in particular, isn’t the following principle
true?

(P?) al b « abearsl tob

Asit stands, (p?) ungrammatical. The problem isthat ‘T * is a predicate, yet it occurs in subject position
on the right side. We need a name (singular-term) for the relation, not just a way of expressing that the
relation holds between two things (which is what the predicate does). That seems easy enough, since we
have set-abstracts. In particular, one name of the (extension of the) relation expressed by ‘1’ isjust:

{(xy): xT y}
So the proper reformulation of (p?) is:

(P?*) al b « abeas{(xy):xT y}tob
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Unfortunately, there is a serious problem with the set-abstract in question. But let us ignore that
problem for the moment. Even if the set-abstract is legitimate, our deliberations have merely shown that
‘al b’ is set-theoreticaly equivalent to aformula of theform ‘aRb’ (i.e., ‘B[a,r,b]’).

This does not prove that the formulas have the same logical form. All tautologies are logically
equivalent; it does not follow that they all have the same logical form. Similarly, ‘ P& (PUQ)’ islogically
equivalent to ‘ P’, but they do not have the same logical form; one is molecular, the other atomic.

There is amore serious problem: the putative relation (set of ordered-pairs) {(x,y) : x 1 y} isill-
defined! The epsilon-relation is not a relation!  Less flamboyantly speaking, the epsilon-relation may
exist, but its extension does not. In as plain language as possible perhaps, the epsilon-relation may exist,
but its extension is not a set!

The question is whether the set-abstract

{(ey)  xT y}

which we abbreviate by ‘E’ (short for ‘epsilon’) is proper. To see that it is illegitimate, let us assume
otherwise. Next, we note the following theorem.

"xlxT {x}]

Hence, letting E = {(x,y) : x| y}, we have:
"x{(e{x}) T E]

But{a} T (a,b) (one of the odd results), so we obtain
" x[{x} T UE]

from which we get
" x[xT UUE]

from which we get:
$y" x[xT y]

This contradicts an earlier theorem to the effect that thereis no universal set. In other words, if E isaset
then so is UE, and so is UUE, but our reasoning above shows that UUE is the universal set. It follows
that E (i.e., {(x,y) : x| y}) isill-defined.

We dready know that not every property has an extension. For example, the property of being
self-identical has no extension, and the property of being normal has no extension. We have now learned
that not every relation has an extension.

Indeed, most of the relations described by set theory (identity, inclusion, exclusion, etc.) have no
extensions. Moral: set theory analyzes mathematics, but in an important sense, it does not analyze itself.
Set theory defines arelation to be a set of ordered-pairs, yet the very relations used by set theory (identity,
membership, inclusion, etc.) are not, strictly speaking, relations according to (or inside) set theory.

Later, we see how to salvage relational concepts by relativizing them to various sets.
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6. Relations From, To, and On Sets

In the present section, we introduce further terminology that is common in the set-theoretic
description of relations. Recall that the formal definition isthat arelation isjust a set of ordered-pairs.

Aisareation == R[A] =+« "x(x1 A - OPx])
The definition above follows the following schematic format.

expresson = abbreviation =« definition of expression
We now define what it meansto say that R isarelation fromset A to set B.

Intuitively, to say that R isarelation from A to B isto say:

() Risareation;
(2 the first component of every pairin R isan element of A;
(©)) the second component of every pair in R isan element of B.

Formally, this may be written as follows.

Risardationfrom AtoB =« R[R] & A
"plp1 R - 1(p)1 A] &
"plpl R — 2(p)| B]

Interestingly enough, the definiens can be greatly smplified to
Ri AxB
which alows us to offer the following very smple officia definition.
(D8) Risarelationfrom AtoB = R[R,AB] =« Ri AxB

The definition has an obvious consequence, that if R is a relation from A to B, then R isa
relation. The converse (properly formulated) is also true: if R isareation, then it is arelation from one
set to another. In other words, we have the following theorem.

(tl) R[A] « $XSYR[AX,Y]

When the two sets A and B are the same, in which case we can call them both A, we have dightly
speciaized terminology. Specifically, arelation from A to A iscaled arelation on (or in) A. Thisis
formally defined as follows.

(D9) Risardationon A =  R[R,A] =« R[R,AA]
Asit turnsout, every relation R isarelation on at least one set, which isto say the following.
(t2) R[A] « $XR[AX]

Asafurther notational convention, we define the set of all relations from A to B asfollows.

(D10) R(A,B) =« {R: R[R,A,B]}
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It is easy to prove the following theorem (exercise).
(t3) R(A,B) = P(AXB)

Given aset A, there are two relatively uninteresting examples of relationson A. First of al, there
isthe empty relation, i.e., A whichistrivialy arelation on every set. Second, there is the universal
relationon A, whichissimply AXxA. Thefollowing isthe official definition.

(D11) theuniversa-relationon A = U, = AXA

In addition to the empty relation and the universal relation (restricted to A), there is a dightly more
interesting relation on A, called the identity relation on A, defined as follows.

(D12) theidentity-relationon A = I, = {(xx):xT A}
Observe the following obvious consequence.
t) I, ={xy:xT A&yl A& x=y}

Notice that although there is an identity relation relative to (restricted to) any given set A, thereis
no identity-relation simpliciter; for if there were such a set, then its union would be the universal set.
Similarly, there is no membership relation simpliciter, as already remarked. On the other hand, thereisa
relativized membership relation (just as there isarelativized identity relation), defined as follows.

d2) T, =« {Gy):xT A&yl A & x1 y}

We can do the same with other relations used by set theory; for example, the relativized inclusion and
exclusion relations are defined as follows.

d3) 1, =« {(xy):xT A&yl A& xl y}

(dd) ", =« {(xy):xT A&yl A& x"y}

More generally, where [F[x,y] is any formula with two free variables, and A isany set, thereisa
relativized relation described by the following set-abstract.

d5) {(xy): xT A & yl A & Flxy]}

We discuss this more in Chapter 3.

7. The Domain, Range, and Field of a Relation

Recall the marriage relation described earlier. It is not true that everyone bears this relation to
someone or other. This holds of a person if and only if that person is a married man. Similarly, it is not
true that everyone has the relation born to him/her. This holds of a person if and on if that person is a
married woman.

More generaly, we speak of the domain, range, and field of a relation. An element isin the
domain of arelation R if and only if it bears R to at least onething. Correspondingly, an element isin the
range of R if and only if it has the relation R borntoit by at least one thing. Finally, an element isin the
field of R if and only if it isin the domain and/or range of R. The following are the formal definitions.
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(D13) thedomainof R = dom(R) =y {x: $y[xRy]}
(D14) therangeof R = ran(R) = {y:$x[xRyl}
(D15) thefieldof R = fld(R) =«  dom(R) E ran(R)

Consider another example; let R be the following impure set.
{(x,y) : xisliving, y isliving, x isaparent of y}

Then the domain of R is the set of people who are living and have at least one living offspring, whereas
the range of R consists of living people who have at least one living parent. A living person x failsto be
inthefield of R precisely when x has neither aliving parent nor aliving offspring.

Now, one can prove the following theorems (exercise) .

tl) R[R] - dom(R) = {1s(p): p1 R}
(©2) R[R] — ran(R) = {2nd(p) : p1 R}

In other words, the domain of arelation R isthe set of first components of pairsin R, whereastherangeis
the set of second components of pairsin R.

One can aso prove the following theorems.

t3) R[R] > R[R, dom(R), ran(R)]
(t4)  R[R] - R[R, fld(R)]

In other words, every relation is arelation from its domain to its range, and every relation is arelation on
itsfield.

Finally, one can prove the following theorem, granted our particular definition of ordered-pairs.

) R[R] - flA(R) = UUR

8. Images and Pre-Images

Closely related to the notions of domain and range are the notions of image and pre-image, which
are defined asfollows.

(D16) theimageof A under R
(D17) thepre-imageof A under R

R>(A) =« {y:$x(xI A & xRy)}*
R (A) =« {x:$y(yl A & xRy)}?

R”(A) consists of those things to whom the relation R is born by at least one element in A. For
example, if R isthe marriage relation discussed earlier, and A isthe set of octogenarian men, then R7(A)
is the set of women to whom octogenarian men are married. On the other hand, R™ (A) consists of those
things that bear the relation R to at least one element in A. For example, if R isthe marriage relation, and
A is the sat of octogenarian women, then R™ (A) is the set of men who are married to octogenarian
women.

! Sometimes, the image of A under R is also denoted simply R(A).
2 Sometimes, the pre-image is also called theinverseimage, and it is also denoted R™(A).
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Notice the following theorems.

(tl) R[R, A, B] - R(A) = ran(R)
) R[R,A,B] - R (B) = dom(R)

The following are further theorems concerning images and pre-images.

(t3) R~7(dom(R)) = ran(R)

(t4) R (ran(R)) = dom(R)

t5) Al dom(R) - Al R™(R”(A))
(t6) Bi ran(R) — BIi R”(R™(B))
(t77 Al B — R”(A)I R?(B)

t8) Ai B — R (A)I R"(B)

0. Inversion

Relations are all sets, so the (Boolean) algebra of sets applies equally to relations. In addition to
the algebraic ideas that apply to setsin general (intersection, union, etc.), there are algebraic ideas that are
peculiar to relations, the most important being inversion and composition.

First, inversion is defined as follows.
(D18) theinverseof R = R* =+ {(xy):yRx}

R*isaso caled the converseof R. The basic ideais simple: a bears the converserelation R™ to b if
and only if b bears the original relation R to a.

Examples of converses are familiar. The converse of the relation of parenthood is the relation of
offspringhood; a parents b iff b isan offspring of a. In arithmetic, the converse of the less-than relation is
the greater-than relation.

Evidently, any relation is the converse of its converse, which is to say that either of the following
logically equivalent formulas is atheorem.

(t1) R[A] > AHT=A

t2) A=B'« B=A"
Notice the proviso in (t1); if A isnot arelation, then (A™)™ 1 A, but the converse inclusion does not hold
(exercise). Notice that (t2) has no such proviso; this is because the converse of any set is arelation

(possibly empty). Thus, we have the following substitute theorem for (t1), which does not require
assuming A isarelation.

3 (AHH =@AahH?
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10. Composition

In addition to inversion, which is a one-place operation on relations, there is the operation of
composition, also called relative (or relational) product, which is a two-place operation, formally
defined asfollows.

(D19) thecompositionof RandS = RoS =« { (x,2): $y[xRy & ySz] }

RoS is aso caled the (relative) product of R and S. From the definition we see that a bears the
composite relation RoS to b iff a bearsthe relation R to something that in turn bears the relation S to b.
Or formally expressed:

(t4) a[R-S]b «  $y[aRy & yRb]
Note that the square-brackets on the left-hand side are inserted for visual clarity.

Examples of relational-composition are common in the realm of kinship relations. For example,
the grandparent-relation is the product of the parent-relation with itself; i.e., G=P-P. On the other hand,
the aunt relation is the product of the sister relation and the parent relation; i.e., A=S-P. Examples of
relational -composition abound.

Algebraically speaking, relational composition is fairly well-behaved. For example, it is
associative, which isto say that the following theorem holds.

(t5)  (RoS)oT = Ro(S°T)
Note carefully, however, that relational compositionis not commutative, which isto say that:
(t6) RoSt SoR (forsomeR,S)

To congtruct a counterexample to the commutativity of o, consider the sister relation S and the parent
relation P; a bears SoP to b iff a isasister of someone who is a parent of b; by contrast, a bears P-S to
b iff aisaparent of someonewhoisasister of b. If by ‘sister’ we mean full-sister, then PoS| P.

Next, we note the following theorem about the interaction between inversion and composition.
(t7)  (RoS)* = S'R™

Consider an intuitive example from kinship relations. Let R be the mother-son relation, and let S be the
father-daughter relation. Then R™ is the son-mother relation, and S is the daughter-father relation. Also,
RoS is the paternal grandmother-granddaughter relation, and S*eR™ is the granddaughter-paternal
grandmother relation.

Finally, we note that every relational composite RS is defined, although not every composite is
"sensible’. For example, let R be the father-daughter relation, and let S be the brother-sister relation; then
RoSisnull;i.e, R-S=/ Inthisconnection, we have the following theorems.

(t8) RoS! £ « ran(R)Cdom(S)! A

(t9) RoS = A& « ran(R)"dom(S)
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11. Restriction
Next, we introduce a further two-place operation, called restriction, officially defined as follows.
(D20) theredrictionof Rto A = RIA =« {(x,y): xRy & xyl A}

If R isarelation, then the restriction of R to set A consists of those ordered-pairsin R whose components
are both elements of A. In other words, we have the following theorems.

(t10) RJA = {p:p] R & 1s(p)] A & 2nd(p)] A}
(t11) RJA = RC (A x A)

The notion of restriction isintuitively useful. We can, for example, begin with the general mother-
child relation; we can then restrict this relation to obtain the mother-child relation restricted to humans, or
we can restrict it to obtain the mother-child relation restricted to females.

12. Ancestors

If we think of relationa composition as a form of multiplication, then it is natura to use
exponential notation, borrowed from arithmetic, which yields the following definitions.®

(d1) R? =« RoR

(d2) R® =« RoRoR

(d3) R* =« RoRoRoR
etc.

Once we have the infinite sequence of relations R, R? R3, etc., we can conceptualy (if not formally)
formulate another very important set-theoretic notion, that of ancestor. Let's begin with the concrete
example that motivates using this particular word. To say that a isan ancestor of b isto say that one of the
following infinite sequence of statementsistrue:

(1) apaentsb

2 a parents someone who parents b

(©)) a parents someone who parents someone who parents b
efc.

In other words, one of the following is true:

(1) (ab)i P

2  (ab)T P?

(3) (ab)] P
etc.

If we could somehow wrangle dl of the sets, P, P?, P°, P* etc., into a single collection, then we could
define the ancestor relation smply to be the union of this collection, as follows.

(d4) A =. U{P,P? P3 P* .}
(d5) aAb =« (a,b)1 U{P,P% P? P* .}

% Sincerelational composition is associative, we can drop parentheses,



Hardegree, Set Theory, Chapter 2: Relations page 15 of 35

The collection in question is infinitely-large, so its existence may be questionable; the same can
said about its union, unless we can obtain it by some other set-theoretic construction.

Set theory is not concerned with the ancestor relation per se. Rather, it is interested in the above
construction for an arbitrary relation R. In particular, we can begin with any relation R, and we can talk
about the corresponding ancestral relation associated with R, which we denote R”, intuitively defined as
follows.

(d6) R’ =« U{R,R%R%R*.)

In alater section, we will see that, irrespective of whether the set { R, R% R R*, ...} islegitimate
or not, the set R* exists.

13. Special Types of Relations

Oftentimes, we are interested in relations with specia properties, to which we give special names.
The following is alist of some of the basic types of relations that are usually considered in set theory. In
what follows, R is presumed to be arelation, but the definitions do not depend upon this; technically, R
can be any set. We begin with three natural abbreviations.

(D21) "uv =« "u"v

Suv =« $ubv
(D22) abl S = al S&bl S
(D23) Risreflexivein A = "x(xl A > xRx)
(D24) Risirreflexivein A = " x(xl A > ~xRx)
(D25) R istransitivein A = " xyz(xyzl A —>:xRy& yRz .— xRz)
(D26) R isintransitivein A =+ " xyz(xyzl A —>: xRy & yRz .~ ~xRz)
(D27) R issymmetricin A = "xy(xyl A —.xRy— yRx)
(D28) R isasymmetricin A =+ " xy(lxyl A—.xRy—> ~yRx)
(D29) R isweakly-asymmetric = "xylxyl A—>: xty—>.xRy —> ~yRx)
(D30) R isanti-symmetricin A =« " xy(lxyl A —>:xRy& yRx .— x=y)
(D31) Risstrongly-connectedin A =+ " xy(xyl A —. xRy UyRx)

(D32) Risweakly-connectedin A =« " xy(xyl A —.x=yUxRy UyRx)

Notice that weak-asymmetry and anti-symmetry are logically equivaent. They are separately
defined primarily because each definition suggests something different about the type of relation defined.
The definition of weak-asymmetry shows how it is related to asymmetry. The definition of anti-symmetry
shows how it is related to extensionality (Al B & Bi A .— A=B).

Every predicate defined above is a two-place predicate, and expresses a relation between relation
R and set A. We can define an associated one-place predicate by specifying A to bethe field of R. This
yields a corresponding series of definitions, as follows.
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(D239 R isreflexive =«  Risreflexivein fld(R)
(D249 Risirreflexive =«  Risirreflexivein fld(R)
etc.

Notice that in many, but not al, cases the initia proviso about being eements of fId(R) isredundant. For
example, one can prove the following theorem about symmetry.

(t1) R issymmetric « " xy(xRy — yRx)
Thereasonisthat if xRy then x,y T fId(R), which makes the |atter redundant.

In addition to the basic properties of relations listed above, there are various combinations that are
important. We list afew of the most important combinations.”

(D33) Risaquasi-order relation = R isreflexive and transitive

(D34) R isapartia-order relation =y R isaquasi-order relation
and R is anti-symmetric

(D35) Risalinear-order relation =y R isapartial-order relation,
and R is strongly-connected

(D36) R isastrict-linear-order relation =« R isasymmetric,
transitive, and
weakly-connected

(D37) R isanequivalencerelation = R isreflexive,
symmetric, and
transitive

Notice that the following is atheorem (exercise).
(t2) if R issymmetric and transitive, then R isreflexive

Thus, every symmetric, transitive relation is an equivalence relation. On the other hand, the following is
not a theorem.

(X) if Rissymmetricin A and transitivein A, then R isreflexivein A

For example, the empty relation A is symmetric and transitive in every set (trivialy), but it is reflexive
only initsfield, which isthe empty set.

The definitions of the various order relations above make no reference to a special set A. There
are corresponding definitions that involve A, being schematically presented as follows.

(D9 RisaK relationon A =+ RisalK rdation, and fld(R)=A
Here, the schematic letter ‘K’ stands in place of the various adjective phrases from above.

Before continuing, notice carefully, for example, that an equivalence relation on A isnot just arelation on
A that isan equivalencerelation. The following is not atheorem.

* A quasi/partial/linear order relation is also called a quasi/partial/linear ordering.
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(X) equR,A] « . R[R,A] & equ[R]

For example, the empty relation A is arelation on A that is an equivalence relation, but it is not an
equivalencerelationon A, unless A=/

By way of concluding this section, we note that many of the properties of relations can be
formulated algebraically using inversion and composition. The following are examples; R is presumed to
be arelation.

(t3) R issymmetric « R =R"

(t4) R istransitive « ReRI R

(t5) R isanequivaencerelaion  « RoR*=R
(t6) R isasymmetric « R~ R?

(t7) R isanti-symmetric « RCR™M 1

14. Ancestors Revisited

Recall that the ancestral relation R™ associated with a given relation R is informally defined as
follows.

(d1) aR'b =« aRboraR?®horaR®or ..

It isinformal because the definiensis not aformula of set theory, sinceit isinfinitely-long. A more nearly
formal definition isthe following

(d) R =« U{R,RZR5.}

but the existence of the set { R, R? R?3, ...} —whichisinfinitely-large—is not established yet. Indeed, asit
currently stands, we cannot establish the existence of any infinitely-large set.

In the present section, we see that the existence of R* may be deduced from the axioms we already
have. Thisrequires producing an alternative definition, whichis given informally as follows.

(d3) R’ =« thesmallest transitive relation that includes R.
In the realm of sets, the smallest so-and-so is defined formally as follows.
(D38) snF =+« 1s(F[s/n] & " n(F — si n))

Intuitively, the smallest T is the unique thing that is [F and that isincluded in every . Thus, (d3) amounts
to the following.

(d3*) R° =« theuniquerdation that:

@) isatrangitive relation that includes R, and
(i)  isincluded in every transitive relation that includes R

The obvious question is whether thereis such arelation. Asit turns out, one can prove the following.

t) R = N{R¢ R¢i fIA(R)XfIA(R) & transitivelRq & R R¢
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Notice that the set-abstract has a form that is legitimized by the Axiom of Separation and the Axiom of
Power Sets. We are not off the hook yet; the intersection NC of acollection C is well-defined if and only
if Cisnonrempty. So, we must make sure that the set

{R¢: R¢i fA(R)XfIA(R) & transitive[R4 & R R¢

is not empty. Given any set relation R, even R=A, there is at least one transitive relation on fId(R) —
namely, the identity relation on fId(R). Thus, this set is norrempty, and its intersection is well-defined.

S0, the relation exists. The remaining question is whether it is the ancestral relation, as defined
earlier. Unfortunately, this cannot be adequately demonstrated until we have a formal development of
numbers, including proof by mathematical induction. This happensin alater chapter.

15. Equivalence-Relations and Equivalence-Classes

Among the special types of relations, equivalence relations are perhaps the most important, so we
devote two sections to them.

Let A be any set. Then there are two relatively trivial equivalence relations on A, defined as
follows.

I, =« {(xx):xT A}
U, =« {(xy):xyl A}

The former is called the identity relation on A, and the latter is called the universal relationon A. The
former deems two elements of A to be equivalent iff they are identical. The latter deems every pair of
elementsof A to be equivalent.

Evidently, I, is asubset of every equivalence relation on A, and every equivalencerelation on A
isasubset of U ,, as stated in the following theorem.

(t1) " R(equ[R,A]l—>.I,I R & Ri U,)
where:
equ[R,A] =« Risanequivalencerdationon A

Next, if R and S are both equivalence relationson A, then RCS is also an equivalence relation on
A (exercise). Something stronger can be said: if C isany collection of equivalencerelationson A, then
the intersection NC is aso an equivalencerelation on A (exercise).

(t2) equl[R, A] & equ[S, A] .= equ[RCS, A]
t3) " RRT C — equ[R, A]) = equ[NC, A]

The same cannot be said for union; the union of two equivaence relations need not be an equivalence
relation (exercise).

Next, we introduce the important notion of an equivalence class. Given any equivalence relation
R onsat A, and given any element e of A, the equivalence class of e with respect to R and A is defined
to be the set of elements that are equivaent to e (according to R). Formally, we have the following
definition.
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(D39) [alg =« {x:xRa}
[alx = theequivalence class’ of a (with respect to R)

In other words, [a]y IS just the set of things equivalent to a according to R. Of course, the formal
definition does not require that R is an equivalence relation, nor even arelation for that matter! But the
intended application of the definition is to the case where R isin fact an equivalence relation.

Let us consider some simple examples. For example, if R isthe identity-relationon A, and aisan
element of A, then [a]y={a}. On the other hand, if R is the relation of parallelism on the set of
Euclidean lines, and a is a particular line, then [a] ; isthe set of al thelines parallel to a. Finaly, if R is
the relation of having-the-same-height among humans, and a is a particular human, then [a] ; is the set of
humans who have the same height as a.

16. Partitions and Equivalence-Relations

A concept that is intimately associated with equivalence-relations is the concept of a partition.
Intuitively, a partition of aset A divides A into non-empty subsets (called cells). Most importantly, the
cells are mutually-exclusive, which means that no two cells overlap, and they are jointly-exhaustive,
which means that every element of A is an element of at least one cell. In other words, no cell is empty,
and every element of A isan eement of exactly one cell. The formal definition is given as follows.

(D40) Cisapartitionon A =«
1 " X(x1 C - X1 /) )
(2 "XY(X, YT C > (X*YUX=Y))
3 UC=A
Note that conditions (1) and (2) can be replaced by a single condition.
(1*) " XY(X,YT C - (X*Y xor X=Y))

For example, humans may be partitioned in numerous ways. according to age, gender, income,
political affiliation, education, etc. At a more mundane level, ones silverware can be partitioned into
various sections of the silverware drawer.

The partitions of aset are naturally ordered by the relation defined as follows.
(D41) P.£P, = "X(XT P> $Y(YT P, & XIY))

In other words P, £ P, iff every cell in B is included in at least one cell in B. This is customarily
described by saying that the partition Py is at least as fine as partition P..

We can also define the associated asymmetrical relation “__isfiner than _” in the usual way.
(D42) Pl < P2 = Pl £ P2 & N[Pz £ P]]

As an example of fineness of partitions, the set {{x} : xI A} of singletons of dementsof A isthe
finest partition on A, whereas { A} itself is the coarsest partition on A. In between are the al the
remaining partitions. 1f one has a partition C, one obtains a finer partition by taking each cell in C and

® Theterm ‘class’ here has no significance, but is simply atradition in set theory.
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partitioning it, possibly trivialy. On the other hand, one obtains a coarser partition by taking at least two
cellsand "fusing” theminto asingle cell. Theseideas are formally presented in the following theorems.

(t1) If C partitions A, and every element of B partitions exactly one element of C, then UB
partitions A, and UB £ C.

(t2) If C partitions A, and every element of B isthe union of exactly one subset of C, and
furthermore UB=A, then B partitions A, and C £ B.

The following are theorems about the fineness relation.
t3) AfA

t4) AEB & BEC —» A£C

t5) AEB & BEA — A=B

(t6) A<B & B<C —» A<C

(t7) A<B — ~[B<A]

In other words, the fineness relation partially orders the collection of partitions of a given set A; itis
reflexive, trangitive, and anti-symmetric. On the other hand, the associated strict relation is transitive and
asymmetric.

Next, we consider the connection between partitions and equivalence relations. First of al, every
collection C of subsets of A induces an associated relation E. on A, according to the following
definition.

(D43) E. =« { (xy) :$Z(Z1 C & xyl 2)}
One can prove the following theorem (exercise).

(t8) if Cisapartitionof A, then E _isanequivaencerelationon A.
Thus, every partition induces an associated equivalence relation.

The converse is also true: Every equivalence relation induces an associated partition. In order to
seethis, werecall the notion of equivalence class.

[Cl]R = {X . XRCI}

In constructing the partition associated with relation R, first, for each element a we can form its
equivalence class [a];. Next, we collect al of the respective equivalence classes and form a collection,
defined as follows (where A =fId(R)).

(D44) A/R =« {[x]g: xT A}

This collection of subsetsof A iscalled"A modulo R" or " A divided by R".
Now, one can prove the following theorem (exercise).
(t9) if Risanequivalencereationon A, then A/R isapartitionof A.

Thus, every partition induces an equivalence relation, and every equivalence relation induces a
partition. In order to demonstrate that equivalence relations and partitions are "practically identical”, we
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need to prove that the two processes — forming the equivalence relation from the partition, and forming the
partition from the equivalence relation — are mutually consistent.

In order to do this, we introduce further notation.

d) EC) =+« {(xy):$2(Z1 C & xyi 2)}
(d2 PR) =« {[xlz:xT flA(R)}

Here, E(C) is the relation induced by collection C, and P(R) is the collection induced by the
relation R. Notice that:

E(C)
P(R)

|:EC
fIA(R)/R

Now, the question of mutual consistency amounts to this. Suppose we start with equivalence
relation R, and we form the associated partition P (R); then, suppose we take the partition P (R) and form
the associated equivalencerelation E(P (R)). Question: does R equa E(P(R))?

There is a corresponding question. Suppose we start with a partition C on A, and we form the
associated equivalence relation [E(C), and then take this equivalence relation and form the associated
partition P ([E(C)). Question: does C equal P(E(C))?

The answer to both questions is the same — yes. In particular, we have the following theorem,
where the tacit proviso isthat C isa partition and R is an equivalence relation.

(t10) R=EC) « C=P(R)

Given the natural correspondence between partitions and equivalence relations, we can transfer
certain concepts from one to the other. For example, we already observed that the collection of all
partitions on a given set A is partidly ordered by the fineness relation. This means there is a
corresponding partial ordering of the equivalence relationson A. Indeed that partial ordering is none
other than the inclusion relation (suitably relativized)! In particular, we have the following theorems.

(tl) P.EP, « EP)I EP)

(t12) Ei E « P(E)EP(E)

(t13) Pi<P, « E(P)I E(Py)

(t14) El E « P(E)<P(E)
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17. Appendix 1: Generalized Set-Abstracts

Certain sets are easier to describe if we modify our notation slightly. Suppose we want to denote
the set of al singletons of members of set A; call thisset S temporarily. We have the following fact about
S.

"x(xT S « Syl A & x={y}))

In other words, x T S iff x isthe singleton of some element of A. The official set-abstract is written as
follows.

{x:$yyT A & x={y})}

A more natural notation, which uses a generalized set-abstract, goes as follows.
{{x}:xT A}

This expression does not qualify as well-formed according to our official grammar, so we need some way
to define it, and expressions like it, in terms of official notation.

The fundamental set-abstract notation is given by the following scheme,
{n:F}

where n is any variable, and F is any formula. On the other hand, generalized set-abstract notation is
given by the following scheme,

{t:[F}
wheret isany singular-term, and [ is any formula

At this point, it might be useful to review what exactly constitutes a singular-term in the language
of set theory. The genera syntactic principles are presented schematically as follows.

(s1) everyvariableisasingular-term;
(s2) every constant isasingular-term;
(s3) every proper name isasingular-term;

(4) theapplication of afunction-sign to the appropriate number of singular-termsyields
another singular-term;

(sB) the application of a subnective to the appropriate number of formulas yields a singular-
term;

(s6) nothing elseisasingular-term.

Variablesinclude ‘x’, ‘y’, ‘z’, ‘X', 'Y’, ‘Z’, etc. Constantsinclude ‘a’, ‘b’, ‘c’,'A’,‘'B’, ‘C’; these are
used primarily in derivations for universal derivation and existential elimination. They also often stand in
proxy for arbitrary singular-terms in definitions. Proper names include ‘A£. Functionsigns include
‘{..}’ (singletons, doubletons, etc.), ‘C’, ‘E’, etc. The expression ‘( , ) is also a two-place function-
sign.  Subnectives include the set-abstraction operators {x:_} {y:_}, etc., which are al one-place
subnectives.
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What we need is a definition of generalized set-abstracts of the form {t:[} in terms of simple set-
abstracts of theform {n:[F}.

In order to do this we require additiona notational machinery in the metalanguage of set theory. In
general, both singular-term t and formula [ will involve free variables, and nearly always t and [ will
share free variablesin common. For example, in the following expressions

xCy yl z

‘x’ and ‘y’ are free in the singular-term, ‘y’ and ‘z’ are free in the formula, and ‘y’ is the only common
free variable. A more complicated example: in the following expressions

{x:xl Yy E{x:xl 2} "yl 2)

‘y’ and ‘z’ are free in the singular-term, and ‘z’ is free in the formula. In general, it is visualy easier if
we don’t combine these two expressions, since ‘y’ is free in the singular-term but bound in the formula
Rather, the bound variable should be changed to, say, ‘x’.

With thisin mind, we define generalized set-abstraction as follows.

(D) {t:F} =« {no:$n...$n[F& n=t]}
where nj...n; are all thevariablesfreein botht and
and No isany variable not freein either t or [

A few examples will help one understand the abstract definition. The first two come from
arithmetic.

{x*: x iseven} = {y:$x(xiseven & y=x9)}

{x+y :yiseven} = {z:%y(yiseven & z=x+y)}
{xCy:yl z} = {w:$ylyl z & w=xCy)}
{{xy}:x1 z&yl 2z} =« {w:Sx$y(xT z& yl z& w={xy})}
{{x:xl y} :y1 2} = {w:Sylyl z & w={xxl y})}

Before continuing, it is important to note that the legitimacy of the generalized set-abstract {t:[}
reduces to the legitimacy of the corresponding sinple set-abstract. Thus, some will be ok, and others will
not. Later, we will add a special axiom (The Axiom of Replacement) for set-abstracts of the form {t(x) :
x1 A}. For the moment, however, we do not presume such an axiom.
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18. Appendix 2: Computationally-Primitive Expressions

When asked to compute the value of an expression, what counts as a legitimate answer? It
depends on the context. For example, in arithmetic, if asked to compute 2+3, one cannot answer “1+4” |
for although it is surely true that 2+3 is 1+4, this sort of expression is not acceptable. The acceptable
answer is“5”.

Likewise, in set theory, if asked to compute, say, {a,b} E{c,d}, the following is not an acceptable
answer: {x:x1 {ab} orx1 {cd}}. Theacceptable answer is: {a,b,c,d}. Although the latter isnot
a primitive expression in the forma version of set theory we have adopted, it is nonetheless
"computationally-primitive”; it isintuitively primitive.

The following is our officia definition of computationally-primitive, which is a definition in the
metalanguage.

(@D Every constant and every proper name is computational ly-primitive.

2 If e, &, ...,  are al computationally-primitive, then sois. {ey, &, ..., €} .
3) If e; and e, are computationally-primitive, then so is. (ey,e)).

4 Nothing else is computationally-primitive.

Thus, when asked to compute the value of a singular-term t, a correct answer is any
computationally-primitive expression e suchthat "t=e! istrue. The following are examples.

WhereR = { (1.4), (1.2), (2,2), (3,3), (4,3) },

(@) dom(R) = {1,2,3,4} [note: numerals are proper names.]
2 ran(R) = {2,3,4}

(3 R7{234} ={2,3}

4 R {23} ={1,234}

(5)  ReR™={(11),(1,2),(21).(22),(33),(34).(4.3),(44) }

Similarly, if asked to give an example of a suchrand-such, then one is expected to write an
expression in computationally-primitive notation. The following are examples.

Supposing A ={1,2,3}, B ={1,2,3,4,5}:

(D) an example of arelation on A that is reflexive but not transitive:
{(11),(22),(33),(23),(21) }

2 an example of afunction from B onto A:
{(11),(22),(33),(43),(53) }

(3)  anexampleof apartition Con B suchtha A1 C:
{{12,3},{4.5} }
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19.

1.

© © N o g ~ w N PP

N T T T e T S e S T
P O © ©o N o o ~ W Db P O

22.
23.

Definitions For Chapter 2
Explicit Definitions

{t:F} =« {ng:$n1...3n(F & no=t}
[here, ngisnot freeint or [F;

Ny,...,n, are al the free variablescommon tot and []

(ab) =« {{a}{ab}}

AXB = {(xy):x1 A & yl B}
OP[a] =« $x$y[a = (x.,y)]

1st(a) =« 1x$y[a=(xy)]

2nd(a) =« 1y$x[a=(xy)]

R[A] =« "x(xT A — $y$z[x=(y,2)])

aRb =« (a,b)1 R

R[R,AB] =« Ri AxB
R[R,A] =« R[R.A,A]

R(A,B) =+« R(AXB)

Uy =« AXA

1, =« {(x):x] A}

dom(R) =« {x:$y[xRy]}
ran(R) =« {y: $x[xRy]}

fld(R) =« dom(R) E ran(R)
R>(A) =« {y:$x(xT A& xRy)}
R™(A) =« {x:$y(y] A& xRy)}
R™ =« {(xy): yRx}

RoS =« {(x,2) : $y[xRy & ySz]}
RIA =« {(xy): xRy & xy1 A)

"xy =« " X"y
Sxy =« $xBy

a,bT S =« aT S&bT S

ref[R,A] =« "x(x1T A — xRx)
ref|[R] =« ref[R fld(R)]

[generalized set-abstract]

[ordered-pair]

[Cartesian Product]
[ordered-pair]

[1st component]

[2nd component]
[_isarelation]

[ bears to ]

[ _isareationfrom_to ]
[ _isarelationon ]
[therdationsfrom _to ]
[universal relation on A]
[identity relation on A]
[domain]

[range]

[field]

[image]

[pre-image]

[converse]

[composition]

[restriction]

[quantifier abbr.]
[&-1 abbr.]

[reflexive]
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24,

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.
39.
40.

41.
42.
43.
44,

irr[R,A] =« "x(xT A - ~[xRx])
irr[R] =« irr[R fld(R)]

tr[R,A] =« " xyz(x,y,z1 A — [xRy & yRz .— xRz])
tr[R] =« tr[R fId(R)]

int[R,A] =« " xyz(xy,z1 A —[xRy& yRz — ~xRz])
int[R] =« int[R fld(R)]

sym[R,A] =« " xy(x,yl A — [xRy — yRx])
sym[R] =« sym[R fld(R)]

asy[R,A] =« " xy(x,yl A — [xRy > ~yRx])
asy[R] =« asy[R fIld(R)]

wasym[R,A] =« " xy(x,yl A —>[x'y—.xRy — ~yRx])
wasym[R] =« wasym[R fld(R)]

at[R,A] =« " xy[xRy & yRx .— x=y]
ant[R] =« ant[R fId(R)]

sc[R,A] =« " xy[x,y1 fld(R) —. xRy UyRx
sc[R] =« sc[RfId(R)]

wc[R,A] =« " xy[xyl fld(R) —>.xRy UyRx Ux=y
wc[R] =« wc[R fld(R)]

go[R] =« ref[R] & tr[R]
go[R,A] =« qo[R] & fld(R)=A

po[R] =« ref[R] & tr[R] & ant[R]
po[R,A] =« po[R] & fld(R)=A

[o[R] =« po[R] & sc[R]
lo[R,A] =« l0[R] & fld(R)=A

slo[R] =« asym[R] & tr[R] & wc[R]
slo[R,A] =« slo[R] & fld(R)=A

equ[R] =« ref[R] & sym[R] & tr[R]
equ[R,A] =« equ[R] & fld(R)=A

snF =« 1s(F[s/nN] & " n(F > ni s))
[Cl]R = {X . ClRX}

PIC,A] =« UC=A&" X(XT C—> X1 /B &
"XY(X,Y1 C—>. XY UX=Y)

BEC =« "X(X1 Co$Y(Y] B & Yi X))
B<C =« BEC & ~[CE£ B]

E(C) = { (xy) : $X(XT C& xyl X}

AIR =« {[x]g:x1 A}

[irreflexive]

[transitive]

[intransitive]

[symmetric]

[asymmetric]

[weakly asymmetric]

[anti-symmetric]

[strongly connected]

[weakly connected]

[quasi-order]

[partial-order]

[linear-order]

[strict linear-order]

[equivalence relation]

[smallest n such that [F]

[equivalence class]

[partition]
[finer than]

[strictly finer than]

[equivalence relation induced by (]

[A modulo R]
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2.  Contextual Definitions

1. pl AxB =« S$xy(xl A& yl B& p=(x,y))
2. (ab)] AXB =+ al A & bl B

3. al dom(R) =« $x[aRx]

4, al ran(R) =+« $x[xRaq]

5. al fld(R) =+ al dom(R) U al ran(R)
6. (ab)i R =« (ba)l R

7. aR™b =« bRa

8. al R”(A) =+ $x(xT A & xRa)

0. al R™(A) =r $x(xT A & aRx)

10.  (ab)T ReS =« $x(aRx & xSb)

11.  aRo-Sb =+ $x(aRx & xSb)

12, (ab)T EC) = $X(XI C&abl X}

13. bl [a]g =+ aRb

14, AT PR) = $x(xT flAR)} & A=[xly)
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20. Theorems for Chapter 2

1. {a,b}={p,q} — (a=pUa=q.&.b=p Ub=q)
2. a=b — {ab}={da}

3. {a}={b} —> a=b

4. (a,b)=(p,q) —. a=p & b=q

5. (ab)] AXB «.al A & bl B

6. AXB=F«.A=FEUB=£

7. AXB =BxA « .A=F£UB=FUA=B
8. Bi C > AxBi AxC

9.  AX(BCC) = (AXB) C (AXC)

10.  AX(BEC) = (AxB) E (AXC)

1. AX(B-C) = (AXB) - (AXC)

12.  AXNC) = N{AXX: X1 C}

13.  AXUC) = UAXX: X1 C}

14.  dom(RES) = dom(R) E dom(S)

15.  ran(RES) = ran(R) E ran(S)

16.  dom(RCS) | dom(R) C dom(S)

17.  ran(RCS) i ran(R) C ran(S)

18.  dom(R) - dom(S) i dom(R-S)

19. ran(R) - ran(S) I ran(R-S)

20.  thenegations of the converses of 16-19.

21, RT R(AB) > R R(B.A)

2. RIR] > (RYY* = R

23. (RCS)' = R*'cS?

24. (RES)' = R'E S*

25. (R-S)' = R*'-§*

26.  Ro(SoT) = (RoS)eT

27 RT R(A.B) & ST R(B.C) —> ReST R(A,C)
28. RT RAB) & ST R(B,C) & BAC .~ RoS=£F&
29. (RoS)' = SHR?

30. dom(R™" = ran(R)

3.  ran(R" = dom(R)

32.  dom(R°S)i dom(R)

33.  ran(ReS)I ran(S)

34, ~" XY[dom(X)i dom(XY)]

35.  ~" XY[ran(Y) | ran(X-Y)]
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3. RIT R(A.B) - R’(A) = ran(R)

37. RT R(A,B) » R (B) = dom(R)
37.  (R)7(A) = R (4)

3. Al dom(R) > Al R™(R_(A))

39. R7(S7(A) = (S°R)”(A)

4. Al B — R?(A)I R?(B)

4. Al B —> R (A)I R (B)

42. R (AEB)=R (A)E R™ (B)

43. R (ACB)i R"(A)CR" (B)

44, ~" XY[R"(A)CR (B)i R (ACB)]
Inthefollowing, I = lg4z), ad U = Ugyy.

45. ref[R] « Il R

46. irr[R] « IR

47. sym[R] « RI R*

48. asy[R] « R”~ R*

49. tr[R] « ReRI R

50. int[R] « ReR”™ R

5. ant[R] « RCR'I 1

52 sc[R] « RER*=U

53. wc[R] « RER'EI =U

54. dom(R)=A « I,I ReR*

55. ran(R)=B « Izi R™R

56. o-m[R] « RoR™I I,

57. m-o[R] « R™%RI I

58. m-o[R] & ran(R)=B « RY%R =1,
59. o0-m[R] & dom(R)=A « RoR'=1,
60. asy[R] — irr[R]

61. sym[R] & ant[R] .— $X[R = I,]

62 ACUC = U{ACX: X1 (}

63. AENC = {AEX: X1 C}

78. A-UC = E{A-X: X1 C}

79. A-NC = U{A-X:XT ¢}

80. UBCUC = U{XCY: X1 B&YI C}
8l. NBENC = N{XEY: X1 B&YI C}
82. UUB=UUC —» UB=UC

83. UUB=UUC - NB=NC
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21.

1.

Exercises for Chapter 2

Part 1

Supposing R = {(1,4), (1,2), (2,2), (3,3), (4,3)}, compute the following; i.e., convert each expression into
a computationally-primitive expression.

2.

(1) dom(R)

(2 ran(R)

(3)  R~({234})
(4 R ({23})

5) R
(6) RoR™
(7) R%R
(8) ReR
Part 2

Supposing A ={1,2,3}, B ={1,2,3,4,5}:

(1)

(2)
(3
(4)
(5)

3.

Congtruct an example of arelation R on A such that

R isreflexive but not transitive.

Construct an exanple of arelation on A that isreflexive, and symmetric, but not transitive.
Construct an example of arelation on A that isirreflexive and transitive.

Construct an example of an equivalence relation on B; what is the corresponding partition?
Construct an example of apartition C on B suchthat A T C; what is the corresponding
equivaence relation?

Part 3

Symbolize each of the following expressions in the language of first-order logic; i.e., for each expression,
display itslogical form relative to first-order logic.

(1) aRb

(2 {aR{ab}

(3 ran(R) E dom(R)
(4 [dg = [blxClclz
(55 R™'R

Use the following schemes:

Atomic singular-terms: lower case |etters.
Function-signs. lower case letters and parentheses; e.q.:

f(a), s(a.b), p(a.,b.9).

Predicate signs: upper case letters and square brackets; e.g.:
Pla], F[a,b], B[a,b,g].
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4. Part 4

Convert each of the following generalized set-abstracts into the corresponding simple set-abstract
according to the general definition of generalized set-abstracts.

L {{x}:xT Y} )

2 {X-Y:X1Z&YI W)}
3 {AxX:X1 B}

4 {xy:xly}

5) {UAGUB:AIl B}

S. Part 5
Convert each of the following expressions into primitive notation (logical notation, plus ‘T’ and
‘{n:[F}’), in accordance with the explicit definitions.
(1) (ab)
(20 AXB
3 aRb
4 a[R-S]b
(55 R*
6. Part 6

Convert each of the following into "relatively primitive notation”, in accordance with the explicit
definitions. This includes primitive notation, plus all defined symbols from Chapter 1, plus ordered-pair
notation. In particular, convert every generalized set-abstract into the corresponding simple set-abstract.

(1) {XCY:YI1 Z}

(20 dom(R)

(3  R7(A)

(4)  Risanequivaencereationon S
(5) C isapartitionon S
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22. Answers to Exercises for Chapter 2

1. Part 1
Supposing R = {(1,4), (1,2), (2,2), (3,3), (4,3)},

(1) dom(R) ={1,2,3,4}

2 ran(R) ={2,3,4}

(3 R7({234}) ={23}

4 R ({23) ={1234

(5 R? ={(41),(21),(22),(33), (34)}

(6) RoR* ={(11), (22, (3,3), (4,4), (1,2), (2,1), (3,4), (4,3)}
(7)  R™R ={(22), (3.3), (44), (24), (4,2)}
(8) ReR ={(1,2), (1,3), (2,2), (3,3), (4,3)}

2. Part 2

Supposing A = {1,2,3}, B = {1,2,3,4,5},

D an example of arelation R on A such that
R isreflexive but not transitive:
{(1.1), (1.2, (23), (22), (3.3)}

2 an example of arelationon A that isreflexive, and symmetric, but not transitive:
{(11), (1.2, (22), (2.3), (3.2), (2.2), (3,3)}

(©)) an example of arelationon A that isirreflexive and transitive:
{(12),(23), (1,3)}

4 an example of an equivalence relation on B; the corresponding partition:
{(11), (22), (33), (44), (55}
{{1}. {2, {3}.{4}.{5}}

5) an example of apartition C on B suchthat A T C; the corresponding equivalence relation:

{{1.2,3} {4} .{5}}
{(1,1).(2.2),(3,3),(4:4).(5,5),(1,2),(2.1),(1,3),(3,1).(2,3),(3,2)}

3. Part 3

Symbolization in the language of first-order logic.

(1) aRb Bla,r,b]

@ {aR{ab} B[s(a),r.d(a,b)]

3 ran(R) E dom(R) u(f(r),g(r))

(4)  la]g = [b]xClc]r e(arr)=i(e(b,r).e(c,r))

(55 R'R c(i(r),r)
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4.

Part 4

Conversion of generalized set-abstracts into a simple set-abstracts.

5.

1 {{x}:x1T Y} {w:$x(xl Y& w={x})}

2 {X-Y:X1Z&Y1I W {U:$X$Y(X1 Z& YI W& U=X-Y)}
3 {AxX:XT B} {Y:$X(XT B& Y=AxX)}

(4  {Cy):xl y} {z:$x$y(xl y & z=(xY)) }

5) {UACUB: Al B} {X:$A$BAI B & X=UACUB))

Part 5

Definitions in primitive notation.

(1)
(2)
(3
(4)

()

6.

(a,b) =« { x:x={xx= a}Ux {x:x=aUx=b} }
AXB =« {x: $y$z(y|A&zIB&x {x:x={xx= y} Ux={x:x=yUx=2z}} }
aRb =« { x:x={x:x= a}Ux {x:x=aUx= b}}}l R
a[RoS]b =+ { x:x={x:x=a} Ux= {x:x= alUx= b}}}l
{w:Sy({x:x={x:x=a} Ux={x:x=aUx=w}}}T R &
{w:Sy({x:x={x:x=w} Ux={x:x=wUx=b}} } 1 S}
RY =+ {w:Sysz({x:x={x:x=y} Ux={x:x=yUx=2}}} T R & w=(z,y))}

Part 6

Conversion into "relatively primitive notation”.

(1) {XCY:Y1 Z} =« {W:$Y(Y] Z & W=XCY)}

(2)  dom(R) = {x:$y[(ca)T RI}
3 R (A) = {x:%y@yl A& (x,y)l R)}
(49  equl[R,S] =+ ref[R] & sym[R] & tr[R] & fld(R)=S

=+ " x(xI fld(R) » xRx) &
" xy(x,yl fld(R) —. xRy — yRx) &
" xyz(x,y,ZT fld(R) —. (xRy & yRz) - xRz) &
Sld(R)=S
= " x(x] Sld(R) = (x, x)1 R) &
" xy(eyl SU(R) —. (x, NI R - (el R) &
" xyz(x,y,z1 fld(R) —=. ((x.y)I R & (y,.2)| R) — (x,2)| R) & fld(R)=S

where A . A
SUA(R) =« {x: $y[(x.y)l RI}E{x : $y[(y.x) R]}

(5)  CIC,S] = UC=S&
"XXICoX1A&" XY(X,YT C—>. X Y UX=Y)
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23. Examples of Derivations for Chapter2

#1:
(1)
(2
()
(4)
(%)
(6)
(7)
(8)
9)

#2:
(1)
(2
()
(4)
(%)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

#3.
(1)
(2)
(3)
(4)
(5)
(6)

sHow: {a,b}={p.q} >:a=pUa=q.&. b=p Ub=q

{ab}={p.q} ,
SHOW: a=p Ua=q &.b=p Ub=q
al {ab}

al {p.q}

a=p Ua=q

bl {a,b}

bl {p.g}

b=p Ub=q

sHowW: a=b — {a}={a,b}

a=b
sHow: {a}={a,b}
sHow: " x(x1 {a} « x1 {ab})

[>]cl {a}

sHew: ¢l {a,b}

SHOW: c=a Uc=b
c=a
c=aUc=b

[~ 1cT {ab}

sHow: ¢l {a}

SHOW: c=a
c=aUc=b
c=a

SHow: {a}={b} — a=b

{a} ={b}
SHOW: a=b

#10a: [first half]

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

SHOW: A x (BCC)i (A XB)C (A xC)
pl AX(BCC
SHeW: p1 (A XB)C (A x ()
SHow: p1 AXB & pl AxC
sHow: p1 A x B
sHow: $x$y(xT A & yI B & p=(xy))
$x$y(x1 A & yl BCC & p=(xy))
al A & bl BCC & p=(a,b)
bl BCC
bl B& bl C
al A & bl B & p=(a)b)
$x$y(x1 A & yl B & p=(xy))
sHow: p1 A x C
‘SHGW: $x$y(xT A & yl C & p=(xy))

CD

As
6,9,SL
T61/chl
24,11
5,Def {}
T1.61
2,7,IL
8,Def {}

CD

As

Al
5,10,SL
As

Def {}
DD
5Def {}
8,SL

As

Def {}
DD
10,Def {}
2,13,IL

CD

As

DD
T60/chl
24,1L
5,Def {}

Def i +UCD
As

Def C
5,14,SL
Def X
DD

2 Def X
7,$0
8,SL
9,Def C
8,10,SL
11,QL
DD

DD
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#6:

#ra:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(23)
(24)
(25)

(1)
(2)
(3)
(4a)
(4b)
(40)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)

SHOW: AXB=/F « . A=/F U B=/

[=] AXB = A&
SHow: A=/ U B=A
Al /E

B A

SHOW: X

$x[xT A]

$x[x1 B]

al A

b1 B

(a,b)T AXB
AXB1' A&

X

[-] A=£ U B=£
SHOW: AXB = A
AXB1' A

SHOW: X

$x[x1 AXB]
pl AxB

Al
B*AE
X

AXB = BXA

Al E

Bl AE

Al'B
SHOW: X
SHOW: A=B
SHOW: A |
al A
SHOW: al B
$x[xT B]

b1 B

(a,b)1 AXB
(a,b)T BxA
al B & bl A
al B
SHOW: Bi A

b1 B

SHoW: b1 A
$x[xT A]

al A

(a,b)1 AXB
(a,b)T BxA
al B & bl A
bl A

B

$x$y[xT A & y1 B & p=(xy)]
al A & bl B & p=(a)

SHOW: AXB = BxA —»>. A=FAUB=AUA=B

sHow: A=AUB=AFUA=B

2,14,SL

As

UD

As

As

DD
4,T19/chl
5,T19/chl
7,50

8,50
9,10,T5
11,T19/chl
2,12,SL

As

ID

As

DD
16,T19/chl
18,$0
19,Def X
20,50
21a,T19/chl
21b,T19/chl
14,23,24,SL

CD

As

UD

As

As

As
4c,6,SL
T4/chl
Defi +UCD
As

DD
4h,T19/chl
10,$0
8,11,T5
2,11,IL
13,T5
14,SL
Def i +UCD
As

DD
43,T19/chl
19,$0
17,20, T5
2,21,IL
22,15
23,SL



