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UNIT 4: DERIVATIONS IN IDENTITY LOGIC

1. EXERCISES

Directions. For each of the following, construct a formal derivation of the conclusion (indicated by /")
from the premises (if any). In casesin which two formulas are separated by '//', construct a derivation of
each formula from the other.

N

EXERCISE SET A

/" x" y{[Fx & ~Fy| = x+y}

/" x" y{[~Fx & Fy| = x+y}

/" x" y{x=y > [Fx < Fy|}

/" x" y{x=y—->" z{Rzx <> Rzy}}

/" x" ylx=y = fx)=fy)}

/MW" X"y z{{w=x & y=z| = s(x,z)=s(w,y)}
a=b//" x{x=a— x=b}

a=b// $x{x=a & x=b}

© 0o N oo g &~ w Dd PP

/" x{Fx <" yly=x— Fy|}
/" x{Fx < $yly=x & Fy|}

=
=

3. EXERCISE SET B

11. " x(Fx— Gx)/" x(Fx — $y[Gx & (h(x)=h(y))])

12, $x" y{Fy—y=x};$x{Fx& Gx} /" x{Fx > Gx}

13. " xR[xb@)];" x{R[b(i).x] > x=1} / i=b(i)

14.  $x" ylx=y|//" x" y[x=y]

15, $xSy[x=+y] /" xSy[x=+y]

16. ~$x" yly=x]/$x$y[x+y]

17. ~$xPy[x=y|/$xFx <" xFx

18. /" x$yY" z{z=y <> z=Xx}

19. " x(Fx— Gx);$x" y{Gy > y=x}/$x" y{Fy > y=x}
20. " x{Fxeox=#a};" x{Gx<>x=a}/~%x(Fx & Gx)

21.  $x" y{Fy—>y=x} US$x" y{Gy > y=x}/$x" y{[Fy & Gy] > y=x}
22: ~$xSy[fl)=fY)]; $x" ylfy)=x]

23 $x" y{Fy—->y=x}/" x{Fx—>" y(Fy < y=x)}
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4. EXERCISE SET C

24.  $x" y{[Fy & Gy] o y=x}/$x(Fx & Gx)

25.  $x" y{Fyoy=x}//$x{Fx&" y|Fy—> y=x|}

26.  $xFx;" x" y{(Fx & Fy) > x=y}/$x" y{Fy o y=x}

27.  $xFx; ~$xPy(x+y & [Fx & Fy])/ $x{Fx & ~$y(y+x & Fy)}
28.  $xFx; ~$xPy(x+y & [Fx & Fy|)/ $x" y{Fy < y=x}

29. ~$x" y{Fy<y=x}//$xFx - $x$y{x+y & Fx & Fy}

30. S$x"y{Fyey=x}/" x{Fx— Gx} < $x{Fx & Gx}

31. " x(Fx— Gx);$x" y{Gy o y=x}/SxFx > $x" y{Fy o y=x}
32.  "x{Fx—>x=a}//$xFx—" x{Fx < x=a}

33. "x"y{[Fx& Fy]—>x=y}//$x" y{Fy—> y=x}

34. $xFx; ~$xPy(x+y & [Fx & Fy|)/ $x" y{Fy < y=x}

35, " y{Fyoy=x}/x{Fx & ~$yly#x & Fy|}

36.  $x{"y(Gyeoy=x)&" y(Fy—> Ryx)} /" x" y([Fx & Gy] > Rxy)
37.  $x"y{Fyey=x};" x{Fx— Gx}/$x" y{[Fy & Gy] <> y=x}

5. EXERCISE SET D

38.  SxFx&" x" y{|[Fx & Fy]|—= x=y}//$x" y{Fy < y=x}

39. " x$y{Fxoy=x}/$xSy[x=y]U" xFx

40 $x{" yFy < y=x) & Gx} / $x" y{[Fy & Gy| <> y=x}

41 $x" y{Fy o y=x};" x(Fx > Gx)/ $x" y{[Fy & Gy| < y=x}

42.  $x" y{|Gy & Hy| < y=x};" x(Fx—> Gx)/ $x" y{[Fy & Hy| = y=x}
43.  $x" y(Fy o y=x}/~$x$y{x+y & Fx & Fy}

44.  Sx{" y(Fy<y=x)&" y(Gy - Rxy)}
/" x(Gx —> $y" z{[Fz & Rzx] > z=y})

45.  $x" y{Fyo y=x}//$x{Fx & ~$yly+x & Fy|}

46.  $x$yixzy&" z(Fz < [z=xUz=y])}
| ~$xPy$z{x+y & x+z& y+z & Fx & Fy & Fz}

47.  $x$yi{xzy& Fx&Fy} &" x" y" z{[Fx & Fy & Fz] > [x=yUx=zUy=z|}
/1 $x$y{x+y &" z[Fz <> (z=xUz=y)|}
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6. ANSWERS TO UNIT 4 EXERCISES

#1:

(1)  SHowW:" x" y{[Fx & ~Fy|— x+y} ubD2

(2 SHOW: [Fa & ~Fb] — a+b CD

3 Fa& ~Fb As

(4) SHOW: a=b ID

(5) a=b As

(6) SHOW: X DD

) Fb 3a5.LL

(8) X 3b,7,SL
#2:

(1)  SHowW:" x" y{[~Fx & Fy]| — x+y} uD2

(2) sHOW:(~Fa & Fb)—> a+b CD

3 ~Fa & Fb As

4 SHOW: a+b ID

(5) a=b As

(6) SHOW: X DD

(7 Fa 3b5.LL

(8) X 3a,7,SL
#3:

(D  sHOW: " X' y{x=y — [Fx & Fy]} uD2

(2 SHOW: a=b — (Fa<> Fb) CD

(©)) a=b As

(4 SHOW: Fa<> Fb 5,961

5) SHOW: Fa— Fb CD

(6) Fa As

@) SHOW: Fb DD

(8) | Fb 36,LL

9 SHOW: Fb — Fa CD

(20) Fb As

(11) SHowW: Fa DD

(12) | Fa 310,.LL
w4

()  sHOW: " X" y{x=y > " Z{Rzx <> Rzy}} ubD2

2 SHOW: a=b - " z{ Rza<> Rzb} CD

(©)) a=b As

4 SHOW: " z{ Rza <> Rzb} ub

5) SHOW: Rca<> Rcb 6,10,<>1

(6) SHOW: Rca— Rcb CD

@) Rca As

(8 SHOW: Rcb DD

(9) | Rcb 37,LL

(10) SHOW: Rcb — Rca CD

(11) Rcb As

(12) SHOW: Rca DD

(13) | Rea 311LL
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#5:
(1)  sHeW:" x" y{x=y— f(0)=fy)} uD2
() SHOW: a=b — f(a)=f(b) CD
(3 a=b AS
(4) SHoW: f(a)=f(b) DD
5 || fa=fa) REF=
(6) fa)=f(b)35LL
#6:
(1)  SHoW:" w" x" y" z{{lw=x&y=z] > flw,y)=f(x,z)} uD4
(2) | sHow: [a=p & b=q]| > fla.b)=f(p.q) CD
(3) a=p & b=q AS
(4) SHOW: f(a,b)=f(p.q) DD
(5 f (a b)=f(a,b) REF=
(©6) 3L
(7 f (a b) =f(p.b) S6LL
(8 3L
9) f (a b) =f(p.9) 78LL
#ra:
(1) a=b Pr
(2) SHOW:" x{x=a— x=b} ubD
(©)) SHOW: c=a — c=b CD
(4) c=a As
(5) SHOW: c=b DD
(6) ‘ c=b 14,LL
#7D:
(1) " x(x=a—>x=b) Pr
(2)  SHOW:a=b DD
(3) a=a—>a=b 1”0
4 a=a REF=
(5) | a=b 3,4,SL
#8a.:
(1) a=b Pr
(2)  SHOW: $x(x=a & x=b) 4.9l
(©)) a=a REF=
(4 a=a&a=>b 133
#8b:
(1) $x(x=a&x=b) Pr
(2)  SHOW:a=b DD
(3) c=a&c=b 1,$0
) azb 3a3b,LL
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#9:
(1) SHeW:" x{Fx <" yly=x— Fy]} uD
2 SHOW: Fa & " y(y=a— Fy) 3,10,<>1
3) SHOW: Fa— " y(y=a— Fy) €D
(4) Fa AS
(5) SHOW: " y(y=a — Fy) Ub
(6) SHOW: b=a — Fb CD
(7) b=a AS
(8) SHew: Fb DD
) | Fb A7LL
(10) | | sHew: " y(y=a— Fy) > Fa D
(1) " yly=a— Fy) AS
(12) SHOW: Fa DD
(13) a=a— Fa 11”0
(14) a=a REF=
#10:
(1) SHeW:" x{Fx < $y[y=x & Fy]} uD
(2 SHOW: Fa <> $y(y=a & Fy) 3,8,
(3) SHO: Fa — $y(y=a & Fy) CD
(4) Fa AS
(5) SHOW: $y(y=a & Fy) $D
(6) a=a REF=
@) a=a & Fa 46,9
(8) SHOW: $y(y=a & Fy) = Fa CD
(9) $y(y=a & Fy) As
(10) SHew: Fa DD
(12) b=a & Fb 10.$0
(12) Fa 11a,11b,SL
#11:
(1) " x(Fx— Gx) Pr
(2)  sHOW:" x(Fx — $y[Gx & (h(x)=h(y))]) uD
(3) | sHew: Fa — $y[Ga & (h(a)=h(y))] CD
(4) Fa AS
(5) SHOW: $y[Ga & (h(a)=h(y))] DD
(6) Fa— Ga 1”0
(7) GCl 4,6,SL
(8) h(a)=h(a) REF=
9) Ga & (h(a)=h(a)) 7,8,SL
(10 $y[Ga & (h(a)=h(y))] 9%l
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#12:

(1) " y{Fy > y=xj Pr

(2 $x{Fx & Gx} Pr

3 SHOW: " x{Fx— Gx} ubD

(4 SHOW: Fa— Ga CD

(5) Fa As

(6) SHOW: Ga DD

(7) " y(Fy > y=>b) 1,80

(8) Fc& Ge 2,%0

(9 Fc 8,SL

(210) Ge 8,SL

(11) Fa— a=b 7" O

(12 Fc—c=b 7" O

(13) a=b 5,11,SL

(14) c=b 9,12,SL

(15) a=c 13,14,LL

(16) Ga 10,15,LL
#13:

(D " xR[x,b(1)] Pr

(2) " x{R[b(1),x] > x=1} Pr

(3)  SHOW:i=b(i) DD

(4) R[b(1),b(1)] © b(i)=1 e

(5) R[b(1),b(1)] 1" O

(6) b(1)=1 4,5,SL

(7 i=b(7) SYM=
#14a:

(1) $x" ylx=y] Pr

(2) SHOW:" x" y[x=y] uD2

3 SHOW: a=b DD

(4) " yle=y] 1,0

5) c=a 4" O

(6) c=b 4" O

(7) a=b 5,6,LL
#14b:

(1) " x"ylx=yl Pr

(2)  sHoW: $x" y[x=y]| 3%

3 SHOW: " yla=y] ubD

(4) } SHOW: a=b DD

(5) | a=b 1," 02
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#15a:
1)  $xPy[x=+y] Pr
(2)  sHoW: " x$y[x=+y] ubD
(3) SHOW: $yla=+y]| ID
(4) ~$yla+y| As
(5) SHOW: X DD
(6) " y~la+y] 4,0N
(7) b+c 1,$02
(8) ~[a=b] 6," O
(9) a=b 8,SL
(10) ~[a=c] 6," O
(11) a=c 10,SL
(12) b=a 9,SYM=
(13) b=c 11,12,LL
(14) X 7,13,SL
#15b:
1) " x$y[x=+y] Pr
(2  sHoW: $x$y[x+y| DD
(3 $yla+y] 1" 0O
4) $xBy[x+y| 3%l
#16:
(1) ~%x" yly=x] Pr
(2)  sHoW: $xPy[x=+y] ID
3 ~$xBy[x+y| As
4 SHOW: X 6,7,SL
(%) ~" yly=d] 1,~$0
(6) b+a 5~"0
(7) ~[b=al 3,~$02
#17:
(1)  ~$x$y[x=+y] Pr
(2 SHOW: $xFx <" xFx 3,14,
3 SHOW: $xFx — " xFx CD
(4) $xFx As
5) SHOW: " xFx ubD
(6) SHOW: Fa DD
(7) " x~$y[x+y] 1,~$0
(8) ~$yla=+y| 7" O
9) Fb 4.0
(10) " y~[a=+y] 8,~%$0
(11) ~[a=b] 10" O
(12) a=b 11,SL
(13) Fa 9,12,LL
(14) | sHow: " xFx — $xFx CD
(15) " xFx As
(16) SHOW: $xFx 17,%
(17) | Fa 15" O
#18:
(1) SHeW:" x$y" z(z=y <> z=x) ubD
(2 SHOW: $y" z(z=y <> z=aq) 3,9l
3 SHOW: " z(z=a <> z=aq) uD
(4) | SHOW: b=a <> b=a SL
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#19:
D " x(Fx— GXx) Pr
2 $x" y(Gy—y=x) Pr
(3)  sHoW: $x" y(Fy - y=x) 5,$I
(4) " y(Gy »>y=a) 2,$0
5) SHOW: " y(Fy — y=a) ub
(6) SHOW: Fb — b=a CD
(7 Fb As
(8) SHOW: b=a DD
9 Gb— b=a 4" O
(210) Fb— Gb 1" O
(11) b=a 7,9,10,SL
#20:
1) " x(Fx < x=+a] Pr
2 " x(Gx<>x=a) Pr
(3)  sHoW: ~$x(Fx & Gx) ID
(4) $x(Fx & Gx) As
(5) SHOW: X DD
(6) Fb& Gb 4,$0
(7 Fbo x+a 1" O
(8) Gb<+ x=a 2" 0
9 X+a 6a,7,SL
(10) || x=a 6b,8,SL
(11) X 9,10,SL
#21: )
1) $x" y(Fy > y=x)USx" y(Gy - y=x) Pr
(2) SHOW: $x" y([Fy & Gy| = y=x) SC
(©)) cl:$x" y(Fy > y=x) As
(4) SHoW: $x" y([Fy & Gy] — y=x) 6,5l
(5) "y(Fy > y=a) 3,$0
(6) sHew: " y([Fy & Gy| — y=a) ubD
(7 SHOW: [Fb & Gb] — b=a CD
(8) Fb& Gb As
(9) SHOW: b=a DD
(10) Fb— b=a 5" 0O
(11) b=a 8a,10,SL
(12) c2:$x" y(Gy —» y=x) As
(13) | sHow: $x" y([Fy & Gy] —> y=x) 15,%l
(14) "y(Gy—>y=a) 12,30
(15) sHew: " y([Fy & Gy| — y=a) uD
(16) SHOW: [Fb & Gb] — b=a CD
a7 Fb& Gb As
(18) SHOW: b=a DD
(29) Gb— b=a 14" O
(20) b=a 17b,19,SL
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#22:

(1) ~SxSylf(x)=f(Y)] Pr

(2)  sHowW: $x" y[fy)=x] 3,9l

(3) sHoW: " ylf(y) =f(a)] Ub

4 SHOW: f(b)=f(a) ID

(5 fB)=f(a) As

(6) SHOW: X DD

(7) } ~[f(b)=fa)] 1,~$02

(8) X 5,7,SL
#23:

(1) $x" y{Fy—>y=x} Pr

(2) SHOW:" x{Fx—>" y(Fy<y=x)} ub

3 sHow: Fa - " y(Fy <> y=a) CD

4) Fa As

5) SHOW: " y(Fy <> y=a) ub

(6) SHOW: Fb <> b=a 7,14,

(7) SHOW: Fb — b=a CD

(8) Fb As

9 SHOW: b=a DD

(10) "y{Fy—>y=c} 1,$0

(11) a=c 410," -0

(12) b=c 10,11," >0

(13) b=a 11,12,LL

(14) b=a— Fb CD

(15) b=a As

(16) SHOW: Fb DD

(17) | Fb 4151 L
#24.

(1) " y{[Fy & Gy] < y=x} Pr

(2)  SHOW: $x(Fx & Gx) 6,5l

(3) " y{lFy & Gyl y=a} 1,%0

(4) [Fa & Gal| <> a=a 3" 0O

5) a=a REF=

(6) Fa & Ga 45,SL
#25a:

1) $x" y(Fy<oy=x) Pr

(2) sHOW: $x{Fx & " y[Fy —> y=x]} 4.3l

(3 "y(Fy o y=a) 1,50

4 SHowW: Fa & " y[Fy — y=a] 59,&l1

(5) SHOW: Fa DD

(6) Fa<a=a 3" 0O

@) a=a REF=

(8) Fa 6,7,SL

(9 SHOW: " y[Fy — y=a] ubD

(10) SHOW: Fb — b=a CD

(12) Fb As

(12) SHOW: b=a DD

(13) Fb b=a 3" 0

(14) b=a 11,13,SL
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#25Db:
(1) $x{Fx&" y[Fy—>y=x]} Pr
(2)  SHOW: $x" y(Fy <> y=x) 4%l
3 Fa&" y[Fy— y=a] 1,$0
4 SHOW: " y(Fy <> y=a) ub
5) SHOW: Fb <> b=a 6,81
(6) SHOW: Fb — b=a DD
(7) | Fb—b=a 3b," O
(8) SHOW: b=a— Fb CD
9 b=a As
(10) SHOW: Fb DD
(12) | Fb 3a9LL
#26:
(1)  $xFx Pr
(2 " x"y{Fx & Fy) > x=y;} Pr
(3)  sHowW: $x" y{Fy o y=x} 3%
4) Fa 1,90
5) SHOW: " y{Fy <> y=a} ub
(6) SHOW: Fb <> b=a 7,12,
(7) SHOW: Fb — b=a CD
(8) Fb As
(9) SHOW: b=a DD
(10) (Fb & Fa) > b=a 2" 02
(11) b=a 4,8,10,SL
(12 SHOW: b=a— Fb CD
(13) b=a As
(14) SHoW: Fb DD
(15) | Fb 413LL
#27:
D $xFx Pr
(2) ~$xPy(x+y & [Fx & Fy)) Pr
(3)  sHOW: $x[Fx & ~$y(y+x & Fy)] 5,9l
(4) | Fa 150
(5) SHOW: Fa & ~$y(y+a & Fy) DD
(6) SHOW: ~$y(y=a & Fy) ID
(7 Sy(y+a & Fy) As
(8) SHOW: X DD
9) b+a & Fb 7,$0
(10) " x~$y(x+y & [Fx & Fy)) 2,~%$0
(11 ~$y(b+y & [Fb & Fy])) 10," O
(12 "y~(b+y & [Fb & Fy]) 11,~$0
(13) ~(b+a & [Fb & Fal) 12" O
(14) ~(Fb & Fa) 9a,13,SL
(15) ~Fa 9b,14,SL
(16) X 4,15,SL
a7) Fa & ~$y(y+a & Fy) 4,6,SL
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#28:
D $xFx Pr
(2) ~$xBy(x+y & [Fx & Fy)) Pr
(3) sHoW: $x" y(Fy <> y=x) 5%l
(4) | Fa 150
5) SHOW: " y(Fy <> y=a) ub
(6) SHOW: Fb <> b=a 11,1961
(7) " x~$y(x+y & [Fx & Fy)) 2,~%$0
(8) ~$y(b+y & [Fb & Fy])) 7" O
9) "y~(b+y & [Fb & Fy)) 8,~%$0
(20) ~(b+a & [Fb & Fal) 9" 0O
(11) SHOW: Fb — b=a CD
(12) Fb As
(13) SHOW: b=a ID
(14) b+a As
(15) SHOW: X DD
(16) ~(Fb & Fa) 10,14,SL
(17) ~Fa 12,16,SL
(18) P 4,17,SL
(19) SHEW: b=a — Fb CD
(20) b=a As
(21) SHOW: Fb DD
(22) ~Fb As
(23) SHOW: X DD
(24) Fb 4,20,LL
(25) X 22,2451
#29a:
(1) ~&" y{Fy o y=x; Pr
(2)  sHoW: $xFx — $xPy(x+y & Fx & Fy) CD
(3) $xFx As
(4) SHOW: $x$y(x+y & Fx & Fy) 18,%l
(5) Fa 3,$0
(6) " x~" y(Fy > y=x) 1,~$0
(7 ~" y(Fy < y=a 6" O
(8) $y~(Fy <> y=a) 7,~" O
9) ~(Fb <> b=q) 8,$0
(10) ~Fb < b=a 9,SL
(11) || sHew: Fb ID
(12) ~Fb As
(13) SHOW: X DD
(14) b=a 10,12,SL
(15) Fb 5.14,LL
(16) X 12,15,SL
(17) b+a 10,11,SL
(18) b+a & Fb & Fa 5,11,17,SL
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#29b:
(1)  $xFx— $x$y(x+y & Fx & Fy) Pr
(2)  sHeW: ~$x" y(Fy <> y=x) ID
(3) $x" y(Fy <> y=x) As
(4) | sHew: X DD
(%) "yFyeoy=a) 3$0
(6) Fa<a=a 5" 0O
@) a=a REF=
(8) Fa 6,7,SL
9) $xFx 8,9l
(10) Sx$y(x+y & Fx & Fy) 1,9,SL
(11) b+c& Fb& Fc 10,902
(12) Fb< b=a 5" O
(13) b=a 11b,12,SL
(14) Fecoc=a 5" 0O
(15) c=a 11c,14,SL
(16) b=c 13,15,LL
(17) X 11a,16,SL
#30:
1) $x" y(Fy<oy=x) Pr
(2) sHOW:" x(Fx > Gx) <> $x(Fx & Gx) 3,13,
(3) SHOW: " x(Fx — Gx) —> $x(Fx & Gx) CD
(4 " x(Fx — Gx) As
(5) SHOW: $x(Fx & Gx) $D
(6) "yFyeoy=a) 1,50
@) Fa<a=a 6," O
(8 a=a REF=
(9) Fa 7.8,SL
(10) Fa— Ga 4" 0
(11) Ga 9,10,SL
(12) Fa&Ga 9,11,SL
(13) SHOW: $x(Fx & Gx) > " x(Fx = GXx) CD
(14) $x(Fx & Gx) As
(15) SHOW: " x(Fx — Gx) uD
(16) sHow: Fa - Ga CD
(17) Fa As
(18) SHOW: Ga DD
(19) Fb& Gb 14,$0
(20) "y(Fy > y=c) 1,$0
(21) Fb< b=c 20" O
(22) b=c 19a,21,SL
(23) Fa< a=c 20" O
(24) a=c 17,23,SL
(25) a=b 22241 L
(26) Ga 19b,25,LL
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#31:
D " x(Fx— GXx) Pr
2 $x" y(Gyey=x) Pr
(3)  SHOW: $xFx — $x" y(Fy <> y=x) CD
(4) $xFx As
(5) SHOW: $x" y(Fy <> y=x) 7.9l
(6) Fa 4,$0
@) SHOW: " y(Fy <> y=a) ub
(8) SHOW: Fb <> b=a 9,226 |
9 SHOW: Fb — b=a CD
(20) Fb As
(11) SHOW: b=a DD
(12 "y(Gy > y=c) 2,$0
(13) Fa— Ga 1" 0O
(14) Ga 6,13,SL
(15) Ga<> a=c 12" O
(16) a=c 14,15,SL
a7) Fb— Gb 1" O
(18) Gb 10,17,SL
(19) Gbo b=c 12" O
(20) b=c 18,19,SL
(21) b=a 16,20,LL
(22) SHOW: b=a— Fb CD
(23) b=a As
(24) SHOW: Fb DD
(25) | Fb 6,23,LL
#32a:
D " x(Fx = x=a) Pr
(2) sHoOW: $xFx —>" x(Fx <> x=aq) CD
(3) $xFx As
4 SHOW: " x(Fx <> x=aqa) ub
(5) SHOW: Fb <> b=a 6,861
(6) SHOW: Fb — b=a CD
(7) | Fb— b=a 1" O
(8) SHOW: b=a— Fb CD
(9 b=a As
(20 SHOW: Fb DD
(11 Fc 3,$0
(12) Fc—c=a 1" O
(13) c=a 11,12,SL
(14 Fa 11,13LL
(15) Fb 914.LL
#32b:
D $xFx > " x(Fx <> x=q) Pr
(2) SHOW:" x(Fx — x=a) ub
3 SHOW: Fb — b=a CD
4 Fb As
(5) SHOW: b=a DD
(6) $xFx 4.3l
@) " x(Fx < x=a) 1,6,SL
(8 Fb b=a 7" O
9 b=a 4,8,SL
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#33a:

[done using separation of cases)

(1) " x"y{[Fx & Fy] - x=yj Pr

(2)  SHOW: $x" y{Fy = y=x} 3,SC

(3) $xFx U ~$xFx SL

4 cl:$xFx As

(5) SHOW: $x" y{Fy > y=x} 7.9

(6) Fa 4,%$0

(7 sHow: " y{Fy — y=a} ucb

(8) F As

(9) SHOW: b=a DD

(10) [Fb & Fa]l — b=a 1" O

(11 b=a 6,9,11,SL

(12) c2: ~$xFx As

(13) SHOW: $x" y{Fy — y=x} ID

(14) ~$x" y{Fy —> y=x} As

(15) SHOW: X 18,19,SL

(16) ~" y{Fy > y=a} 14,~$0

a7 ~{Fc— c=a} 16,~" O

(18) Fe 17,SL

(19 ~Fc 12,~$0
#33a:

[done using simple D]

(1) " x"y{[Fx& Fy] > x=y} Pr

(2)  sHoW: $x" y{Fy —> y=x} ID

3 ~$x" y{Fy —> y=x} As

(4) | sHow: % 10b,12

(5 ~" y{Fy > y=a} 3,~$0

(6) ~{Fb— b=a} 5~"0

(7) Fb&b+a 6,5L

(8) ~" y{Fy - y=>b} 3,~$0

9) ~{Fc— c=b} 8,~" O

(20) Fc&c+b 9,SL

(12) [Fc & Fb]— c=b 1" O

(12) c=b 7a,10a,11,SL
#33b:

1) $x" y{Fy—-y=x} Pr

(2) SHowW:" x" y{|Fx & Fy| = x=y} uD2

(©)) SHOW: [Fa & Fb] > a=b CD

4 Fa & Fb As

(5) SHOW: a=b DD

(6) " y{Fy > y=c} 1,0

@) Fa—a=c 6," O

(8) Fb— b=c 6," O

9 a=c 4,7,SL

(10 b=c 4,8,SL

(11) a=b 9,10,LL
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#34:
D $xFx Pr
(2) ~$xPy(x+y & [Fx & Fy)) Pr
(3) sHow: $x" y{Fy <> y=x} 5,$I
(4) | Fa 150
5) SHOW: " y(Fy <> y=a) ub
(6) SHOW: Fb<> b=a 11,141
(7 " x~$y(x+y & [Fx & Fy]) 2,0N
(8) ~$y(a+y & [Fa & Fy)) 7" O
(9) "y~(a+y &[Fa & Fy]) 8,QN
(210) ~(a#b & [Fa & Fb]) 9" 0O
(11) SHOW: Fb — b=a CD
(12) Fb As
(13) b=a 4,10,12,SL
(14) SHOW: b=a— Fb CD
(15) b=a As
(16) Fb 4,15LL
#35:
(1) $x" y{Fyeoy=x} Pr
(2)  SHOW: $x{Fx & ~$y[y=x & Fy]} 16,$I
3 "yFyeoy=a) 1" O
4 Fa<a=a 3" 0O
5) a=a REF=
(6) | Fa 4,5,SL
(7) SHOW: ~$yly+a & Fy] ID
(8) Syly+a & Fy| As
9) SHOW: X DD
(10) b+a & Fb 8,$0
(11) b+a 10,SL
(12) Fb 10,SL
(13) Fb b=a 3" 0
(14) b=a 12,13,SL
(15) X 11,14,SL
(16) | Fa & ~$yly+a & Fy] 6,7,5L
#36:
(1) x{" y(Gy o y=x)&" y(Fy - Ryx)} Pr
(2) SHoW:" x" y(|[Fx & Gy] = Rxy) uD2
(©)) SHOW: [Fa & Gb] — Rab CD
4 Fa& Gb As
(5) SHOW: Rab DD
(6) "y{Gy<y=c} &" y{Fy — Ryc} 1,$0
(7 "y{Gy & y=c} 6,SL
(8) " y{Fy — Ryc} 6,SL
(9) Gbe b=c 7" O
(10 b=c 4,9,SL
(11) Fa— Rac 8" O
(12) Rac 411,SL
(13) Rab 10,12,LL
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#37:
1) X" y(Fy < y=x) Pr
(2 " x(Fx — Gx) Pr
(3) sHowW: $x" y([Fy & Gy] <> y=x) 5,$I
(4) "y(Fy o y=a) 1,$0
(6) sHew: " y([Fy & Gyl <> y=a) ubD
(7 SHOW: (Fb & Gb) <> b=a 8,13,
(8 SHOW: (Fb & Gb) —» b=a CD
9 Fb& Gb As
(10) SHOW: b=a DD
(12) Fb< b=a 4" O
(12) b=a 9a,11,SL
(13) SHOW: b=a — (Fb & Gb) CD
(14) b=a As
(15) SHOW: Fb & Gb DD
(16) Fb< b=a 4" O
(17) Fb 14,16,SL
(18) Fb— Gb 2" 0
(19) Gb 17,18,SL
(20) Fb& Gb 17,19,SL
#38a:
(1) S$xFx&" x" y([Fx & Fy]) »> x=y) Pr
(2)  sHoOW: $x" y(Fy <> y=x) 4.3l
(3) Fa 1a,$0
4 SHOW: " y(Fy <> y=a) ub
(5) SHOW: Fb <> b=a 6,111
(6) SHOW: Fb — b=a CD
(7) Fb As
(8) SHOW: b=a DD
9) (Fb & Fa)—> b=a 1b," 02
(10) b=a 3,7,9,SL
(11) SHOW: b=a— Fb CD
(12) b=a As
(13) SHOW: Fb DD
(14) | Fb 312,LL
#38b:
1) $x" y(Fy o y=x) Pr
(2) SHOW: $xFx & " x" y{[Fx & Fy| = x=y} 2,8,&1
3 SHOW: $xFx 7.9
(4 "y(Fy o y=a) 1,50
5) Fa<a=a 4" O
(6) a=a REF=
@) Fa 5,6,SL
(8) sHOW: " x" y{[Fx & Fy| — x=y} uD2
9 SHOW: [Fa & Fb] > a=b CD
(10) Fa & Fb As
(11) SHOW: a=b DD
(12) " y(Fy o y=c) 130
(13) Fa©a=c 12" O
(14) Fbo b=c 12" O
(15) a=c 10,13,SL
(16) b=c 10,14,SL
(17) a=b 15,16, L
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#39:
Q) " xSy(Fx<ey=x) Pr
(2)  sHoW: $x$y[x+y] U" xFx ID
(3) ~($x$y[x+y]U" xFx) As
(4) | sHow: X DD
(5) ~$x$y[x+y| & ~" xFx 3,SL
(6) $x~Fx 5b,QN
(7) ~Fa 6,$0
(8) Sy(Fa < y=a) 1" O
9 Fa< b=a 8" O
(10) ~[b=a] 7,9,SL
(11) " x~$y[x+y] 5aQN
(12) ~$y[b+y] 11" O
(13) " y~[b=+y] 12,0ON
(14) ~[b=q] 13" O
(15) P 10,14,SL
#40:
1) $x(" y[Fy < y=x] & Gx) Pr
(2) sHow: $x" y([Fy & Gy] <> y=x) $D
(3) "y(Fyey=a) & Ga 1,$0
(4 sHow: " y([Fy & Gy| <> y=a) ubD
(5) SHOW: (Fb & Gb) <> b=a 6,11,
(6) SHOW: (Fb & Gb) > b=a CD
(7) Fb& Gb As
(8) SHOW: b=a DD
(9 Fb+< b=a 38" O
(10) b=a 7a,9,5L
(11) SHOW: b=a — (Fb & Gb) CD
(12) b=a As
(13) SHOW: Fb & Gb DD
(14) Gb 3b,12,LL
(15) Fbe b=a 33" O
(16) Fb 12,15,SL
(17) Gb & Fb 14,16,SL
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#41.
(1) " y{Fyoy=xj Pr
(2 " x{Fx— Gx} Pr
(3)  sHoW: $x" y{[Fy & Gy]| <> y=x} 4.9
(4) "y{Fy < y=a} 1,$0
5) Fa<a=a 4" O
(6) a=a REF=
(7 Fa 5,6,SL
(8) Fa— Ga 2" O
9 sHow: " y{[Fy & Gy] < y=a} uD
(10) SHOW: [Fb & Gb] <> b=a 11,16,
(11 SHOW: [Fb & Gb] — b=a CD
(12) Fb& Gb As
(13) SHOW: b=a DD
(14) Fb< b=a 4" O
(15) b=a 12,14,SL
(16) SHOW: b=a — [Fb & Gb] CD
(a7 b=a As
(18) SHOW: Fb & Gb DD
(19) Fb 7.17,LL
(20) Fb— Gb 2" 0O
(22) Fb& Gb 19,20,SL
#42.
(1) " y((Gy & Hy] © y=x) Pr
20 " x(Fx— Gx) Pr
(3) sHow: $x" y([Fy & Hy| — y=x) 4.3l
(4 " Y([Gy & Hy] > y=a) 1,30
(5) sHow: " y([Fy & Hy] = y=a) ubD
(6) SHOW: (Fb & Hb) —» b=a CD
7 Fb& Hb As
(8) SHOW: b=a DD
(9 Fb— Gb 2" 0
(10) Gb 7a,9,SL
(11) Gb & Hb 7b,10,SL
(12) (Gb & Hb) <> b=a 4" O
(13) b=a 11,12,SL
#43:
1) $x" y(Fy o y=x) Pr
(2)  sHoOW: ~$x$y{x+y & Fx & Fy} ID
(3) Sx$y{x+y & Fx & Fy} As
4 SHOW: X DD
(5) a+b& Fa& Fb 3%$02
(6) " y(Fy <> y=c) 1,30
(7 Fa©a=c 6," O
(8) Fbo b=c 6," O
9 a=c 5,7,SL
(10 b=c 5,8,SL
(1) a=b 9,10,LL
(12 a+b 5,SL
(13) X 11,12,SL
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#44.
(1) $x{" yFy o y=x) &" y(Gy - Rxy)} Pr
(2) SHOW:" x(Gx— $y" z{[Fz & Rzx]| & z=y}) ub
©)) SHOW: Ga — $y" z{[Fz & Rza] <> z=y} CD
4 Ga As
5) SHOW: $y" z{[Fz & Rza] <> z=y} $D
(6) " y(Fy < y=>b) &" y(Gy — Rby) 1,0
(7) " y(Fy <> y=>) 6,SL
8 " y(Gy - Rby) 6,SL
9 SHOW: " z{[Fz & Rza] <> z=b} ubD
(20) SHOW: [Fc & Rcal] <> c=b 11,16,
(11) SHOW: [Fc & Rca] — c=b CD
(12 Fc& Rca As
(13) SHOW: c=b DD
(14) Feceoc=b 7" O
(15) c=b 12,14,SL
(16) SHOW: c=b — [Fc & Rca] CD
an c=b As
(18) SHOW: Fc & Rca DD
(19) Ga— Rba 8" O
(20) Rba 4,19,SL
(22) Rcal 7,20,LL
(22 Fcec=b 7" O
(23) Fc 17,22,SL
(24) Fc& Rca 21,23,SL
#45a:
1 " y(Fy o y=x) Pr
(2)  sHOW: $x(Fx & ~$y[y=x & Fy)) 15,$!
3 "y(Fy o y=a) 1,$0
(4) SHOW: Fa & ~$y|y+a & Fy]| 5,14,&1
(5) SHOW: ~$yy+a & Fy] ID
(6) $yly+a & Fy]| As
7 SHOW: X DD
(8) b+a & Fb 6,$0
(9 Fb b=a 3" 0
(10) b=a 8b,9,SL
(11) X 8a,10,SL
(12) Fa<a=a 3" 0O
(13) a=a REF=
(14) Fa 12,13,SL
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#45b:
(1)  $x(Fx & ~$y[y=x & Fy)) Pr
(2)  SHOW: $x" y(Fy <> y=x) 4%l
()] Fa & ~$y(y+a & Fy) 1,$0
4 SHOW: " y(Fy <> y=a) ub
5) SHOW: Fb <> b=a 6,12,<1
(6) SHeW: Fb — b=a CD
(7) Fb As
(8) SHOW: b=a DD
(9) } " y~(y=a & Fy) 3b,~$0
(10) ~(b+a & Fb) 9" 0
(11) b=a 7,10,SL
(12) SHOW: b=a — Fb CD
(13) b=a As
(14) SHoOW: Fb DD
(15) " y~(y+a & Fy) 3b,~$0
(16) ~(b+a & Fb) 15" O
(17) Fb 13,16,SL
#46.
(1) $x$y{x+y&" z(Fz <> [z=xUz=y])} Pr
(2)  sHOW: ~$xPy$z{x+y &x+z& y+z& Fx & Fy & Fz} 1D
(3) SxSy$z{x+y & x+z& y+z& Fx & Fy & Fz} As
4) SHOW: X SC
(5) azb& a+c& b+c& Fa& Fb & Fc 3,$03
(6) p=q&" z(Fz< [z=pUz=q]) 1,$02
(7) Fa < [a=p Ua=q] 6b," O
(8) Fb< [b=p Ub=q] 6b," O
9) Fc< [c=pUc=q] 6b," O
(10) a=p Ua=q 5d,7,SL
(11) b=pUb=q 5e,8,SL
(12) c=pUc=q 5f.9,SL
(13) cl:

thisis be beginning of along and tedious case-by-case argument,
based on the three digunctions 10-12. There are 8(!) casesto consider.

Try finishing this one for a challenge.
Don't worry; it won't be on the exam.
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#47a:
(1) $x$y(xzy&Fx&Fy)&" x" y" z([Fx&Fy&Fz] — [x=yUx=zUy=z]) Pr
(2)  SHOW: $xSy{x+y &" z[Fz <> (z=xUz=y)]} 4,312
3 a+b& Fa& Fb 1a,$02
(4) SHOW: a=b & " z[Fz <> (z=aUz=Db)] 3a,5,SL
(5) SHOW: " z[Fz <> (z=aUz=b)] ubD
(6) SHOW: Fc <> (c=aUc=b) 7.21,1
(7 SHOW: Fc — (c=aUc=b) CD
©®) Fe As
(9) SHOW: c=aUc=b ID
(10) ~(c=aUc=b) As
(11) SHOW: X DD
(12) [Fa & Fb & Fc]— [a=bUa=cUb=c] 1b," O3
(13) a=bUa=cUb=c 3b,3c,8,12,SL
(14) c+ra&c+b 10,SL
(15) c=a<>a=c SL
(16) a+c 14a4,15,SL
(17) a=cUb=c 3a3,13,SL
(18) b=c 16,17,SL
(19) c=h 18,SYM=
(20) X 14b,19,SL
(21) SHOW: (c=aUc=b)— Fc CD
(22) c=aUc=b As
(23) SHOW: Fe sC
(24) cl:c=a As
(25) SHoW: Fc DD
(26) | Fe 3b,24,LL
(27) c2:c=b As
(28) SHeW: Fc DD
(29) | Fe 3c,27,LL
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H#ATD:
(1)
(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(37)

$x$y{x+y &" z[Fz <> (z=xUz=y)]}
SHOW: $x$y(x+y & Fx & Fy) &
"x"y" z([Fx & Fy & Fz] - [x=y Ux=z Uy=z])
a+xb&" z[Fz <> (z=aUz=Db)]
SHOW: $x$y(x+y & Fx & Fy)
SHOW: a+b & Fa & Fb
SHOW: Fa
~Fa
SHOW: X
Fa < (a=aUa=b)
axa& a+b
a=a
X
SHOW: Fb
~Fb
SHOW: X
Fb<> (b=aUb=b)
b+a & b+b
b=b
X
a+b& Fa & Fb

SHew: (Fc & Fd & Fe) > (c=d Uc=e Ud=e)
Fc& Fd & Fe

SHowW: c=d Uc=eUd=e
c+d & c+e & d+e
SHOW: X

c=aUc=b
d=aUd=b
e=aUe=b

cl:c=a& d=a&e=a
‘SHGW: X

c2:c=a& d=a&e=b
‘SHGW: X

c3:c=a & d=b&e=a
SHOW: X

Pr

(4,21)& ,$12
1,02
5,$12

DD

ID

As

DD

3b," O
7.9,SL
REF=
10a,11,SL
ID

As

DD

3b," O
14,16,SL
REF=
17b,18,SL
3a,6,13,SL

SHOW: " x" y" z{[Fx & Fy & Fz] > [x=y Ux=z Uy=z]} uD3

CD
As

UD

As

27-29,SC
3b,23a" <0
3b,23b," <0
3b,23c," <0
As

As

As

Once again, we are in atedious 8-CA SE argument; see previous problem.



