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Solutions to systems of linear equations

Consider the equation Y = Xβ where Yn×1, Xn×p and βp×1. For
a given X and Y (observed data), does there exist a solution β to
this equation?

I If p = n (i.e. X square) and X is nonsingular, then yes and
the unique solution is β = X−1Y . Note that in this case, the
number of parameters is equal to the number of subjects, and
we could not make inference.
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Solutions to systems of linear equations

I Suppose p ≤ n and Y ∈ C(X), then yes though the solution

is not necessarily unique. In this case, β = X−Y is a solution
since Xβ = XX−Y = Y for all Y ∈ C(X) by definition of
generalized inverse. Consider following 2 cases:

I If r(X) = p, (X full rank) then the columns of X form a basis
for C(X) and the coordinates of Y relative to that basis are
unique (recall notes section 2.2) and therefore the solution β
is unique.

I Suppose r(X) < p. If β∗ is a solution to Y = Xβ then
β∗ + w, w ∈ N(X) is also a solution. So we have the set of
all solutions to the equation equal to
{β∗ : β∗ = X−Y + (I −X ′(X ′X)−1X)z, z ∈ Rp}. Note
that X ′(X ′X)−1X is the orthogonal projection operator onto
C(X ′) and so (I −X ′(X ′X)−1X) is the orthogonal
projection operator onto C(X ′)⊥ = N(X).
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Solutions to systems of linear equations

I In general, Y 6= C(X) and no solution exists. In this case, we
look for a vector in C(X) that is ”closest” to Y and solve the
equation with this vector in place of Y . This is given by MY
where M = X(X ′X)−1X ′ is the orthogonal projection
operator onto X. Now solve:

MY = Xβ
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Solutions to systems of linear equations

I The general solution (for r(X) ≤ p) is given by
X−MY + (I −X ′(X ′X)−X)z and again there are infinite
solutions. Let the SVD of X be given by X = V1∆U ′1. We
know the MP generalized inverse of X is X+ = U1∆−1V ′1 .
Therefore,

β∗ = X+MY

= X+X(X ′X)−1X ′Y

= (U1∆−1V ′1)(V1∆U1)(U1∆2U1)′(U1∆V ′1)Y

= (U1∆−1V ′1)Y
= X+Y

So the general solution is given by
X+Y + (I −X ′(X ′X)+X)z
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Solutions to systems of linear equations

I Now assume r(X) = p. In this case, we have
X+ = (X ′X)−1X ′ and so

β∗ = X+MY

= (X ′X)−1X ′X(X ′X)−1X ′Y

= (X ′X)−1X ′Y
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Random vectors and matrices

Definition: Let Y =


Y1

Y2
...
Yn

 be a random vector with

E(Yi) = µi, V ar(Yi) = σii and Cov(Yi, Yj) = σij . The
expectation of Y is given by

E(Y ) =


E(Y1)
E(Y2)

...
E(Yn)

 =


µ1

µ2
...
µn

 = µ

Similarly, the expectation of a matrix is the matrix of expectations
of the elements of that matrix.
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Random vectors and matrices

Definition: Suppose Y is an n× 1 vector of random variables.
The covariance of Y is given by the matrix:

Σ = Cov(Y ) = E
[
(Y − µ)(Y − µ)′

]
=


σ11 σ12 . . . σ1n

σ21
...
σn1 σnn


where σij = E[(Yi − µi)(Yj − µj)′] =
E[YiYj − Yjµi − Yiµj + µiµj ] = E(YiYj)− E(Yi)E(Yj).
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Random vectors and matrices

Theorem: Suppose Y is a random n× 1 vector with mean
E(Y ) = µ and covariance Cov(Y ) = Σ. Further suppose the
elements of Ar×n and br×1 are scalar constants. Then,

E(AY + b) = AE(Y ) + b = Aµ+ b

and

Cov(AY + b = ACov(Y )A′ = AΣA′
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Random vectors and matrices

Definition: Let Ys×1 and Wr×1 be random vectors with
E(Y ) = µ and E(W ) = γ. The covariance between Y and W is
given by

Cov(W,Y ) = E[(W − γ)(Y − µ)′]

We call this a matrix of covariances (not necessarily square) which
is distinct from a covarince matrix.
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Random vectors and matrices

Theorem: Let Ys×1 and Wr×1 be random vectors with
Cov(Y ) = ΣY , Cov(W ) = ΣW , Cov(W,Y ) = ΣWY and
Cov(Y,W ) = ΣY W . Further suppose An×r and Bn×s are
matrices of constant scalars. Then

Cov(AW +BY ) = AΣWA′ +BΣYB
′ +AΣWYB

′ +BΣY WA′
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Random vectors and matrices

Theorem: Covariance matrices are always positive semi-definite.
Proof: Let Yn×1 be a random vector and

Σ = Cov(Y ) = E[(Y − µ)(Y − µ)′] where µ = E(Y ). We need
to show that for any x ∈ Rn, x′Σx ≥ 0. Let Z = (Y − µ), then
we have:

x′Σx = x′E(ZZ ′)x = E(xZZ ′x) (since x is a vector of scalars)

= E(w′w) (where w = Z ′x)

= E

(
n∑

i=1

w2
i

)

=
n∑

i=1

E
(
w2

i

)
≥ 0
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Random vectors and matrices

Since the expectation of a non-negative random variable will
always be non-negative. Note that if wi = 0 for all i, then we have
Z ′x = z1x1 + z2x2 + . . .+ znxn = 0 where zi is the ith column of
Z ′. This implies dependency among the columns and singularity of
the covariance matrix.
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