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Abstract

We present a novel specification of a Dynamic Multinomial Ordered Choice model,
where the latent variable is a function of strictly stationary exogenous variables and
lags of the choice variable. We prove that such a model with weakly dependent errors
will have a strictly stationary solution which is L2- near epoch dependent. We also
derive consistency and asymptotic normality of the maximum likelihood estimator for
a probit specification of the model. We illustrate a possible application of the model
by estimating a discrete version of a robust “difference” monetary policy rule for the
period 1990:2006 at a monthly frequency.
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1 Introduction

There are at least three different ways of characterizing a dynamic discrete choice model: one,
where the latent variable is only a function of some stationary exogenous variables in each
period; two, where the latent variable is a function of stationary exogenous variables and its
own lags; and three, where the latent variable is a function of stationary exogenous variables
and lags of the choice variable. The first specification has been widely used in studying
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dynamic, discrete, unordered economic choices in a panel data setting, with application to
such diverse problems as sequential models of decisions to work in Keane (1994), brand choice
over time in Elrod and Keane (1995) and McCulloch and Rossi (1994), the probability of
a country defaulting on its international loans in Hajivassiliou and McFadden (1994) and
choice of residential location in Hajivassiliou, et al. (1996). The second specification has been
used to investigate the issue of monetary policy inertia in a time-series setting by Dueker
(1999). To the best of our knowledge, the third specification has not yet been explored in
the econometrics literature and it is the purpose of this paper to study it in some detail.

In many realistic dynamic choice situations, past choices seem to be a direct determinant
of current choice. For instance, consider the problem of brand choice over time: when a
consumer decides about a particular brand in the current period, it seems natural to assume
that her past brand choices come to play an important role in the decision-making process.
To take another example, consider the problem of residential location choice: when an agent
decides which locality to live in, her past experience with different localities would certainly
affect her current decisions. In a macro setting, one could look at the Fed’s open market
operations as another pertinent example of such choice behavior: when the Fed decides how
to change the federal funds rate in the current period, it seems unrealistic to assume that it
does not take its past decisions into consideration. It is choice behavior of this kind, where
past decisions have a direct bearing on current decisions, that provides a motivation for our
model.

Of course, once the latent variable becomes a function of lags of the choice variable, the
existence of a strictly stationary solution to the dynamic discrete choice model is no longer
obvious; this is because the dependent variable becomes a nonlinear function of its own lags.
And without a strictly stationary solution, it is not possible to justify standard methods
of estimation and inference. Therefore, the primary theoretical focus of this paper is to
establish the existence of a strictly stationary solution for the model under fairly general
conditions. We also prove that the strictly stationary solution to the model has a ‘fading
memory’ property, namely L2 near epoch dependence (NED); this is important because strict
stationarity by itself cannot give us a law of large numbers (LLN), but as shown by Andrews
(1988), strict stationarity and L2-NED ensure the existence of a LLN.

In this paper, we work in a time-series setting and avoid a panel data framework; panel
model models raise a number of separate issues (e.g., lagged dependent variable bias, cross-
section dependence) which go beyond the scope of this paper. Having established strict
stationarity, we turn to a probit specification of the model. We establish consistency and
asymptotic normality of the maximum likelihood estimator under fairly standard regularity
conditions. We end the paper by applying the model to the estimation of a discrete version
of a monetary policy rule in differences rather than in levels (see, Orphanides, 2006); the
advantage of a difference specification is that it is robust to mismeasurement of natural rate
quantities.

In our application, changes in the target federal funds rate is used to create a categorical
variable that can take four values: 0, 1, 2, or 3. We use this categorical variable as the
dependent (or choice) variable in a ordered probit regression. We interpret the latent variable
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as the change in some underlying optimal target rate. In each period, this latent variable is
determined by three sets of variables: the current and lagged changes in the unemployment
rate, the current and lagged changes in the inflation rate and a known function of the
dependent variable in the past period. These three sets of variables, along with a random
shock, determines the exact value of the latent variable in each period; and this, in turn,
determines the value that the choice variable takes. Estimation of such a monetary policy
rule throws up results which are very much in line with the existing literature. We find that
changes in inflation and changes in unemployment rate are both significant determinants
of changes in the federal funds rate; moreover the coefficient on contemporaneous change
in inflation is significantly higher than unity, suggesting that the Fed respects the Taylor
principle. We also find that small positive (negative) changes of the federal funds rate in the
past period leads to a higher probability of small positive (negative) change in the current
period.

The rest of the paper is organized as follows: in Section 2 we outline the dynamic multi-
nomial ordered choice model and present our main result about strict stationarity; in section
3 we present a probit specification of the model and establish consistency and asymptotic
normality of the maximum likelihood estimator; in section 4 we presents results from our ap-
plication; the following section concludes the paper. All mathematical proofs are contained
in an appendix.

2 Main Result

2.1 The model

The model we consider in this paper - the dynamic multinomial ordered choice model - can
be represented as:

yt =


0 if y∗t ≤ k0

1 if k0 < y∗t ≤ k1
...

q − 1 if y∗t > kq−2

(2.1)

where, yt, the discrete choice variable, can take any of the q possible values: {0, 1, 2, . . . , (q−
1)}; y∗t is a continuous latent variable and k0, k1, . . . , kq−1 are threshold parameters affecting
choice behavior1. Let f : Rn → R be a well-defined and known function; define zt−1 as
follows:

zt−1 = f(yt−1, yt−2, . . . , yt−n). (2.2)

For instance, we could have: zt−1 = I(yt−1 > 0) or zt−1 = I(yt−1 > 0) + I(yt−1 < 0), etc.,
where I(.) denotes the indicator function; the important thing to note is that zt−1 can take
only a finite number of values. This follows from the fact that it is a function of a finite

1Note that here we have q intervals of R defined by the threshold parameters; any other finite partition
of R - which are not necessarily intervals - can be equally well used to define the model.
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number of lags of the choice variable which can itself take only a finite number of values in
each period.

To capture the dynamic nature of choice behavior, we allow the latent variable, y∗t , to
depend linearly on a set of stationary regressors, xt, on zt−1 (which captures the direct
dependence of current choice on past choices) and a stationary shock in each period ut:

y∗t = x′tβ + ρzt−1 + ut (2.3)

where xt is a (l × 1) vector of stationary regressors, β is a (l × 1) vector of parameters, y∗t
and zt−1 are scalars, and ρ is another (scalar) parameter to be estimated.

To analyze the stationarity properties of this model, we define a new error term as:

εt = x′tβ + ut. (2.4)

Note that εt is stationary because it is the sum of two stationary variables, x′tβ and ut. The
dynamic multinomial ordered choice model can now be represented as:

yt =


0 if ρzt−1 + εt ≤ k0

1 if k0 < ρzt−1 + εt ≤ k1
...

q − 1 if ρzt−1 + εt > kq−2

(2.5)

where the shock in each period εt has cumulative distribution function F (.); without loss of
generality, the unknown threshold parameters, ki, have been chosen to satisfy:

ki < ki+1 i = 0, 1, 2, . . . , (q − 2). (2.6)

2.2 Motivation

The dynamic multinomial ordered choice model that is represented by (2.5) is a novel spec-
ification, which, to the best of our knowledge, has not bee studied in the econometrics
literature. The novelty resides in allowing the latent variable, y∗t , to depend on an arbitrary
(but known) function of lags of the dependent variable. But this novelty also brings the-
oretical challenges with it. Since the latent variable is a function of lags of the dependent
variable, this makes the dependent variable a nonlinear function of its own lags; and the
nonlinear dependence of the dependent variable on its own lags suggest that the existence of
a strictly stationary solution of the model is no longer obvious. Hence, the main theoretical
task in this paper will be tackle this issue.

To appreciate the mathematical questions involved in studying the stochastic properties
of (2.5), consider an univariate autoregressive process of the first order with a constant
coefficient:

yt = βyt−1 + εt, εt ∼ iid(0,1) (2.7)

With regard to such a process - one that is used very often in the applied macroeconomics
literature - the question that naturally crops up is the following: can we consistently estimate
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the AR parameter and make asymptotically valid inferences about it? Suppose we use OLS
to estimate the parameter, β; then we have the following relationship:

(β̂ − β) =

∑T
t=2 yt−1εt∑T
t=2 y2

t−1

(2.8)

To demonstrate consistency of β̂, we need to apply some law of large numbers (LLN) and to
make asymptotically valid inferences, we need to invoke some central limit theorem (CLT).
But we cannot apply any standard LLN or CLT because of the inherent dependence in yt.
Neither can we apply the LLN and CLT for martingale difference sequences (m.d.s) because
yt is not an m.d.s. Note that this problem is not peculiar to OLS estimation; the same
set of issues would arise even if we used the method of maximum likelihood. One way to
overcome these problems is to prove that the stochastic process {yt}t=∞

t=1 is strictly stationary
and then invoke the LLN and CLT for strictly stationary processes (with additional standard
assumptions like ergodicity or near epoch dependence). This is the approach that we adopt
in this paper.

But quite apart from issues relating to consistent estimation and valid asymptotic in-
ference, one senses that deeper mathematical questions are involved. The non-explosive,
backward-looking solution to an AR(1) model with a constant coefficient, as in (2.7), is
given by:

ŷt =
∞∑

j=0

βjεt−j = limm→∞

m∑
j=0

βjεt−j (2.9)

Two questions must be immediately answered if we are to make sense of this solution: (1)
does the infinite series in the above expression converge to a well-defined random variable?,
and assuming that we have established some meaningful sort of convergence, we still need
to ask: (2) is the solution strictly stationary?

One approach to answering these questions would proceed as follows: let ŷm
t =

∑m
j=0 ρjεt−j

be the partial sum for some finite m; then we can establish the a.s. convergence of ŷm
t by

showing that it satisfies the Cauchy criterion almost surely (i.e., on a set of probability mea-
sure 1). Having established a.s. convergence, we can then define: ŷt = limm→∞ ŷm

t , thus
answering the first question in the affirmative. The second question can be answered by not-
ing that for any m ∈ N, ŷm

t is strictly stationary since ŷm
t = gm(εt, . . . , εt−m) and {εt}t=∞

t=−∞
is assumed to be strictly stationary. This implies that ŷt is strictly stationary, since the a.s.
limit of strictly stationary stochastic processes are strictly stationary2.

The point of throwing up these questions is to highlight two important issues that are very
often not appreciated in the econometrics literature (especially of the applied variety): first,
that without demonstrating that the model in question has a strictly stationary solution, it is
difficult to justify the use of the whole machinery of asymptotic inference and estimation; and
second, that even in the simplest of settings - the one we have dealt with so far - attempting
to establish strict stationarity involves non-trivial mathematical issues.

2For instance, see Lemma 3 in De Jong, 2005.
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2.3 Assumptions and Theorems

Assumption 1 {εt}+∞
−∞ is a strictly stationary sequence of random variables.

Assumption 2 {εt}+∞
−∞ is a strong mixing (α-mixing)3 sequence of random variables.

To proceed, we require some additional notation. For any t ∈ N, let Z be the set of all
possible values of zt (as defined in (2.2)); note that this set has a finite number of elements
which is independent of the time-subscript, t. Let c̄ = max{ρzt : zt ∈ Z}; since Z has only
a finite number of elements, the maximum is well-defined. Define L = {x ∈ R : x < k0 − c̄},
and ε̃t to be the following r-tuple: ε̃t = (εt−r+1, . . . , εt); let L̃ denote the r-dimensional
product space given by : L̃ = L × L × · · · × L, let L̃c denote the complement of L̃ and let

‖X‖p = (E|X|p)
1
p for p > 0, where E(.) denotes expectation. In this paper, we let P (.)

denote the probability attached to the occurrence of the event in the parenthesis.

Assumption 3 P (ε̃t ∈ L̃c) = p, with 0 < p < 1.

Assumption 2 and 3 are weak dependence assumptions; Assumption 3 ensures, according to
(2.5), that yt can always escape the lowest state with a positive probability irrespective of
past history. Together, these assumptions give us strict stationarity - the main result of this
paper - which follows as:

Theorem 1 If Assumptions 1, 2 and 3 hold, then the stochastic difference equation in (2.5)
has a unique, strictly stationary backward-looking solution, ŷt, and

‖ŷt − E(ŷt|εt, εt−1, . . . , εt−m)‖2 → 0 as m →∞.

Remark 1: By a backward-looking solution for the stochastic difference equation in
(2.5), we mean a solution that is a function only of the past, i.e., ŷt = F (εt, εt−1, . . .), for
some function F ().

Remark 2: The condition ‖ŷt − E(ŷt|εt, εt−1, . . . , εt−m)‖2 → 0 as m → ∞ states that
the solution to (2.5), ŷt, is L2− near epoch dependent4; this condition is required because
strict stationarity by itself is not enough for obtaining a law of large number (LLN). Here
is an obvious counter-example: let X be some random variable and consider the sequence
Xt, where Xt = X for all t ∈ Z. The sequence Xt is obviously strictly stationary, though
we cannot apply a LLN to it: 1

N

∑N
t=1 Xt = X 6= E(X). But, as demonstrated in Andrews

(1988), strict stationarity along with L2−near epoch dependence ensures the existence of
a LLN. The intuition behind this condition is that as we increase data from the past, the
prediction error asymptotically approaches zero.

For working out the proof to Theorem 1 we re-write the model in (2.5) as a finite order
vector autoregressive (VAR) process using indicator functions5 on the products of the yt−j’s.

3For a definition of strong mixing, see Davidson, pp. 209.
4For a definition of near epoch dependence, see Davidson, pp. 261.
5For details, see the discussion preceding Lemma 2 in the appendix.
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The elements of the matrix in this VAR representation will turn out to be functions of
the random error term, εt. Fortunately, the mathematical complications that arise in this
generalized multivariate framework can be tackled with the help of an existing result in
the probability literature (see Bougerol and Picard, 1992). The details of how we use that
result to prove Theorem 1 is given in the Appendix; here, let us merely note an important
consequence of Theorem 1: since ŷt, the solution of the model in (2.5), is strictly stationary,
we can legitimately estimate the parameters of the model using the method of maximum
likelihood. In the next section, we present a probit specification of the general model; we
also prove that the maximum likelihood estimator is consistent and asymptotic normal.

3 A Probit Specification of the General Model

In this section we investigate the properties of a probit specification of the general model
outlined in the previous section. Thus, the model that we want to study is the following one:

yt =


0 if ρzt−1 + x′tβ + ut ≤ k0

1 if k0 < ρzt−1 + x′tβ + ut ≤ k1
...

q − 1 if ρzt−1 + x′tβ + ut > kq−2

(3.1)

where zt−1 = f(yt−1, . . . , yt−p) and the error is conditionally normally distributed. Let the
true parameter vector be denoted by θ0 = (β′0, ρ0)

′, where β0 ∈ Rl and ρ0 ∈ R. Let the
parameter space be denoted by Θ with θ = (β′, ρ)′ ∈ Θ. To write the conditional likelihood
function in a concise manner, let

P (yp+k = 0) = pp+k
0 = Φ(k0 − ρzp+k−1 − x′p+kβ),

and

P (yp+k = j) = pp+k
j = Φ(kj − ρzt−1 − x′tβ)− Φ(kj−1 − ρzt−1 − x′tβ), j = 1, . . . , q − 2

and,
P (yp+k = q − 1) = pp+k

q−1 = Φ(kq−2 − ρzt−1 − x′tβ).

The log-likelihood function, conditional on (y1, . . . , yp), is given by:

ln LT (θ) =
T∑

k=p

q−1∑
j=0

1(yk+1 = j) ln pk+1
j (3.2)

The maximum likelihood estimator, θ̂MLE, is the value of θ that maximizes (3.2). For
consistency of θ̂MLE, we need the following assumptions.

Assumption A
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1. xt is a sequence of strictly stationary, strong mixing random variables, where xt ∈ Rl,
for l ≥ 0 and E(||xt||2) < ∞. The distribution of wt = (x′t, y1, . . . , yt−p)

′ is not contained
in any linear subspace of Rl.

2. ut|xt, ε1, . . . , εt−p ∼ iid N(0,1)

3. yt is given by (3.1).

4. θ0 is an element of the interior of Θ.

Theorem 2 Under Assumption A, θ̂MLE →p θ0.

For asymptotic normality, we need the following additional assumption:

Assumption B

1. ut|(xt, y1), (xt−1, yt−2), . . . ∼ iid N(0,1).

Theorem 3 Under Assumption A and B, T 1/2(θ̂MLE − θ0) →d N(0,I−1), where I is the
information matrix given by I = E(∂/∂θ)(∂/∂θ′) ln LT (θ)

Note that because of the weak dependence result of Theorem 1 the usual methods (outer
product of the score or the Hessian of the log-likelihood function) for computing the variance
of the ML estimator is (weakly) consistent for the true variance-covariance matrix. In the
next section, we estimate a monetary policy rule à la Taylor using the dynamic multinomial
ordered choice model under the probit specification.

4 Application

4.1 Background

Ever since Taylor’s (1993) influential paper outlining a simple rule to capture monetary
policy intervention, there has been an explosion of research in this area6. Taylor’s original
formulation suggested that monetary policy intervention could be captured by a ‘reaction
function’, which parsimoniously modeled the way in which the Fed altered it’s policy in-
strument (the nominal federal funds rate) in response to changing conditions in the macro-
economy. Specifically, Taylor suggested that the condition of the macro-economy could be
captured reasonably well by looking at two gap variables: (1) the gap between the four-
quarter moving average of actual inflation in the GDP deflator and a target inflation rate,
and (2) the gap between real and potential GDP. His formulation, therefore, amounted to
the following specification for the Fed’s reaction function:

ft = πt + r∗t + 0.5(πt − π∗) + 0.5(yt − y∗t ), (4.1)

6For a lucid exposition and references to this literature, see Orphanides(2007).
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where ft denotes the federal funds rate, r∗t denotes the natural rate of (real) interest, πt

denotes the inflation rate, π∗ denotes the Fed’s target inflation rate, yt denotes the actual
(real) GDP and y∗t is the potential (real) GDP. It must be noted that the parameters in this
equation, viz., the effect of inflation on the nominal interest rate and the effect of changes
in the output gap on the interest rate were not estimated by Taylor; he simply assumed
numerical values for these parameters, 0.5 in both cases, which seemed to work well in the
data.

Rather than the actual numerical values of the parameters, what was important in Tay-
lor’s formulation of a monetary policy rule was the fact that the Fed was seen to respond
more than one-for-one to changes in inflation; this was captured by the parameter on infla-
tion being significantly greater than unity. This critical requirement, found to be an essential
condition for the stability of a wide class of macroeconomic models, came to be later known
as the Taylor principle; and, in fact, it was the Taylor principle that was the focus of fu-
ture research on monetary policy rules rather than the numerical values of the parameters
proposed by Taylor.

There is a huge and growing literature, both theoretical and empirical, on monetary
policy rules and it is beyond the scope of this paper to address all the issues discussed in
that literature7. Here we would like to restrict ourselves to two important issues that has been
raised in this literature to motivate our empirical analysis: natural rate mismeasurement and
discreteness in the Fed’s response.

To approach the issue of natural rate mismeasurement, note that estimation of an equa-
tion like (4.1) requires knowledge of unobservable quantities like the natural rate of interest,
r∗, and the potential output, y∗t . In specifications where the output gap is replaced by the
unemployment gap (the deviation of the unemployment rate from the natural rate of unem-
ployment), one needs knowledge of the latter natural rate. Since these natural rate quantities
are not observed, researchers typically use estimates for them while working with monetary
policy rules.

Even if we ignore the fact of real time unavailability of reliable estimates of these quati-
ties, we need to deal with two more important issues: one, that there are different concepts
for the natural rate quantities (see the discussion in McCallum, 1988); and two, that nat-
ural rate quantities are typically very imprecisely estimated. As pointed out by McCallum
(1988), there are at least three different plausible concepts of the “natural rate” of unemploy-
ment: trend rate of the unemployment series, nonaccelerating inflation rate of unemployment
(NAIRU) and the unemployment rate that emerges in a fully flexible price model of the econ-
omy. There is considerable disagreement as to which is the “correct” concept to use. This
is an important issue but one that we will not pursue in this paper. We will instead assume
that there is unanimity in the choice of the natural rate concept to use and explore the
problem of measurement that arises after conceptual agreement.

There is a huge literature that has studied the problems of measurement of natural

7A representative list of contributions would include, among others, McCallum (1988), Taylor (1993),
Judd and Rudebusch (1998), Dueker (1999), Orphanides (2001), Orphanides and Williams (2002), Woodford
(2003), Hu and Phillips (2004).

9



rate quantities, especially focussing on the imprecision of estimates. Staiger, Stock and
Watson (1997) demonstrate that estimates of a time-varying natural rate of unemployment
are very imprecise; Orphanides and van Norden (2002) show that potential output estimates
are equally imprecise; Laubach and Williams (2003) demonstrate that the natural rate of
interest has similarly imprecise estimates.

From the perspective of policymakers, mismeasurement of natural rates is important
because it has the potential to lead to incorrect policy action recommendations and adversely
affects the central bank’s stabilization efforts (as argued by McCallum, 1988; Orphanides
and Williams, 2002; Orphanides and Williams, 2007). To get an idea of the magnitude of
possible mistakes emerging from natural rate mismeasurements, consider (4.1) once more.
From (4.1), it can be seen that each percentage point mistake in the estimate of the natural
rate of interest translates into a one percentage point change in the optimal target rate;
similarly, every percentage point mismeasurement in the estimate for potential output leads
to a half percentage point change in the target. Since, in practice, the Fed chages the target
funds rate in small magnitudes (25 or 50 basis points), natural rate mismeasurement can
lead to very large mistakes.

The strategy to deal with the issue of mismeasurement that has been proposed in the
literature is to adopt “difference rules” as guidelines for monetary policy (for instance see,
Orphanides and Williams, 2002; Orphanides and Williams, 2003; Orphanides and Williams,
2006). Using difference rules would imply that the (nominal) federal funds rate be raised
or lowered in response to inflation and changes in economic activity, rather that it’s level.
Such rules are immune to possible mismeasurements in the natural rate quantities and are
robust in the sense that they effectively insure “against major mistakes when knowledge
about the form and magnitude of uncertainty [regarding natural rates] is not held with
great confidence” (Orphanides and Williams, 2002, page 67). Dealing with natural rate
mismeasurement issues is one of the key motivations for the particular specification of the
monetary rule that we adopt in this paper.

The second issue that motivates the empirical exercise reported in this paper is the
inherent discreteness of the Fed’s response with regard to changes in its policy instrument
(the federal funds rate). Early attempts to estimate monetary policy rules treated changes
in the target federal funds rate as a continuous random variable (see, for instance, Judd
and Rudebusch, 1998). Dueker (1999) attempts to extend previous empirical analyses of
monetary policy rules by explicitly recognising the discrete nature of target federal funds
rate changes. He notes that in practice the federal open market committee (FOMC) changes
the target federal funds rate only in discrete amounts (in exact multiples of 25 basis points
since January, 1990) and not continuously. This means that policy inertia emerges not only
from a partial adjustment mechanism, as in Judd and Rudebusch (1998), but possibly also
from the fact of discreteness of the timing, and quantum, of changes in the federal funds
rate. Accordingly, Dueker (1999) uses an ordered probit model (with five categories and
four threshold parameters for the observed changes in the target federal funds rate) for the
estimation of the policy rule.

He assumes that there is an underlying continuous latent level of the target federal funds
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rate, f ∗t , which is a linear function of some lagged explanatory variables and an additive
error term. In keeping with Taylor’s specification, the explanatory variables are inflation,
the output gap and an intercept; and given the evidence of interest-rate smoothing, a lagged
latent variable and a lagged change in the latent variable are included as further explanatory
variables:

f ∗t = ρf ∗t−1 + λ0 + λ1πt + λ2yt + δ 4 f ∗t−1 + εt (4.2)

It is only the discrete changes in the actual target federal funds rate that is observed (by
the econometrician) and this observable variable, 4ft, is related to the latent variable, f ∗t ,
in the following manner:

4ft is in category j if (f ∗t − ft−1) ∈ (cj−1, cj) [j = 1, . . . , 4]. (4.3)

Three things should be immediately noted about Dueker’s (1999) specification. First, such
a specification - where the latent variable is a function of its own past values - is only one
possible way to take account of policy inertia in a discrete choice framework; an alternative
specification would be to allow the latent variable to depend on past realizations of the choice
variable. Such an alternative specification might be more realistic in a setting where the
central bank is understood to directly take account of its own past actions while formulating
policy.

Second, in a specification where the latent variable depends on its own past realizations
as in Dueker (1999), strict stationarity is not an issue: since the choice variable is a function
of the latent variable and the latter is stationary (because of an autoregressive structure), the
choice variable is also stationary. Hence, one can legitimately use the method of maximum
likelihood to jointly estimate the parameters of the model and the threshold parameters, as
Dueker (1999) does.

But the alternative specification, i.e., where the latent variable is a function of lags of
the choice variable, raises theoretical issues that cannot be addressed in Dueker’s (1999)
framework of analysis. The main theoretical question concerns the existence of a strictly
stationary solution of the model. Since, in the second specification, the latent variable is a
function of lags of the choice variable, the choice variable itself becomes a nonlinear function
of its own lags. Hence, existence of a strictly stationary solution is no longer obvious (as
in Dueker’s (1999) specification). So we need to invoke something akin to Theorem 1 to
establish strict stationarity and thereby justify standard asymptotic methods of inference.

Third, Dueker’s (1999) model does not address issues associated with natural rate mis-
measurement. Since Dueker (1999) does not use a “difference” specification of the monetary
policy rule, his specification is not immune to problems arising from mismeasurement of the
potential output series and the natural rate of interest.

The specification of the monetary policy rule that we present in the next section, which
can be called a discrete version of a robust “difference” rule, generalizes both Dueker (1999)
and Orphanides and Williams (2002): we work in a discrete choice framework and also take
care of natural rate mismeasurement issues.
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4.2 The Empirical Model

In our discrete choice specification of a monetary policy rule, changes in the optimal target
federal funds rate serves as the latent variable. As is standard in the discrete choice literature,
we treat the latent variable as unobservable by the econometrician. What is rather observed
is the discrete change that the Fed actually makes to its policy instrument, the target federal
funds rate. The discrete changes observed by the econometrician are determined by the sign
and magnitude of the latent variable.

To arrive at our empirical model, we begin with the classic Taylor rule specification,

f ∗t = r∗t + πt + θπ(πt − π∗) + θu(ut − u∗),

where devaition of the current unemployment rate from its natural rate is used intead of the
output gap8. In the above equation, f ∗t is the latent “optimal” nominal target federal funds
rate, r∗t and u∗t are the (possibly time-varying) natural rates of interest and unemployment
respectively9, πt is the rate of inflation and ut is the unemployment rate. Taking a first
difference of this equation we get,

∆f ∗t = (1 + θπ)∆πt + θu∆ut + (∆r∗t − θu∆u∗),

where ∆ refers to first difference (i.e., ∆xt = xt−xt−1). Following Gordon (1997) and Ireland
(1999), we treat natural rate variables as difference stationary. Hence, we have,

∆r∗t − θu∆u∗ = εt,

where εt is some stationary stochastic process. Substituting this in the above, we get,

∆f ∗t = (1 + θπ)∆πt + θu∆ut + εt,

as the basic equation governing the evolution of the optimal target federal funds rate. To
take account of policy inertia10, we let the previous period’s choice determine the current
period latent variable. To formalise this dependence, we include four dummy variables into
the above equation: d1 = I(∆it−1 < 0), d2 = I(∆it−1 > 0), d3 = I(∆it−1 < −0.25) and
d4 = I(∆it−1 > 0.25). The dummy variables are a simple device to capture the effect of
past choices on the latent variable (and thereby on current period choice): d1 refers to a
negative change, d2 refers to a positive change, d3 refers to a large negative change and d4

refers to a large positive change, where all changes refer to those that took place in the
previous period. With the dummy variables included, we have the following specification for
the latent variable of our model:

∆f ∗t = (1 + θπ)∆πt + θu∆ut + γ1d1 + γ2d2 + γ3d3 + γ4d4 + εt (4.4)

8We follow Orphanides and Williams (2002) in this regard.
9The natural rate of unemployment and interest are the rates of unemployment and real interest rate

which are compatible with a stable inflation rate.
10Theoretical contributions to the literature have demonstrated that policy inertia can improve the central

bank’s stabilization performance within forward-looking models; see for instance, Rotemberg and Woodford
(1999).
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where εt is assumed to be i.i.d. normal with mean zero and unit standard deviation.
In our model, the dependent variable, xt, is an ordered categorical variable which assumes

four values: 0, 1, 2 and 3. It is defined in terms of the magnitude and sign of changes in the
observed target federal funds rate as follows:

xt = I(−0.25 ≤ ∆ft < 0) + 2 ∗ I(0 ≤ ∆ft < 0.25) + 3 ∗ I(∆ft ≥ 0.25). (4.5)

The model we estimate is a standard multinomial choice model - a version of the model
represented by (2.5) - where the observable categorical variable, xt, and the unobserved
latent variable are related in the following manner:

xt =


0 if ∆f ∗t < k0

1 if k0 ≤ ∆f ∗t < k1

2 if k1 ≤ ∆f ∗t < k2

3 if ∆f ∗t ≥ k2

(4.6)

where k0, k1, k2 are unknown but constant threshold parameters which need to be estimated.
In addition, we need to estimate the following parameters also: θπ, θu, γ1, γ1, γ3, γ4.

Note that (4.4), (4.5) and (4.6) together define a novel and alternative Taylor rule spec-
ification, which to the best of our knowledge has not been estimated in the econometrics
literature so far. Like most other Taylor rule speicifications, it captures the dependence of
the policy maker’s behaviour regarding interest rate changes on inflation and current eco-
nomic activity; like many other specifications, it also takes account of a central bank’s policy
inertia. The novelty and added advantage of our specification are twofold.

One, along the lines suggested by Dueker (1999) it extends the existing empirical lit-
erature on Taylor rules by treating the dependent variable as a discrete, rather than a
continuous, random variable; since the Fed changes the target federal funds rate only in
discrete amounts, a discrete specification seems more realistic. But within a discrete version
specification of Taylor rules, we go beyond Dueker (1999) by allowing the latent variable
to depend on past realizations of the choice variable, a novel and in our opinion a more
realistic way to account for policy inertia of the Fed. Two, our specification can be thought
of as a discrete version of the class of robust “difference” rules proposed by Orphanides and
Williams (2002); thus, our specification takes account of discreteness of Fed action at the
same time as it is immune to problems arising from the mismeasurement of natural rate
quantities.

4.3 Data

Our sample consists of monthly observations from January, 1990 to December 2006 on the
following variables: change in the target federal funds rate, change in the output gap, change
in inflation, change in the civilian unemployment rate, and four dummy variables (to be
defined below). Data for changes in the target federal funds rate come from the website
of the Federal Reserve Bank of New York (FRBNY) 11 and the statements of the FOMC

11http://www.newyorkfed.org/markets/statistics/dlyrates/fedrate.html
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meetings. The New York Fed provides data for changes in the target fed funds rate till
June 2006; rest of the sample is constructed from statements issued by the FOMC after its
meetings 12. Since the FOMC is scheduled to meet only eight times a year, and since it does
not change the target funds rate during every meeting, we do not have data points for each
month in our sample. We simply use a value of zero, indicating no change, for the months
for which no data is reported in the FRBNY website. We give summary statistics of the
dependent variable in our sample in the Table 1.

Table 1: Summary Statistics for Dependent Variable

xt Definition Frequency Within-category Mean
0 ∆it < −0.25 12 -0.563
1 −0.25 ≤ ∆it < 0.0 22 -0.25
2 0.0 ≤ ∆it < 0.25 133 0.0
3 ∆it ≥ 0.25 37 0.29

We pick our sample period between January, 1990 and December, 2006 because data on
changes in the target funds rate during this period matches our description of the categorical
variable closely in the following sense: from January, 1990 onwards, the Fed has changed the
target funds rate in exact multiples of 25 basis points. So, by keeping our cut-off points at
-0.25 and +0.25, we hope to capture the Fed’s behavior accurately. Table 1 suggests that
large changes in the target are relatively rare; most of the time the Fed does not change the
target, and when it does, it does so in small steps.

We use two different measures of economic activity: change in the unemployment rate
and change in the capacity utilization rate. The unemployment rate data is from the Bureau
of Labour Statistics (BLS), while the capapcity utilization rate data is from the Board of
Governors of the Federal Reserve System.

To construct the series for inflation, we use the consumer price index for all items less
food and energy items for all urban consumers from the Bureau of Labor Statistics. Food
and energy items are excluded to remove unnecessary volatility in the price index. The rate
of inflation is computed as the percentage change in the price index between 12 months. For
instance, the inflation rate for January, 2000 would be the percentage change in the price
index between January, 1999 and January, 2000.

4.4 Estimation Results

Results from the estimation of four variations of the model in (4.4), (4.5) and (4.6) are
presented in Table 2; we only report results for the statistically significant variables. Note
that while specifications I and II use only contemporaneous change variables as regressors,
specifications III and IV include lagged values also. Specification I and III uses the un-

12Details are available at http://www.federalreserve.gov/fomc/#calendars
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employment rate as a measure of economic activity, while specifications II and IV use the
capacity utilization rate.

Estimation results for specifications with and without lags produce results along expected
lines and in agreement with existing empirical research on Taylor rules. For the specification
without lags, we notice that both changes in inflation and changes in economic activity have
statistically significant effect on the nominal target federal funds rate. What is important
is that the coefficient on the change in inflation is significantly greater than unity; this
suggests that the Fed adheres to a Taylor rule type monetary policy rule. When we turn to
the specification with lags, we see that change in inflation is not significant at one lag but
becomes significant again at two lags; we do not report results for the change in inflation
at one lag in Table 2. For measures of economic activity, change in the unemployment rate
remains significant till two lags while change in the rate of capacity utilization is significant
till one lag only.

Much in line with existing results (for instance, see Dueker, 1999), we also find that the
long-run impact of inflation on the Fed’s choice variable is significantly different from zero.
A test of the null hypothesis that the sum of the coefficients on inflation and its lags is zero is
rejected at the 99 percent level. Similarly, we can reject the null hypothesis that the sum of
the coefficients on changes in the unemployment rate (or capacity utilization rate) is zero at
the 99 percent level. Taken together, these findings suggest that the Fed adheres to Taylor’s
principle as suggested earlier in the literature (for instance, see Orphanides, 2007).

To understand the effect of past Fed choices on current policy action, we need to look
at the coefficients on the dummy variables. Other than d3, the indicator function on large
negative changes in the previous period, all the dummy variables are significant. For spec-
ification I, a statistically significant value of −1.24 for the coefficient on d1 suggests that
negative changes in one period is more likely to be followed by a negative change in the next
period than a positive change; similarly, the fact that the coefficient on d2 is significant at
1.92 suggests that a positive change in the federal funds rate is more likely to be followed
by a positive change than a negative one. Moreover, such a result is obtained in all the four
specifications that we estimate. Taken together, this suggests that the Fed’s policy actions
impart some persistence to the target federal funds rate which is transmitted to the effective
federal funds rate series. This is so because the effective federal funds rate stays very close
to the target federal funds rate and moves in tandem with movements in the target.

5 Conclusion

Discrete economic choice behavior, where the choice is made repeatedly over a number of
periods, is common enough to warrant serious study. The innovation of this paper is to
study dynamic discrete choice behavior when choices made in the past have an effect on
current choices. We study such choice behavior - in a time series setting - with a dynamic
multinomial ordered probit model. The main contribution of this paper is to demonstrate the
existence and uniqueness of a strictly stationary solution of the dynamic multinomial ordered
choice model under fairly general conditions, and thereby provide a formal justification
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for using MLE to estimate the parameters of such a model. We demonstrate that the
maximum likelihood estimator of a probit specification of the general model is consistent
and asymptotically normal.

We apply our model to the estimation a robust “difference” monetary policy rule - for
the period January 1990 to December 2006 - to characterize the Fed’s reaction function à la
Taylor. Our results highlight two things: (1) the Fed seems to be following Taylor’s principle
both in the short-run and in the long-run; and (2) the Fed seems to be reacting aggressively
to changes in output gap. Both these findings corroborate existing results. Further, we find
evidence of asymmetry in the Fed’s behavior regarding the target funds rate change in the
following sense: positive (negative) changes in the target are more likely when there have
been positive (negative) changes in the previous period. This seems to suggest that the Fed’s
action introduces some persistence in the interest rate series.

Appendix

As mentioned in Section 2, attempting to address the twin issues of existence and uniqueness
of a strictly stationary solution of a generalized VAR process involves several complicated
mathematical issues. We want to avoid getting into those issues in this paper; hence we invoke
the following existing result from the probability literature and use it for our argument:

Theorem 4 (Bougerol and Picard, 1992) Suppose a stochastic process can be represented as
a multivariate stochastic difference equation of the following form:

Xt+1 = At+1Xt + Bt+1, t ∈ Z (5.1)

where Xt and Bt are random vectors in Rd, the At’s are (d×d) matrices and {(At, Bt), t ∈ Z}
is a strictly stationary, ergodic process such that both E(log+ ‖A0‖) and E(log+ ‖B0‖) are
finite; further, suppose that the top Lyapunov exponent, γ, defined by

γ = inf{E(
1

t + 1
log ‖A0A−1 . . . A−t‖), t ∈ Z} (5.2)

is strictly negative. Then, for all t ∈ Z, the series Xt =
∑∞

k=0 AtAt−1 · · ·At−k+1Bt−k con-
verges a.s. and the process {Xt, t ∈ Z} is the unique strictly stationary backward-looking
solution of (5.1).

Proof: See Bougerol and Picard (1992), page 1715.
In the sequel we will use the following convention: unless otherwise stated, vectors and

matrices will be represented by uppercase letters, while lowercase letters will represent el-
ements of these entities. Subscripts (within parentheses) on vectors or matrices will refer
to their dimension; for instance P(N×M) is the (N ×M) matrix P . Subscripts on lowercase
letter will refer to the position of that element in the vector or matrix; for instance, pi is the
i-th element of the vector P , and ai,j is the (i, j)-th element of the matrix A.

We will need the following lemma for our subsequent argument:
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Lemma 1 Let P t and P t−1 be (N × 1) vectors whose elements pt
i and pt−1

i add to unity:∑N
i=1 pt

i =
∑N

i=1 pt−1
i = 1. Let At be a (N ×N) matrix such that:

P t = AtP t−1. (5.3)

Then, (5.3) can be equivalently written as:

P̃ t = ÃtP̃ t−1 + B̃t−1 (5.4)

where P̃ t, P̃ t−1 and B̃t−1 are (N − 1× 1) vectors, and Ãt is a (N − 1×N − 1) matrix with
the following elements:

p̃t
i = pt

i; i = 1, 2, . . . , N − 1; (5.5)

p̃t−1
i = pt−1

i ; i = 1, 2, . . . , N − 1; (5.6)

ãt
i,j = at

i,j − at
i,N ; i, j = 1, 2, . . . , N − 1 (5.7)

b̃t−1
i = at

i,N ; i = 1, 2, . . . , N − 1 (5.8)

Proof : Pre-multiply both sides of (5.3) by the following matrix: [I(N−1×N−1) 0(N−1×1)]
where I(N−1×N−1) refers to the (N − 1)-dimensional identity matrix and 0(N−1×1) denotes a
column of (N−1) zeros. The LHS in (5.4) follows immediately; to get the RHS, we partition
At as follows:

At =

(
A∗

(N−1)×(N−1) aN

aN aN,N

)
where A∗ denotes the sub-matrix comprising of the first (N − 1) rows and columns of At;
where aN denotes the last column of At without the last element;

aN =


a1,N

a2,N
...

aN−1,N


aN denotes the last row of At without the last element;

aN = [aN,1 aN,2 . . . aN,N−1]

and aN,N is the (N, N) element of At. The result follows by multiplying out the matrices

and noting that
∑N

i=1 pt−1
i = 1:

[I(N−1×N−1) 0(N−1×1)]

(
A∗

(N−1)×(N−1) aN

aN aN,N

)
P t−1

(N×1)

= A∗

 pt−1
1
...

pt−1
N−1

 + aNpt−1
N
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= A∗

 pt−1
1
...

pt−1
N−1

 + aN(1−
N−1∑
i=1

pt−1
i )

= A∗

 pt−1
1
...

pt−1
N−1

 + aN − aN [1 . . . 1](1×N−1)

 pt−1
1
...

pt−1
N−1



= A∗

 pt−1
1
...

pt−1
N−1

 + aN −

 a1,N · · · a1,N
...

aN−1,N · · · aN−1,N


 pt−1

1
...

pt−1
N−1



=

 a1,1 − a1,N · · · a1,N−1 − a1,N
...

aN−1,1 − aN−1,N · · · aN−1,N−1 − aN−1,N


 pt−1

1
...

pt−1
N−1

 + aN

= Ãt
(N−1×N−1)P̃

t−1
(N−1×1) + B̃t−1

(N−1×1)

�

Proof of Theorem 1: We begin by re-writing the model in (2.5) as:

Yt = MtYt−1 (5.9)

where Mt is a (qn × qn)-dimensional matrix, and Yt and Yt−1 are (qn × 1) vectors defined as:

Yt =



I(yt = q − 1) . . . I(yt−n+2 = q − 1) I(yt−n+1 = q − 1)
I(yt = q − 1) . . . I(yt−n+2 = q − 1) I(yt−n+1 = q − 2)

...
I(yt = q − 1) . . . I(yt−n+2 = q − 1) I(yt−n+1 = 0)
I(yt = q − 1) . . . I(yt−n+2 = q − 2) I(yt−n+1 = q − 1)
I(yt = q − 1) . . . I(yt−n+2 = q − 2) I(yt−n+1 = q − 2)

...
I(yt = q − 1) . . . I(yt−n+2 = q − 2) I(yt−n+1 = 0)

...
I(yt = 0) . . . I(yt−n+2 = 0) I(yt−n+1 = q − 1)

...
I(yt = 0) . . . I(yt−n+2 = 0) I(yt−n+1 = 0)



(5.10)

Elements of Yt and Yt−1 are products of indicator functions of all possible realizations of
n consecutive y’s starting with yt−n+1 and yt−n respectively. Since each y can take at most
q possible values, there are a total of qn possibilities; this determines the size of the vectors
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Yt and Yt−1: (qn × 1). Note that the particular arrangement of the terms in each element of
Yt is crucial for the argument that follows.

As we go down the rows of Yt starting from the top, the yt−j’s in the product (in each
element) cycle between their possible values beginning with the last term: yt−n+1. So, for
the first q elements of Yt, we have yt = q − 1, yt−1 = q − 1, . . . , yt−n+2 = q − 1 while yt−n+1

goes from q− 1 to 0. For the next q elements, we have yt = q− 1, yt−1 = q− 1, . . . , yt−n+3 =
q− 1, yt−n+2 = q− 2 (i.e., yt to yt−n+3 is held fixed at q− 1 and yt−n+2 at q− 2) while yt−n+1

goes from q−1 to 0. This pattern is repeated until we have exhausted all the qn possibilities.
To understand the structure of Mt, let us denote by T , the following ordered set of

time periods: {t, t− 1, . . . , t− n + 1}, so that a state in T is a particular realization of the
following n−tuple: (yt, yt−1, . . . , yt−n+1). Similarly, let (T − 1) denote the following ordered
set of time periods: {t − 1, t − 2, . . . , t − n}, with a similar connotation for a realization
in (T − 1); with this notation, one can see that Mt in (5.9) is a (qn × qn) matrix which
gives conditions for transition from states attained in (T − 1) to states attainable in T . For
instance, m1,1 = I(ρf(q − 1, q − 1, . . . , q − 1) + εt > kq−1), and so on.

To clarify matters let us consider the following special case of the model in (2.5), where
the discrete choice variable can take two values (i.e., q=2) and it depends on its two lags
(i.e., n=2):

yt =

{
0 if ρf(yt−1, yt−2) + εt ≤ 0
1 if ρf(yt−1, yt−2) + εt > 0

(5.11)

This model can be equivalently represented as:
I(yt = 1, yt−1 = 1)
I(yt = 1, yt−1 = 0)
I(yt = 0, yt−1 = 1)
I(yt = 0, yt−1 = 0)

 =


m1,1 m1,2 0 0

0 0 m2,3 m2,4

m3,1 m3,2 0 0
0 0 m4,3 m4,4




I(yt−1 = 1, yt−2 = 1)
I(yt−1 = 1, yt−2 = 0)
I(yt−1 = 0, yt−2 = 1)
I(yt−1 = 0, yt−2 = 0)


where the matrix on the LHS is Yt, the first matrix on the RHS is Mt and the second
matrix on the RHS is Yt−1 in (5.9). In this special case, we can easily write out the exact
expressions for the elements of Mt: m1,1 = I(ρf(1, 1) + εt > 0); m1,2 = I(ρf(1, 0) + εt > 0);
m2,3 = I(ρf(0, 1) + εt > 0); m2,4 = I(ρf(0, 0) + εt > 0); m3,1 = I(ρf(1, 1) + εt ≤ 0);
m3,2 = I(ρf(1, 0) + εt ≤ 0); m4,3 = I(ρf(0, 1) + εt ≤ 0); m4,4 = I(ρf(0, 0) + εt ≤ 0). All the
general results in the sequel can be verified by reference to this special case.

The next thing to note is that rows and columns of Mt have at most q non-zero elements.
To see this, observe that rows of Mt give conditions for the transition from all possible
realizations in (T − 1) to a particular realization in T ; for instance, the first row of Mt gives
the conditions for transitions from all possible states in (T − 1) to the state in T given by:
(yt = q − 1, yt−1 = q − 1, . . . , yt−n+1 = q − 1). Similarly, columns of Mt give conditions for
the transition from a particular realization in (T − 1) to all possible realizations in T ; for
instance, the first column of Mt gives the conditions for the transition from a state in (T −1)
given by: (yt−1 = q − 1, . . . , yt−n = q − 1) to all possible states in T . Since the sets T and
(T − 1) have n − 1 common elements, and since y can attain at most q possible values in
any period, all possible realizations in (T − 1) can lead to any particular realization in T
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in at most q possible ways. Hence, each row of Mt can have at most q non-zero elements.
Similarly, any particular realization in (T − 1) can lead to at most q different realizations in
T ; hence each column of Mt has at most q non-zero elements and these add to unity.

To understand the exact positions of these q non-zero elements in each row and each
column, Mt in (5.9) can be regarded as a matrix obtained by stacking up q sub-matrices
mi (i = 0, 1, . . . , q − 1), each of size (qn−1 × qn).

Mt =


m0

m1
...

mq−1


(qn×qn)

(5.12)

Under this representation, each mi can be thought of as the matrix which gives conditions
for transition from all possible states in (T −1) to states in T characterized by yt = q−1− i,
with i = 0, 1, . . . , q − 1. Since there are a total of qn possible states in (T − 1), the number
of columns in each mi is qn; again, with yt fixed at (q− 1− i), there are a total of only qn−1

different states in T : this gives the number of rows in each mi as qn−1.

Lemma 2 Let Mt(i, j) denote the (i,j)-th element of the matrix Mt in (5.9); then Mt(i, q
n) =

0 for all i other than i = qn−1, 2qn−1, . . . , qqn−1. Further, each column of Mt has only one
non-zero element in each sub-matrix mi in (5.12).

Proof : The particular arrangement of the elements in the vectors Yt and Yt−1 in (5.9)
ensure that for each sub-matrix mi (i = 0, 1, . . . , q − 1), the jth row has non-zero elements
only with column indices given by: (j− 1)q + 1, (j− 1)q + 2, . . . , jq where j = 1, 2, . . . , qn−1.
Since these column indices are non-overlapping for different rows, we get an approximately
diagonal structure for each mi as shown below:

mi =

 mi(1, 1) · · · mi(1, q) 0 · · · · · · 0
. . .

0 · · · 0 mi(q
n−1, qn − q + 1) · · · mi(q

n−1, qn)

 (5.13)

To see this recall that the product of the terms that make up each element of the vectors
Yt and Yt−1 are arranged in a particular manner: the yt−j’s in the product cycle between
their possible values starting with the last term. Also recall that a state in T is a particular
realization of the following n−tuple: (yt, yt−1, . . . , yt−n+1); a state in (T − 1) is a particular
realization of the following n−tuple: (yt−1, yt−2 . . . , yt−n+1); and that any row of Mt, and
hence also mi, give conditions for the transition from all possible states in (T − 1) to a
particular state in T represented by any row of Yt.

To pin down the position of the q non-zero elements in any row, we need to answer the
following question: which states in (T − 1) can lead to the particular state in T represented
by a row of Yt? As an example, pick the state in T that is represented by the first row of
Yt : (yt = q − 1, yt−1 = q − 1, . . . , yt−n+1 = q − 1). Among all the states in (T − 1) only
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q states can lead to this state in T because T and (T − 1) have (n − 1) common elements:
(t− 1, t− 2, . . . , t− n + 1). Moreover these q states in (T − 1) are the ones where we have
yt−1 = q − 1, yt−2 = q − 1 . . . , yt−n+1 = q − 1 while yt−n takes all of its possible values,
i.e., q − 1, q − 2, . . . , 1, 0. Since the product of the terms that make elements of Yt and Yt−1

are arranged to cycle between their possible realizations starting with the last term in the
product, the relevant q states in (T − 1) are represented by the first q rows of Yt−1. Hence
the first row of each mi has non-zero elements on columns 1, 2, . . . , q.

As a further example of the above argument, pick the state in T represented by the second
element of Yt : (yt = q− 1, yt−1 = q− 1, . . . , yt−n+1 = q− 2). To identify the states in (T − 1)
that can lead to this state in T , we merely need to identify the q elements of (T − 1) where
yt−1 = q− 1, . . . , yt−n+2 = q− 1, yt−n+1 = q− 2. The arrangement of elements in Yt and Yt−1

immediately suggest that these elements are the one represented by rows q+1, q+2, . . . , 2q of
Yt−1. Hence the second row of each mi has non-zero elements on columns q +1, q +2, . . . , 2q.
Conducting the same argument for each row of mi shows that a similar pattern is repeated
in each row so that the last row has non-zero entries only on the last q columns. This is
precisely what has been represented in (5.13).

Two consequences follow immediately. One: each column of Mt has only one non-zero
element in each mi; this is obvious from (5.12) and (5.13). This also implies that each
column of Mt has its last non-zero element in mq−1. Two: Mt(i, q

n) = 0 for all i other than
i = qn−1, 2qn−1, . . . , qqn−1. �

Using Lemma 1 we can re-write (5.9) as:

Xt = AtXt−1 + Bt (5.14)

where Xt and Xt−1 in (5.14) are Yt and Yt−1 in (5.9) without the last element respectively;
hence they are (qn − 1× 1) vectors. In (5.14) Bt is a (qn − 1× 1) vector containing the first
(qn−1) elements from the last column of Mt in (5.9) and At is a (qn−1×qn − 1) matrix with
the (i, j)-th element given by: At(i, j) = Mt(i, j)−Mt(i, q

n), where i, j = 0, 1, 2, . . . , (qn−1).
Lemma 2 then gives us:

At(i, j) =

{
Mt(i, j)−Mt(i, q

n) for i = qn−1, 2qn−1, . . . , (q − 1)qn−1

Mt(i, j) otherwise
(5.15)

With reference to the special case depicted in (5.11), we would have the following: I(yt = 1, yt−1 = 1)
I(yt = 1, yt−1 = 0)
I(yt = 0, yt−1 = 1)


=

 m1,1 m1,2 0
0 0 m2,3 −m2,4

m3,1 m3,2 0

 I(yt−1 = 1, yt−2 = 1)
I(yt−1 = 1, yt−2 = 0)
I(yt−1 = 0, yt−2 = 1)

 +

 0
m2,4

0


where the matrix on the LHS is Xt, the first matrix in the product on the RHS in At, the
second matrix in the product is Xt−1, and the last matrix on the RHS is Bt in (5.14).

Before stating the next lemma, let us recall the following: c̄ = max{ρzt : zt ∈ Z} and
L = {x ∈ R : x < k0 − c̄}.
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Lemma 3 (i) If εt ∈ L, then mi in (5.12) or (5.13) is a zero matrix for i = 0, 1, . . . , q − 2.
(ii) Denote At as AL

t whenever εt ∈ L; then, all elements on and above the principal diagonal
of AL

t are zeros.

Proof : The first part of the Lemma claims that whenever εt ∈ L, all the sub-matrices in
(5.12) are zero matrices other than the last one, mq−1. To see this, note that any non-
zero element of Mt can take only one of the following three forms: I(ρzt + εt ≤ ki) or
I(ki < ρzt + εt ≤ ki+1) or I(ρzt + εt > ki+1) for i = 0, 1, . . . , (q− 1), with zt as in (2.2). Thus
every element of Mt is non-negative. Moreover, each column of Mt sums to unity and by
Lemma 2, each column of Mt has its last non-zero element in the sub-matrix mq−1. Thus, if
every non-zero element of mq−1 is 1, we will have the first part of the Lemma.

To see why every non-zero element of mq−1 should be one, note that each of the last qn−1

rows of Yt has yt = 0. By (5.12), it is clear that the sub-matrix mq−1 refers precisely to
these rows of Yt. Hence, non-zero elements of mq−1 must have the following generic form:
I(c(zt) + εt < k0)

13. But whenever εt ∈ L, we have: ρzt + εt < c̄ + εt < k0; hence, the last
non-zero element in each column will be 1 and all the other elements of the column will be
zero. Since the last non-zero element for every column belongs to the sub-matrix mq−1, the
sub-matrices mi are zero matrices for i = 0, 1, . . . , q − 2.

The next part follows from the first part in conjunction with (5.15). Let AL
t (i, j) denote

the (i, j)-th element of AL
t . From the first part of this Lemma we know that whenever

εt ∈ L, the only non-zero elements of Mt occur in mq−1. This, in conjunction with (5.15)
shows that the non-zero elements in AL

t are given by AL
t (i, j) where the first index runs

through i = (q − 1)qn−1 + 1, (q − 1)qn−1 + 2, . . . through to qn − 1 14, and:

for i = (q − 1)qn−1 + 1, j = 1, 2, . . . , q
for i = (q − 1)qn−1 + 2, j = q + 1, q + 2, . . . , 2q

...
for i = qn − 1, j = qn − q + 1, qn − q + 2, . . . , qn − q

(5.16)

It can be easily verified that for any non-zero element AL
t (i, j), we have i > j whenever

q > 1; hence, all non-zero elements lie below the principal diagonal. �
To proceed, we need the following:

Lemma 4 Let B be any M dimensional square matrix with zeros on all the elements on or
above the principal diagonal; then there exists a positive integer r such that Br = 0, where
0 refers to the (M ×M) matrix of zeros.

Proof : We will prove the result by induction. For M = 1, the result is obvious because B
is the scalar 0. For M = 2, the result follows with r = 2:(

0 0
c 0

) (
0 0
c 0

)
=

(
0 0
0 0

)
13Only this condition can ensure that yt = 0 for each of the last qn−1 rows of Yt
14These are the row indices of the sub-matrix mq−1 without the last row.
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Assume that the proposition is true for M , so that there exists an integer k with the property
that Bk = 0. To prove the result for (M +1), partition the (M +1)-dimensional B as follows:

B(M+1)×(M+1) =

(
B̄M×M 0M×1

b1
1×M 01×1

)
In the partitioned matrix, the upper-left element, B̄, is a M -dimensional matrix with non-
zero elements only below the principal diagonal 15; the lower-left element, b1 is a row vector
of constants; while the other elements are all zeros. The first thing to note is that powers of
B preserves its original structure; this can be easily verified by multiplying the partitioned
matrix B to get:

B2
(M+1)×(M+1) =

(
B̄2

M×M 0M×1

b2
1×M 01×1

)
When B is multiplied by itself, we get back a (M +1)×(M +1) matrix with the upper-left

element B̄2 (B̄ multiplied by itself), the lower-left element, b2, which is some new vector of
constants and all other elements zeros as in the original matrix, B. With this observation
in mind, we multiply 2k of the (M + 1)× (M + 1) matrices. The first k multiplication gives
us the following:

Bk
(M+1)×(M+1) =

(
B̄k

M×M 0M×1

bk
1×M 01×1

)
=

(
0M×M 0M×1

bk
1×M 01×1

)
.

The second equality follows from the assumption that B̄k
(M×M) = 0, because B̄ is a M -

dimensional matrix with non-zero elements only below its principal diagonal. We get the
same result from the multiplication of the last k matrices. Multiplying the results from these
steps gives us a (M + 1)× (M + 1) matrix of zeros (from the case for M = 2). �

To use Theorem 4, first note that since each element of the random matrices At and Bt

are bounded in absolute value by unity, the following two conditions are obviously satisfied:

E(log+‖A0‖) < ∞ and E(log+‖B0‖) < ∞. (5.17)

To verify the condition in (5.2) , let us recall some notation that we introduced for the
statement of Theorem 1: let ε̃t be the following r-tuple: ε̃t = (εt−r+1, . . . , εt), let L̃ denote
the following r-dimensional space: L̃ = L × L × · · · × L, and L̃c denote the complement of
L̃. From Lemma 4 we know that if εt ∈ L then AL

t has non-zero elements only below its
principal diagonal; in the next Lemma we demonstrate that when Assumptions 2 and 3 are
satisfied, we will have r consecutive realizations of ε in L almost surely, for some r ∈ N.

Lemma 5 If εt is strong mixing and P (ε̃t ∈ L̃c) = p, ∀t, with 0 < p < 1, then
limm→∞ P (∀j ≤ m : ε̃t−j ∈ L̃c) = 0.

15This follows from the fact that the original (M + 1)-dimensional matrix, B, has non-zero elements only
below its principal diagonal.
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Proof : Let rm and bm be integer-valued sequences with the property that rm → ∞, and
bm →∞, as m →∞ and rmbm ≤ m, ∀m. Then,

P (∀j ≤ m : ε̃t−j ∈ L̃c) (5.18)

= E

m∏
j=1

I(ε̃t−j ∈ L̃c)

≤ E

rm∏
j=1

jbm∏
i=(j−1)bm+1

I(ε̃t−i ∈ Lc)

≤ E
rm∏
j=1

I(ε̃t−(j−1)bm−1 ∈ L̃c)

≤ α(bm) + P (ε̃t ∈ L̃c)E
rm∏
j=2

I(ε̃t−(j−1)bm−1 ∈ L̃c)

≤ α(bm)[1 + p + p2 + p3 + · · · ]

≤ α(bm)

(1− p)

→ 0 as m →∞

The last step16 follows from the fact that α(bm) → 0 as bm → ∞ so that we can always
ensure convergence to zero with a proper choice of rm and bm. �

To complete the strict stationarity proof we merely need to bring all the strands of the
argument together: Lemma 5 shows that when {εt}t=−∞

t=1 is strong mixing and P (ε̃t ∈ L̃c) =
p, ∀t, with 0 < p < 1, there exists some natural number r ∈ N, such that with probability one,
{εt−r+1, . . . , εt} ∈ L̃ for some t ∈ Z. Lemma 2, 3 and 4 then imply that the top Lyapunov
exponent defined in (5.2) is strictly negative because the product of some r consecutive
matrices in (5.2) in zero. Theorem 2 then implies that X̂t, the solution of (5.14), is unique
and strictly stationary. But the solution of (2.5), ŷt, is a weighted average of the elements of
the vector X̂t. Hence, ŷt = ηX̂t is the unique and strictly stationary solution of (2.5) where
η is a (1× qn − 1) vector.

To see that ŷt, can be written as a weighted average of the elements of the vector X̂t,
notice that ŷt = ηX̂t, where η is a (1× qn− 1) vector whose first qn−1 elements are q− 1, the
next qn−1 elements are q − 2, the next qn−1 elements are q − 3, and so on; the last qn−1 − 1
elements of η are zeros. With reference to the special case in (5.11), we would have η=(1 1
0), so that:

yt = [1 1 0]

 I(yt = 1, yt−1 = 1)
I(yt = 1, yt−1 = 0)
I(yt = 0, yt−1 = 1)


16Note that we have used the following property of an α-mixing sequence in the proof: if εt is an α-mixing

sequence, then |P ((εt ∈ A)
⋂

(εt−bm ∈ B))− P (εt ∈ A)P (εt−bm ∈ B)| ≤ α(bm) and α(bm) → 0 as bm →∞.
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What remains is to show that ŷt is L2 near epoch dependent. To begin, notice that ŷt

is the a.s. limit of ŷm
t , where we define ŷm

t = ηE(ŷt|εt, εt−1, . . . , εt−m). This can be seen as
follows:

ŷt = ηX̂t

= η
∞∑

k=0

(
k−1∏
j=0

At−j)Bt−k

= lim
m→∞

η
m∑

k=0

(
k−1∏
j=0

At−j)Bt−k

= lim
m→∞

ŷm
t

= lim
m→∞

ηE(ŷt|εt, εt−1, . . . , εt−m)

where the limit holds on a set of probability measure 1 by Theorem 2. Since all the elements
of the matrices At−j and vectors Bt−j and η are non-negative (j = 0, 1, 2, . . .), we have:

ŷm
t = η

m∑
k=0

(
k−1∏
j=0

At−j)Bt−k

≤ η
∞∑

k=0

(
k−1∏
j=0

At−j)Bt−k

= ŷt

So, 0 ≤ ŷm
t ↑ ŷt and we have

lim
m→∞

‖ ŷt − ŷm
t ‖2 = 0,

by L2-near epoch dependence of ŷt and the Lebesgue monotone convergence theorem. �.

Proof of Theorem 2: The proof follows the arguments outlined for the proof of The-
orem 3 in De Jong and Woutersen (2005); see pages 18-20, De Jong and Woutersen (2005),
for details. Of course, we do not require the strong consistency result contained therein. �.

Proof of Theorem 3: The proof is exactly similar to the proof of Theorem 4 in De
Jong and Woutersen (2005) and so we omit the details. Interested readers may look at page
20, De jong and Woutersen (2005), for the details. �.
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Table 2: Ordered Probit Estimation Results

(Dependent variable: change in the target fed funds rate)
Without Lags With Lags

I. (Unemp) II. (Cap Ut) III. (Unemp) IV. (Cap Ut)
∆inf 1.46∗ 1.34∗ 1.82∗ 2.02∗

(0.71) (0.69) (0.74) (0.75)
∆inf−2 1.87∗ 2.02∗

(0.73) (0.76)
dum1 -1.24∗∗ -1.22∗∗ -0.99∗∗ -1.05∗∗

(0.28) (0.28) (0.32) (0.30)
dum2 1.92∗∗ 1.92∗∗ 1.97∗∗ 1.94∗∗

(0.29) (0.29) (0.32) (0.30)
dum4 -2.02∗∗ -1.98∗∗ -2.33∗∗ -1.99∗∗

(0.68) (0.66) (0.32) (0.70)
∆unemp -2.52 -3.08∗∗

(0.71) (0.76)
∆unemp−1 -2.17∗

(0.79)
∆unemp−2 -1.87∗

(0.75)
∆cap ut 0.53 0.71∗

(0.22) (0.23)
∆cap ut−1 0.81∗

(0.23)
k0 -2.21 -2.13 -2.36 -2.32
k1 -1.36 -1.32 -1.40 -1.40
k2 1.40 1.34 1.57 1.50
Significance levels: ∗ 5 percent; ∗∗ 1 percent; standard errors in brackets.
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