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Solutions to systems of linear equations

Consider the equation Y = X3 where Y, 1, X;,xp and B,x1. For
a given X and Y (observed data), does there exist a solution 3 to

this equation?

» If p=n (i.e. X square) and X is nonsingular, then yes and
the unique solution is 3 = X~'Y. Note that in this case, the
number of parameters is equal to the number of subjects, and
we could not make inference.
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Solutions to systems of linear equations

» Suppose p < n and Y € C(X), then yes though the solution
is not necessarily unique. In this case, 3 = XY is a solution
since X3 =XX"Y =Y forall Y € C(X) by definition of
generalized inverse. Consider following 2 cases:

> If r(X) = p, (X full rank) then the columns of X form a basis
for C(X) and the coordinates of Y relative to that basis are
unique (recall notes section 2.2) and therefore the solution (
is unique.

» Suppose 7(X) < p. If §* is a solution to Y = X3 then
B* +w, w e N(X) is also a solution. So we have the set of
all solutions to the equation equal to
(B*:B* =XV + (I - X'(X'X)"'X)z, = € RP}. Note
that X'(X’X)~1X is the orthogonal projection operator onto
C(X’) and so (I — X'(X'X)~'X) is the orthogonal
projection operator onto C'(X')* = N(X).
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Solutions to systems of linear equations

» In general, Y # C(X) and no solution exists. In this case, we
look for a vector in C'(X) that is "closest” to Y and solve the
equation with this vector in place of Y. This is given by MY
where M = X(X'X)~ !X’ is the orthogonal projection
operator onto X. Now solve:

MY = X8
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Solutions to systems of linear equations

» The general solution (for 7(X) < p) is given by
X"MY + (I — X'(X'X)~X)z and again there are infinite
solutions. Let the SVD of X be given by X = V;AU;. We
know the MP generalized inverse of X is X = U; A1V,
Therefore,

B =XTMY
= XTX(X'X)'X'Y
= (U ATV (VAU (UL AU (UL AV])Y
= (LA™Y
=X1Y
So the general solution is given by
XY+ - X'(X'X)tX)z
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Solutions to systems of linear equations

» Now assume 7(X) = p. In this case, we have
X+t = (X'X)"'X’ and so

G =XtMY
= (X'X)"'X'X(X'X)"IX'Y
= (X'X)"IX'Y
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Random vectors and matrices

Yy

Yy
Definition: Let Y = ] be a random vector with

Ya
E(Y;) = pi, Var(Y;) = 04 and Cov(Y;,Y;) = 045. The
expectation of Y is given by

E(Y1) 1
FE(Y5

E(Y) = (: 2 | _ | | _ p
E(Yn) Hn

Similarly, the expectation of a matrix is the matrix of expectations
of the elements of that matrix.
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Random vectors and matrices

Definition: Suppose Y is an n x 1 vector of random variables.
The covariance of Y is given by the matrix:

o11 012 ... Oln
, 021
£ = Coo(Y) = E (Y — (¥ — p)] =
Onl Onn

where oi; = E[(Y; — i) (Y; — p15)'] =
E[Y;Yj = Yjpui — Yip; + pipj) = E(YiY;) — E(Y;)E(Yj).
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Random vectors and matrices

Theorem: Suppose Y is a random n x 1 vector with mean
E(Y) = p and covariance Cov(Y') = 3. Further suppose the
elements of A,, and b,«1 are scalar constants. Then,

E(AY +b) = AE(Y) +b= Apu+b

and

Cov(AY +b= ACov(Y)A" = AX A’
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Random vectors and matrices

Definition: Let Y;.1 and W, be random vectors with
E(Y)=pand E(W) = +. The covariance between Y and W is

given by

Cov(W,Y) = E[(W —4)(Y — p)]

We call this a matrix of covariances (not necessarily square) which
is distinct from a covarince matrix.
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Random vectors and matrices

Theorem: Let Y,«1 and W, be random vectors with
Cov(Y) =3y, Cov(W) =Xw, Cov(W,Y) = Zwy and
Cov(Y,W) = Xy w. Further suppose A, «, and By,xs are
matrices of constant scalars. Then

CO’U(AW + BY) = AEWA/ + BZyB/ + AZWyB, + BzywA/
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Random vectors and matrices

Theorem: Covariance matrices are always positive semi-definite.
Proof. Let Y,,x1 be a random vector and

Y=Co(Y)=E[(Y — u)(Y — u)'] where p = E(Y). We need

to show that for any x € R"™, 2’3z > 0. Let Z = (Y — pu), then

we have:

'Y =2'E(ZZ)x = E(xZZ'x) (since x is a vector of scalars)
= E(w'w) (where w = Z'x)

(%)
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Random vectors and matrices

Since the expectation of a non-negative random variable will
always be non-negative. Note that if w; = 0 for all ¢, then we have
Z'x = 211 + 2009 + ... + 2pxy, = 0 where z; is the ith column of
Z'. This implies dependency among the columns and singularity of
the covariance matrix.
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